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Preface 


This book evolved concurrently with a two-term intermediate-level 
course that I have offered for upper-division undergraduates nearly every 
year since 1965, and its writing was motivated largely by a decision to treat 
the traditional topics of electricity and magnetism in a nontraditional order. 
The more significant departures from the traditional sequencing of topics 
include: 


(a) Immediate parallel development of the phenomenologies both of 
charge and of current, using observed experimental properties to guide the 
selection of operational definitions for these fundamental entities. 

(b) Early discussion of the differences among the common systems of 
units, emphasizing the way these differences are reflected in the definitions 
adopted for charge and current and simultaneously setting the stage for the 
later selection of the mksa system for most of the book. 

(c) Introduction of the surface integral in the context of current calcula- 
tions, where the flux of the current density represents something actually 
flowing across the surface and hence is more readily understood than the 
more abstract flux of, say, the electric field. 

(d) Simultaneous introduction of both the electric and magnetic induc- 
tion fields, thereby permitting a unified and compact treatment of particle 
trajectories and of forces and torques on general charge and current dis- 
tributions. 

(e) Postponement of the serious use of differential equations until after 
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Maxwell’s equations have been fully developed, thereby making it possible 
for students to take electricity and magnetism concurrently with introductory 
differential equations. 

(f) Full development of Maxwell’s equations in vacuum before intro- 
ducing the complications brought about by the presence of matter, regarding 
the modifications introduced by matter as an important special topic rather 
than as a part of the basic theory and (at the same time) permitting the 
student to become fully familiar with the fields in vacuum and with vector 
field theory in general before thrusting him into the subtle and sometimes 
confusing distinctions among the four fields used in the macroscopic theory 
of the fields in matter. 


The flow chart following this preface displays the sequencing of topics in 
this book. 

This flow chart can also be used as an aid to selecting that portion of the 
text to be covered if temporal constraints force an abbreviation of the course. 
The essential theory of the electromagnetic field in vacuum is covered in 
Chapters 1-6, which should be included in any course. (Sections 3-2, 4-6, 
and 5-6 can be omitted if desired.) The remaining chapters deal with a 
variety of applications, consequences, and extensions of the basic theory 
and, with the exception of Chapters 9-13, are largely independent of one 
another. The interrelationships among Chapters 7-15 are illustrated in the 
flow chart. If, for example, Section 12-8 is to be included, then the first four 
sections of Chapter 8 must also be included; if Chapter 13 or 14 is to be 
covered, then portions of Chapter 7 must be included; Section 7-4 can be 
omitted unless Section 13-6 is to be studied; and so on. The flow chart does 
not show that most of Chapter 8 (and particularly Section 8-7) can be 
studied any time after completion of Section 4-4. 

Some of the features of this book are not apparent in the flow chart. 
In the first place, fewer than the average number of examples have been 
worked out explicitly in the text, partly to make the compactness of the 
basic theory the more apparent and partly to save some of these standard 
examples (which are almost invariably easier than most end-of-the-chapter 
problems) for assignment to students. When a standard example is set as a 
problem, the desired final result is either incorporated in the problem state- 
ment or included in the table of answers at the end of the book, and these 
problems are indexed along with the textual material. The text therefore 
does not suffer as a reference work because it fails to treat some of the 
standard examples explicitly. Secondly, the details of symmetry arguments, 
particularly in Sections 4-2 and 5-3, have been given more than average 
space, hopefully to prevent the student from developing either a gnawing 
mistrust of these powerful arguments or a willingness to use symmetry to 
support all sorts of outlandish claims. Thirdly, some of the problems draw 
specific attention to discussions in the periodical literature or in other texts, 
so that the student is encouraged to avoid complete reliance on any single 
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source for his study of electricity and magnetism. Fourthly, throughout the 
text purely mathematical developments have been identified as such (and 
in some cases have been physically separated from the main text) so that the 
fundamental physics of electricity and magnetism stands out more pro- 
minently. 

Finally, the growing availability of digital computers for instructional 
purposes and the growing sophistication of intermediate level students in 
the use of these computers have prompted the inclusion of several problems 
whose solution can best be carried out on a computer. Some of these prob- 
lems simply use the computer to calculate a table of values of an unfamiliar 
function obtained as the analytic solution to the problem. Others describe 
an algorithm and lead the student through a numerical solution of a sug- 
gested problem, for example, the tracing of field lines for some distribution 
of point charges. In two cases (trajectory problems and Laplace’s equation) 
a brief discussion of numerical approaches is incorporated in the text itself. 

I conclude this Preface with an attempt to enumerate and acknowledge the 
several debts I owe to other individuals for their contributions—both direct 
and indirect—to this book. First, | wish to record my gratitude to several 
anonymous reviewers, to J. Bruce Brackenridge, to John R. Brandenberger, 
and to James S. Evans for numerous criticisms and suggestions that have led 
to improvements in the final version of this book; to John R. Merrill for 
many conversations about the uses of computers in physics instruction; and to 
dozens of students for their patience with endless drafts and for innumerable 
valuable suggestions. In addition I wish to acknowledge my debt to the 
numerous authors whose works on electricity and magnetism I have studied 
over the years. I am particularly aware of being influenced by the texts by 
E. M. Purcell; R. P. Feynman, R. B. Leighton, and M. Sands; and J. D. 
Jackson; and I have acknowledged these and other works that J can identify 
as having contributed in a general way to my own thinking by citing them 
more explicitly at appropriate points throughout this book. Further, I am 
grateful to Miss Jean St. Pierre for her expert and efficient typing of the 
manuscript. Last in order but first in importance, I owe to my wife and 
children a debt of a very different sort. They have patiently endured while 
the task of writing this book not only occupied all of my time but also went 
on and on and on. I recognize and am grateful for the love and under- 
standing expressed by their patience. 


Davip M. Cook 
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To my family: 


Introduction 


The major subdisciplines within classical physics are mechanics, 
electricity and magnetism, and thermodynamics. Although we cannot ignore 
completely the interactions among these subdisciplines, this book is con- 
cerned primarily with the classical theory of electricity and magnetism. 
Somewhat more accurately, we treat the classical theory of the electric and 
magnetic fields to be defined in Chapter 3. The physical phenomena that 
motivated the development of this theory were noticed and puzzled over in 
antiquity: Rubbed amber attracts bits of paper, and pieces of naturally 
occurring lodestone experience mutual forces of interaction. The development 
of the contemporary formal theory, however, did not begin until the late 
1700’s, and the experimental work of Coulomb (1785; Chapter 2), Ampere 
and Oersted (1800-1820; Chapter 2), and Faraday (1830-1860; Chapter 6) 
played a prominent role. Less than 100 years after Coulomb’s work, the the- 
ory was brought to its present form by Maxwell (early 1860’s; Chapter 6). 
Faraday and Maxwell discovered interrelationships between electric and 
magnetic phenomena, but a reexpression of Maxwell’s theory in the terminol- 
ogy of Einstein’s theory of special relativity (1905) revealed even deeper con- 
nections (Chapter 15) and we now view these initially distinct phenomena 
as a single phenomenon, which we call electromagnetism. Again more accu- 
rately, we now view the electric and magnetic fields as different aspects of a 
more inclusive electromagnetic field. Although the interrelationships supplied 
by the theory of relativity can be exploited to develop the classical theory of 
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the electromagnetic field from a very small number of experimental observa- 
tions, we nevertheless adopt a more traditional approach that requires a 
larger (but still small) number of experimental observations but does not 
require knowledge of transformations between frames of reference in relative 
motion. In Chapter 15, we shall show that the results of this development are 
consistent with the principles of relativity. 

This book can be divided into two main sections. In the first section, we 
begin by enumerating the observed properties of charge and current and by 
using these properties to deduce suitable units for the quantitative measure- 
ment of charge and current (Chapter 1), continue by introducing the concepts 
of charge and current densities needed for describing the “state” of arbitrary 
charge distributions (Chapter 2) and by defining the electric and magnetic 
fields (Chapter 3), and conclude by examining the properties of these fields, 
first when they are time-independent (Chapter 4 and 5) and then when they are 
time-dependent (Chapter 6). Maxwell’s equations, which are at once the goal 
of the first section of the book and the basis of the second section, are first 
stated in Section 6-3. From that point on, we shall be concerned with the 
consequences of Maxwell’s equations and with their generalization to include 
the response of matter to externally applied fields. In the second main section 
of this book (Chapters 7-15), we examine potential theory, plane waves, 
properties of matter, radiation from accelerated particles, and the relativistic 
formulation of Maxwell’s equations. The main course of the development in 
Chapters 1-6 and the interrelationships among the later chapters in the book 
are both shown in the flow chart following the preface. In this chart, items 
displayed entirely in capital letters are points of experimental contact, basic 
laws are placed in boxes with extra heavy borders, and each dotted line 
connects two boxes, the first of which provides a suggestion for (but not a 
deduction of) the second. The reader may find it useful to refer to this chart 
occasionally as he works his way through this book. 

For many readers, this book probably represents a first (or perhaps a 
second) encounter with mathematical physics. It will therefore be necessary 
now and again to discuss mathematical techniques per se. To forestall the com- 
mon (but wholly erroneous) conclusion that theoretical physics is mathema- 
tics, a special effort has been made to identify mathematical developments 
as such and to stress the role of experimental properties in guiding the devel- 
opment of the theory. In some cases (Chapter 0, Sections 2-3 and 2-5, and 
the Appendices) mathematical topics have been physically separated from the 
main text so that, once the reader has become facile with the mathematics, 
he can read the main text without being distracted from the physics by these 
mathematical digressions. The mathematical component of this text is impor- 
tant and the reader must strive for fluency in mathematical manipulation, but 
he cannot, on the other hand, allow the mathematics to overshadow the phys- 
ics, which—after all—is what the mathematical model is constructed to 
represent. 
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Several additional comments and suggestions to guide the reader in his 
use of this book and to assist him in his study of the electromagnetic field 
follow: 


(1) Throughout this book, equations are referred to by a two-part identifi- 
cation, the first part denoting the chapter or appendix in which the equa- 
tion occurs. Equation (12-28) is the 28th equation in Chapter 12, Eq. 
(C-8) is the 8th equation in Appendix C, etc. Problems are referred to by 
a similar two-part identification prefixed with the letter P. 

(2) Your attention is drawn to the identities in Appendix C, to the data in 
Appendix E, and to the final page of the index, on which you will find a 
quick directory to important formulas contained in the text proper. 

(3) Even if you are already familiar with the preliminaries treated in Chapter 
0, skim the chapter; you will find not only a review of background mate- 
rial but also the setting out of a notation whose meaning will subse- 
quently be assumed without further definition. 

(4) Fill in the omitted steps in each argument on your own initiative; only 
a few problems requesting the completion of these arguments are specifi- 
cally included. 

(5) Read all of the problems even if only a few are actually solved in detail; 
in total, these problems indicate something of the broad spectrum of 
circumstances to which the basic theory can be applied. 

(6) Do not spend time laboriously evaluating standard integrals; use inte- 
gral tables. Three of the many available tables are 


H. B. Dwicut, Tables of Integrals and Other Mathematical Data (The Macmillan 
Company, New York, 1961), Fourth Edition. 

B. O. Pierce and R. M. Foster, A Short Table of Integrals (Ginn and Company, 
Boston, 1956), Fourth Edition. 

S.M. Secspy and R.C. Weast, Editors, CRC Standard Mathematical Tables 
(Chemical Rubber Publishing Company, Cleveland, 1969), Seventeenth Edition. 


(7) Refer regularly to other books on the same topics. Many may be found 
by looking in the subject area of the card catalog in your library or by 
browsing through the shelves in the proper area (537’s and 538’s in the 
Dewey decimal system; QC501-—718 or so in the Library of Congress 
system). Some books at a level in the main more elementary than this 
book are 


R. P. FEYNMAN, R. B. LeiGHTON, and M. SANDs, The Feynman Lectures on Physics 
(Addison-Wesley Publishing Company, Inc., Reading, Mass., 1964), Volume II. 

D. Hacuipay and R. REsNick, Physics (John Wiley & Sons, Inc., New York, 1962), 
Second Edition. 

A. F. Kip, Fundamentals of Electricity and Magnetism (McGraw-Hill Book Com- 
pany, New York, 1969), Second Edition. 

E. M. Purce LL, Electricity and Magnetism (McGraw-Hill Book Company, New 
York, 1965). 
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Books at a level comparable to that of this book include 


D. R. Corson and P. Lorrain, Introduction to Electromagnetic Fields and Waves 
(W. H. Freeman and Company, San Francisco, 1962), First Edition. 

J. R. Reirz and F. J. Mitrorp, Foundations of Electromagnetic Theory (Addison- 
Wesley Publishing Company, Inc., Reading, Mass., 1967), Second Edition. 

W. M. Scuwarz, Intermediate Electromagnetic Theory (John Wiley & Sons, Inc., 
New York, 1964). 

W. T. Scott, The Physics of Electricity and Magnetism (John Wiley & Sons, Inc., 
New York, 1962). 


Finally, books at levels ranging from somewhat to very much more 
advanced than this book include 


R. Becker and F. Sauter, Electromagnetic Fields and Interactions (Ginn/Blaisdell, 
Waltham, Mass., 1964), Volume I. 

J. D. Jackson, Classical Electrodynamics (John Wiley & Sons, Inc., New York, 
1962). 

E. C. JoRDAN and K. G. BALMAIN, Electromagnetic Waves and Radiating Systems 
(Prentice-Hall, Inc., Englewood Cliffs, N.J., 1968), Second Edition. 

L. D. LANpAU and E. M. Lirsuirz, The Classical Theory of Fields (Addison-Wesley 
Publishing Company, Inc., Reading, Mass., 1962), Revised Second Edition. 

P. Lorrain and D. R. Corson, Electromagnetic Fields and Waves (W. H. Freeman 
and Company, San Francisco, 1970), Second Edition. 

J.B. Marion, Classical Electromagnetic Radiation (Academic Press, Inc., New 
York, 1965). 

W. K. H. PANorsky and M. Puiiutes, Classical Electricity and Magnetism (Addison- 
Wesley Publishing Company, Inc., Reading, Mass., 1955). 

W.R. SMYTHE, Static and Dynamic Electricity (McGraw-Hill Book Company, New 
York, 1968), Third Edition. 

J. A. STRATTON, Electromagnetic Theory (McGraw-Hill Book Company, New York, 
1941). 


The reader wanting assistance in the applications of computers to prob- 
Jems in electromagnetism is referred, for example, to 


B. CARNAHAN, H. A. Lutuer, and J. O. WILKEs, Applied Numerical Methods (John 
Wiley & Sons, Inc., New York, 1969). 

S. D. Conte, Elementary Numerical Analysis (McGraw-Hill Book Company, New 
York, 1965). 

R. Esrvicu, Physics and Computers (Houghton Mifflin Company, Boston, 1973). 

J.R. MERRILL, Computers in Physics (Houghton Mifflin Company, Boston, 1975). 

H.D. PeckHAM, Computers, BASIC, and Physics (Addison-Wesley Publishing 
Company, Inc., Reading, Mass., 1971). 


and to the publications of Project COEXIST at Dartmouth College and 
of the Physics Computer Development Project at the Irvine Campus of 
the University of California; references to some of these publications 
are given at appropriate points in this text. 
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Mathematical and 
Physical Preliminaries 


0-1 
Scalars, Vectors, and Vector Algebra 


Nearly every important physical quantity can be classified as a scalar, 
as a vector, or as a stiil more complicated entity called a tensor. For most of 
this book, we shall identify as a scalar any quantity (e.g., temperature, mass, 
density) that is completely determined by a magnitude alone, we shall identify 
as a vector any quantity (e.g., force, displacement, velocity) that is completely 
determined only if both a magnitude and a direction are specified, and we 
shall not identify tensors. We shall adopt these common definitions, however, 
only after recognizing that they fail to mention the following important 
property: True scalars, vectors, and tensors represent quantities (e.g., dis- 
placements) having a physical significance (e.g., direction and magnitude in 
space) that must remain unchanged even if a particular coordinate system 
used to represent these quantities by numbers is changed. That is, the phys- 
ical content of a scalar, vector, or tensor must be invariant to such coordinate 
transformations as translations, rotations, and reflections. Consequently, 
the numbers used to express scalars, vectors, and tensors must exhibit very 
specific and determinable behavior under coordinate transformations. In 
this book, however, we shall explore this behavior only incompletely, partic- 
ularly in PO-29 and in Chapter 15. 

We shall adopt the usual notational conventions. Scalars will be denoted 
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Fig. 0-1. Geometric addition of 
vectors. 


by lightface letters, vectors by boldface letters, and the magnitude of a vector 
A by|A| or A. In figures the vector A will be represented by an arrow whose 
length is proportional to the magnitude of A and whose direction coincides 
with that of A. 

The algebraic properties of scalars and vectors are assigned so that scalars 
and vectors combine mathematically in the same way that quantities repre- 
sented by scalars and vectors combine physically. Without attempting any 
further motivation for our choice, we shall take scalars to be manipulated by 
the rules of ordinary algebra and we shall adopt the following properties 
for the algebraic manipulation of vectors: 


(1) Equality. Two vectors A and B are defined to be equal, A = B, if and 
only if they have the same magnitude and direction. This definition does 
not require the two vectors to originate at the same point. 

(2) Addition. A vector C is defined to be the sum of two other vectors A and 
B, C= A + B, if and only if A, B, and C are related geometrically as 
the sides of a triangle (Fig. 0-1). If the vectors represent displacements, 
the sum C is evidently the single displacement representing the net effect 
of displacement A followed by displacement B. 

(3) Vector addition is commutative, A + B = B-+ A. That is, the order in 
which the vectors are added does not affect the sum. 

(4) Vector addition is associative, A + (B + C) = (A + B) + C. That is, 
the manner in which grouping is done to evaluate the sum of three (or 
more) vectors does not affect the final result. 

(5) Multiplication by a scalar. A vector B is defined to be equal to the vector 
A times the scalar s, B = sA, if |B| =|s||A| and the direction of Bis 
that of A (s > 0) or opposite to that of A (s < 0). In particular if s = 
—1, B has the same magnitude as A but the opposite direction. Finally, 
if s = 1/|A|, then| B| = 1 and Bis called a unit vector. It has the direc- 
tion of A and is commonly denoted by A. Thus, 


A _A. 
[A] A’ 
(6) Multiplication of a vector by a scalar is distributive, both with respect 


to addition of scalars, (s + t)A = sA + fA, and with respect to addition 
of vectors, s(A + B) = sA + sB. 


A= A= AA (0-1) 


0-1 


Fig. 0-2. Two geometric interpreta- ——=> 


tions of the dot product. Blcos g 
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(7) Subtraction. A vector C is defined to be the difference between two 


vectors A and B, C= A — B, if C= A + (—B). 


(8) Dot multiplication of vectors. A scalar s is defined to be the dot product 


(9 


Ne” 


of two vectors A and B, s = A-B, if s =|A||B|cos 6, where @ is the 
angle between A and B (Fig. 0-2). The dot product is commutative, 
A-B = B.-A; is distributive with respect to vector addition, A-(B + C) 
= A-B + A-C; and is zero if A and B are nonzero and perpendicular. 
Geometrically A-B can be interpreted as | A| times the projection of B 
on A or as|B| times the projection of A on B. Finally, the dot product 
of a vector with itself is the square of the magnitude of the vector, 
AAT Al? Ae. 

Cross multiplication of vectors. A vector V is defined to be the cross prod- 
uct of two vectors A and B, V =A x B, if V = |A||B|sin @f, where 
@ is the angle from A to B and fi is a unit vector in the direction deter- 
mined by the thumb of the right hand when the fingers are extended 
along A and the palm faces B through the angle @ (Fig. 0-3). The cross 
product is anticommutative, A x B = —B x A; is distributive with 
respect to vector addition, A xX (B+ C) =A X B+A x C; and Is 
zero if A and B are nonzero and parallel. Geometrically | A x B| is the 
area of the parallelogram bounded by A and B. 


AxB 


Plane of 
AandB A 


Fig. 0-3. Definition of the cross product. 
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(10) Multiple vector products can be evaluated by successive application of 
the definitions in (8) and (9). In particular, the triple scalar product, 
A-(B x C), and the two (unequal) triple vector products, (A x B) x C 
and A x (B x ©), occur frequently and the identities 


A x (B x C) =(A-C)B — (A-B)C (0-2) 
(A XB) XC =(A-C)B — (B-C)A (0-3) 


are extremely useful.' 


PROBLEMS 


P0-1. Prove geometrically that (a) A+ B=B-+ A, (b) (A+B)+C 
=A+(B+ 0), and (c) A-(B+C) =A-B+A-C. 

P0-2. Interpret A-(B x C) geometrically. 

P0-3. Combine Eq. (0-2) with the anticommutativity of the cross product 
to derive Eq. (0-3). Hint: Rename the vectors. 

P0-4. Let A be a known vector and X an unknown vector. (a) Describe 
in words the freedom remaining in X if A-X = 5 is fixed. (b) Describe in 
words the freedom remaining in X if A x X = cis fixed. (c) Let both s andc 
be given. Show that X = (sA + ¢ x A)/A?. 


Analytically, vectors are often conveniently represented by their components 
in some coordinate system. The component A, of a vector A in the direction 
specified by a unit vector fi is defined by 


1 An — A cos 7 (0-4) 


where @ is the angle between A and fi; equivalently, A, is the projection of 
A in the direction fi. If at some point in space we introduce a right-handed 
triad of mutually orthogonal unit vectors é,, é,, €,,7 then the vector A has the 
three components 4, = A-é,, i = 1, 2, 3, and can itself be written as the sum 
of three vectors 


S 
A = oS Ag, = A,é€, + Aloka aL A,é, (0-5) 


as illustrated geometrically in Fig. 0-4. All of the definitions and theorems 
summarized in the previous paragraph have corresponding expressions in 


1The author finds the following mnemonic helpful: Write down the product of the 
second vector with the dot product of the first and third vectors; then subtract the quantity 
obtained from this first term by exchanging the role of the two vectors occurring in parentheses 
in the original triple product. This mnemonic sounds cumbersome, but it has the particular 
advantage of working equally well for both forms of the triple vector product. 

?Right-handed triads are those in which @3 = @; x @, and are almost universally pre- 
ferred to left-handed triads, in which @; = —é,; x é). 
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Fig. 0-4. Resolution of an arbitrary vector A into components. 


terms of components. Equality of two vectors, for example, implies equality 
of the corresponding components,? 


A= is AL, = 13. Jal = 18%. A,=B, (0-6) 


A single vector equation is therefore equivalent to three separate scalar equa- 
tions. Likewise, 
GA BG, | te Be, Ce = Ala 3b JP, (Cg == Bla ae he 
(0-7) 


B= sA —— B= 8A; B= SA,, fs (0-8) 


and the commutative, associative, and distributive properties of vector alge- 
bra therefore reduce to a threefold application of the same properties of scalar 
algebra. Finally, in terms of components, one can show that 


|A| = (Ai)? + (42)? + (4) (0-9) 
Belt = Alay oe 28, 2. AE (0-10) 
A X B= (4,8, — A,B2)e; + (A,B, — A,B3)é, + (A,B, — A,B, )é, 
(0-11) 
é, @, 6; 
=|A, A, A; (0-12) 
B, B, B, 


In Eq. (0-12), the vertical bars denote a determinant (Appendix A). 


3The symbol = should be read “implies” or “implies that”. 
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PROBLEMS 


P0-5. A vector A is often usefully separated into a /ongitudinal part, Aj,, 
parallel to a given unit vector fi and a transverse part, A_, perpendicular to n, 
where A = A, + A,. (a) Show that A), = (A-f)ft and A, = fi x (A X fi). 
(b) Show that fi x (A X fi) = 0 implies that A x i = 0. 

P0-6. (a) Construct a table giving the nine possible dot products between 
two unit vectors chosen from €,, @,, and @;. (b) Construct a similar table 
giving the nine possible cross products between two unit vectors chosen 
from é,, @,, and é;. (c) Using these products and the algebraic properties of 
vectors, manipulate the expression 


(A,é, ae A,é, = A;8;) &) (B.é, = Be, oP B,€;) 


where © represents either a dot or a cross, and derive Eqs. (0-10) and (0-11). 
PO0-7. (a) Show that 


A, A, A; 
A(BXC)=|B, B, B; 
C, C, C; 


and prove that the dot and the cross can be interchanged, i.e., that A-(B x C) 
= (A X B)-C. (b) Prove that 
A-C A-D 
(AUX B)- (GD) = 
B-C B-D 


and then set A = C and B = D to show that sin? 9 = 1 — cos? 0, where @ 
is the (arbitrary) angle between A and B. q 

P0-8. Let A = 3é, + 2€, — 6@, and B = é, + é,. Find A, A-B, A X B, 
and the angle between A and B. 

P0-9. Verify Eq. (0-2) by expressing all vectors in terms of their compo- 
nents and showing that both sides of the equation reduce to the same vector. 
Hints: (1) Choose the basic unit vectors wisely. For example, choose é; parallel 
to C and choose é, in the plane of B and C. (2) Accept the theorem that, 
by virtue of their transformation properties, vector identities that are valid 
in one coordinate system are necessarily valid in any coordinate system 
obtained by arbitrary translation and/or rotation of the first system. 


When specific components of a vector are needed, they will almost always 
be expressed in one of three commonly occurring coordinate systems. In 
Cartesian coordinates, a point in space is located by the three numbers 
(x, y, Z) indicated geometrically in Fig. 0-5(a) and having the range —co < 
x, ¥, Z << co; the mutually orthogonal unit vectors i, j. and k at any point 
have, respectively, the direction of increasing x, y, and z at that point; and an 
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“Aw * 
k Z axils 


A Z axis 
k 


(b) y axis 


Z axis 


Fig. 0-5. Axes and unit vectors in eo 
(a) Cartesian coordinates, (b) cylin- x axis 
drical coordinates, and (c) spherical 

coordinates. (c) 


y axis 


arbitrary vector A has the components 4A, = A: th A,=A- S| and A, = A-k, 
in terms of which 

A=A,i+ Aj + 4,k (Cartesian) (0-13) 
In cylindrical coordinates, a point in space is located by the three numbers 
(2, d, z) indicated geometrically in Fig. 0-5(b) and having the range 0 < 2 
< oo, O< 6 < 22, —co <z < co; the mutually orthogonal unit vectors 
A, b, and k at any point have, Perceiyely. the direction of increasing 2, ¢, 
and z at that point; and an arbitrary vector A has the components A, = A-2, 
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Ay = A-¢, and 4A) A-k, in terms of which 
A = A,r + Ao + A, (cylindrical) (0-14) 


An, Ag, and A, are referred to, respectively, as the (cylindrical) radial, azimu- 
thal, and axial components of A. Finally, in spherical coordinates, a point in 
space is located by the three numbers (r, 9,6) indicated geometrically in 
Fig. 0-5(c) and having the range O<r<0o,0<0<2,0< ¢ < 27; the 
mutually orthogonal unit vectors f, 6, and ¢ at any point have, respectively, 
the direction of increasing r, 8, and ¢ at that point; and an arbitrary vector 


TABLE 0-1 Relationships Among Common Coordinates and 
Unit Vectors 


(a) Relationships among Cartesian and cylindrical coordinates 


x =2c08 ¢ y= V/x2 +4 y2 
y=rsind O= tan-1(2) 
&= cos¢i+sin $j i = cos ¢% — sin $¢ 
¢@ = —sin $1 + cos dj J = sin 6% + cos $6 


Expressions relating the Cartesian and cylindrical components of a vector A may be 
obtained by taking the dot products of A with the above relationships among unit vectors, 
e.g., An = A:% = Ax cos ¢ + Aysin ¢. 


aa 3 a 
A 3, ae 


(b) Relationships among Cartesian and spherical coordinates 
x =rsin@cos ¢ r=V/x2 + y2 + 72 


y=rsin@sind 0= | S| 


z=rcos@ d= tan-1() 
Be 


? = sin @ cos ¢i + sin @ sin $) + cos 0k 

8 = cos O cos $i + cos @ sin ¢) — sin 0k 

6 = —sin ¢i + cos $\ 

i = sin @ cos $f + cos 6 cos ¢6 — sin 66 

i= sin @ sin ¢f + cos @ sin 66 + cos 66 
= cos 6? — sin 06 


Expressions relating the Cartesian and spherical components of a vector A may be obtained 


by taking the dot products of A with the above relationships among unit vectors, @.Bon 
A, = A-f = Ax sin @ cos $ + Ay sin 6 sin ¢ + A, cos @. 


oF sf of _ |. aa 
ap 8 me Ce 
(| 06 , 
a = f agp SREP 
o=0 5g = ~Sin OF — cos 66 
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A has the components A, = A-f, 4g = A-6, and A, = A-d, in terms of which 

A= Af + A+ A,6 (spherical) (0-15) 
A,, Ag, and A, are referred to, respectively, as the (spherical) radial, polar, 
and azimuthal components of A, and the z axis is often called the polar axis. 
Several relationships among these three sets of coordinates and unit vectors 
are summarized in Table 0-1. The following observations are pertinent to the 
use of vectors expressed in these coordinate systems: (1) Only in the Cartesian 
system are the unit vectors constant and independent of the point in space to 
which they apply. In the cylindrical and spherical systems, the unit vectors 
change direction as the point to which they apply moves about in space. (2) 
The rules—Eqs. (0-6)-(0-12)—for manipulating vectors expressed in terms of 
their components followed from the orthogonality and right-handedness of 
the basic unit vectors. Since the triads (i, j, k), (2, $, k), and (?, 6, 6) all exhib- 
it these properties, Eqs. (0-6)-(0-12) apply in particular to the specific expres- 
sions in Eqs. (0-13)-(0-15). (3) The above discussion presupposed no specific 
choice for the coordinate origin or for the orientation of the x, y, and z axes; 
these features of the coordinate system will in general be selected for con- 
venience in application to the problem at hand. Finally, (4) a number of 
different notations, particularly for the cylindrical coordinates, can be found 
in the literature, and suitable care must be exercised in comparing the writings 
of two or more authors when these coordinates-are used. 


PROBLEM 


P0-10. Familiarize yourself with the entries in Table 0-1 and verify those 
in Table 0-1(a). Note: The expressions for 02/0, o?/00, and of/d¢ given 
in Table 0-1 can be conveniently used to obtain § and 6 by differentiating 4 
or f, which themselves can be written down in terms of i, j, and k by inspec- 
tion. 


0-2 
The Representation of Fields 


Only a very few physical quantities are absolute constants. Most 
frequently, the value of a physical quantity (e.g., temperature, force) depends 
on where in space and when in time the quantity is determined. To denote 
the totality of values of a physical quantity at a// points in some region of 
space-time, we introduce the word field, examples of which are the (scalar) 
temperature field in a room, the (vector) force field produced by a massive 
object, and the (scalar) probability field of a quantum mechanical particle. 

For theoretical manipulations, fields are most usefully represented as 
(scalar or vector) functions of position and time. We introduce a coordinate 
system—probably one of those described in Section 0-1—and a clock, setting 
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the origin of each for maximum convenience to the problem at hand. A point 
in space-time is then located by its three spatial coordinates, say (7, 0, ¢), and 
its temporal coordinate ¢ in the (arbitrarily selected) coordinate system, and 
the dependence of some field S on space-time is indicated by writing the space- 
time coordinates as arguments of a function, e.g., S(r, 9, ¢, 1). This depend- 
ence may alternatively be indicated by recognizing that the single point P 
variously identified by (x, y, z), (2, ¢, Z), or (r, 8, 6) could equally well be 
labeled by its position vector r, which is the vector from the origin to the point 
P. The dependence of S on space-time might then be indicated by S(r, ¢). This 
more compact notation permits postponing introduction of r in one of the 
equivalent forms 


r=xi-+ yj + zk (Cartesian) (0-16) 
=r + zk (cylindrical) (0-17) 
22970 (spherical) (0-18) 


or in some other form until explicit selection of a coordinate system is re- 
quired. It is, of course, not necessary for a field to depend on all four space- 
time coordinates, the time-independent or static field, denoted by S(r), being 
particularly common. 

Among the more important manipulations with scalar and vector fields 
are differentiation and integration. Differentiation of a scalar field is accom- 
plished by the usual means. In Cartesian coordinates, the simple derivative 
of a vector field is that vector field whose components are the derivatives of 
the components of the field itself, e.g., if 


Q(r, 2) = O.(x, y, 2, Di + Ox, », 2,0) + O.0x, y, 2, DK (0-19) 
then 


8Q 00,3, 80,7 , 00.5 
ae i i+ ek (0-20) 


If the vector field is expressed in some other coordinate system, say, 
QU, 1) = On(2, $, 2, )% + O62, 6 2,6 + O.0r, 6,2, 0K — (0-21) 


then differentiation is more complicated, for the unit vectors may not be 
constant and each term must be differentiated as a product. Simple integra- 
tion of a scalar field is accomplished by familiar procedures; in particular, 
we shall encounter the volume integral, variously denoted by 


J S(x, y, z) dx dy dz; i S(t) dv: J S(t) @r 
where the volume element has the expressions 
dv = dx dy dz (Cartesian) . (0-22) 
= nvdrdddz (cylindrical) (0-23) 
=r? sin@drd@d (spherical) (0-24) 
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in the three common coordinate systems. In Cartesian coordinates, simple 
integration of a vector field produces another vector field whose components 
are the integrals of the components of the field being integrated. Caution 
must again be exercised in integrating vector fields expressed in other coordi- 
nate systems. More involved derivatives, particularly the gradient, the curl, 
and the divergence, and more involved integrals, particularly line integrals 
and surface integrals, will be introduced as our development proceeds. 


PROBLEMS 


P0-11. Let two points have position vectors r, and r,, respectively. Obtain 
an expression for the vector pointing from point 1 to point 2. 

P0-12. A scalar function of position is given in terms of the position 
vector r by S(r) = r-r. Write this function out more explicitly in Cartesian, 
cylindrical, and spherical coordinates. 

P0-13. A scalar function S and a vector function Q are given in terms of 
two position vectors r and r’ by 


ee eee 
pee] 


, Q(r, r’) = Jie 


[el 
Letting r = xi + yj + zk andr’ = x'i + y’j + z’k, write S and Q explicitly 
in terms of x, y, z, x’, y’, and z’ and then show that 
OS? oS: dS 
ee k 
Ox dy) Oz 


Sf) = 


Although analytic representations of fields are essential to efficient theoret- 
ical manipulations, graphical representations often facilitate mental visual- 
ization of the fields. A graphical representation for a scalar field need convey 
only the magnitude of the field, and a diagram showing labeled /evel con- 
tours—lines or surfaces at all points of which the scalar field has the labeled 
value—suffices; the contour lines representing a particular (two-dimensional) 
scalar field are shown in Fig. 0-6. A graphical representation for a vector 
field, on the other hand, must convey both the magnitude and the direction 
of the field. One way to convey these features is to attach a vector to each of 
several representative points in space, drawing the vector at each point so 
that its direction coincides with the direction of the field and its length is 
proportional to the magnitude of the field; Fig. 0-7(a) shows a sample vector 
field represented in this way. Alternatively, a vector field can be mapped by 
drawing a set of field lines—lines that are everywhere tangent to the field 
vector. Let these field lines be spaced so that the number of lines crossing a 
unit area placed perpendicular to the field at some point is proportional to 
the magnitude of the field at that point. The resulting picture then conveys 
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Fig. 0-6. Representation of a scalar field by contour lines. Phys- 
ically, the field illustrated represents the altitude of points on the 
surface of a hypothetical earth and each contour line is labeled with 
the altitude (in feet) of points along that line. Wherever the contour 
lines are close together, the terrain is steep; wherever they are 
widely separated, the terrain slopes only gradually. In this figure, a 
mountain occurs near the upper right corner, a valley runs from 
center left to center top, and this same valley opens into a reasonably 
flat area in the lower right corner. 


the direction of the field by the direction of the field lines and the magnitude 
of the field by the spacing of the field lines. Adherence to this convention on 
spacing may, of course, require that field lines start and stop at some points 
in space. The field shown in Fig. 0-7(a) may also be represented by the field 
lines shown in Fig. 0-7(b). We offer two warnings: (1) Graphical representa- 
tions in two dimensions are not entirely satisfactory for conveying the details 
of fields in three dimensions, and (2) graphical representations show the fields 
only at representative points in space; the fields themselves have values at all 
points in space. 


PROBLEMS 


P0-14. Explain why the level contours representing a scalar field cannot 
intersect. 

PO0-15. Describe the (three-dimensional) level contours of a scalar field 
given as a function of the position vector r by S(r) = |/|r — rq |, where ry is 
a fixed vector. 

P0-16. A scalar field is given as a function of the position vector r by 
S(r) = (K-r)/r?. Obtain accurate drawings of half a dozen of the level con- 
tours of this field in the y-z plane. Consider both S > Oand S < 0. Describe 
the three-dimensional contour diagram. Hints: (1) Use spherical coordinates. 
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(a) 


Fig. 0-7. A vector field in (a) the vector representation and (b) the 
field line representation. In (a) the vectors indicate both the magni- 
tude and the direction of the field; in (b) the lines indicate the direc- 
tion of the field and their separation indicates its magnitude. 


(2) Plot the contour map on polar coordinate paper. (3) Use a computer or 
desk calculator. 

P0-17. Show that the field lines representing the vector field F(r) = r/r? 
are straight lines radiating away from the origin and then show that, in three 
dimensions, these field lines need be started only at the origin in order that 
|F| at every point P be proportional to the number of lines crossing a unit 
area oriented perpendicular to F at P. 


0-3 

Static Force Fields 

In this section we shall summarize a number of concepts associated 
with static force fields. Throughout this section F(r) denotes a force—it 
may be the total force or only a portion of the total force—experienced by a 
particle located at point r. 
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TORQUE 


The torque N about the coordinate origin exerted by the force F(r) applied 
at the point ris defined by N =r xX F(r). 


WORK AND THE LINE INTEGRAL 


We ask first, how much work is done on a particle by the force field F(r) as 
the particle is moved from a point r, to a point r, along some specified path 
I ?4 Since in general the force will not have the same value at all points on the 
path, we seek an answer to this question by dividing the path into small 
approximately straight segments along any one of which the force may be 
regarded as approximately constant. If the center of the ith segment is located 
at r;, then the force experienced by the particle at all points on this segment 
is approximately F(r;). Now, by definition the work done by a constant force 
moved through some displacement along a straight line is the product of the 
displacement and the component of the force in the direction of the displace- 
ment. Thus, the work AW, done by the force F(r) on the particle as the par- 
ticle moves across the ith segment of its path is given approximately by 


AW, =~ | F(r,)|| Ar,| cos 0; = F(r,)- Ar; (0-25) 
where Ar, is the net displacement represented by the ith segment and @, is 
the angle between F(r,) and Ar, (Fig. 0-8). Summing contributions from all 
segments gives 

W => AW, = 3 Fr): Ar; * (0-26) 
as an estimate of the work done by F(r) as the particle moves over the entire 


i 


i 
| 
| 
x ~ | 
Fig. 0-8. The path of a particle 
N moving in a force field. 
‘To bring about this motion, there will in general be forces acting on the particle in 
addition to those exerted by the specified force field. 


0-3 Static Force Fields 19 


path. We now refine the division of the path, making all segments smaller 
(and simultaneously increasing their number). As this refinement continues, 
the approximation becomes better, and in the limit, as | Ar,;| —> 0 for all and 
the number of segments approaches infinity, the expression becomes exact, 
en 


W= lim 32 F(r)-Ar, = { F(r)-dr (0-27) 


JAr;|~0 ¢ 
Equation (0-27) both defines the /ine integral and identifies the line integral 
of a force along some path with the work done by the force on a particle that 
moves along the path. In general, if a more explicit (analytic) evaluation of 
a line integral is needed, the integral must be written out in more detail, 
probably using one of the expressions 


dr = dxi-+-dyj+dazk (Cartesian) (0-28) 
=drvi+nrdob+adzk (cylindrical) (0-29) 
= dr? + rd06+ rsin@ dd 6 (spherical) (0-30) 


for the infinitesimal displacement dr. In Cartesian coordinates, for example, 
we have that 


W=| [Fx y,2)dx + Fx, 9.2) dy + RG, y, 242] 0-31) 


but in general we can proceed no further until the path has been specified, 
perhaps by stipulating relationships that determine both y and z along the 
path as functions of x. Once such relationships are available, we may reduce 
the line integral to an integral on a single variable and evaluate it by familiar 
techniques. 


THE WORK-KINETIC ENERGY THEOREM 


If the force F(r) in Eq. (0-27) is the resultant of a// forces experienced by a 
particle of mass m at point r, then by Newton’s second law 


a’yr dv 


Fn) = ia ma (0-32) 
and we find that 
dv 1 1 
a | Ge = | v-dvy =~ mv; — = mv; (0-33) 
ai Dee D) 


where v, (v,) is the velocity of the particle at the start (end) of the path. This 
result, called the work-kinetic energy theorem, equates the work done by the 
resultant of a// forces acting on a particle to the change in kinetic energy of 
the particle. 


CONSERVATIVE FORCE FIELDS AND POTENTIAL ENERGY 


Although the line integral of the most general force field cannot be evaluated 
until after a path has been specified, many commonly occurring force fields 
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permit an evaluation of { F-dr if only the end points of the path are known. 
For these fields, the particular route by which the particle moves from start 
to finish does not affect the total work done on it by the force field. The line 
integral of these special fields is said to be path-independent and the fields 
themselves are said to be conservative. Symbolically, we can indicate the 
dependence of the line integral only on the initial and final positions r, and 
r, by writing 


[ Fede = ["Fo-de = a(t, 1.) (0-34) 
a a 


where the subscript c has been added to F as a reminder that the expression 
applies only to conservative fields. Although the function g(r,, r,) is in all 
cases a scalar, its specific form is determined by the particular force field 
involved. Equivalently (P0-19), a conservative force field satisfies 

F,-dr = 0 (0-35) 

Ve 

where I, is an arbitrary path and the circle on the integral sign signifies that 
I, is a closed path starting from r, and proceeding via some route back to r,. 
Thus, a conservative force field may be characterized either by the path inde- 
pendence of the corresponding line integral or by the vanishing of the line 
integral about an arbitrary closed path. 

Conservative force fields (and only conservative force fields) admit the 
identification of an associated scalar potential energy function, the existence 
of which can be demonstrated by evaluating the work done on a particle by 
a conservative force field as the particle moves from r, tor, and on tor,. We 
can think of the journey as a single step, in which case the work done on the 
particle is g(r,, ro), or aS a sequence of two steps, in which case the work done 
on the particle is g(r,, ro) + g(r,, r,). Since the total work must be independ- 
ent of how we view the path, we conclude that these two evaluations must be 
equal or, with a minor algebraic rearrangement, that 


a(t, r,) = g(t, To) = 8(Ta> ro) (0-36) 
The line integral of a conservative force field between any two points is there- 
fore given by the difference between a function evaluated at one point and the 
same function evaluated at the other point. To be sure, the function g(r, r,) 
depends on two points, but the point r, is the same in both occurrences; it 
merely plays the role of a reference point. Relative to the point ro, g(r, ro) as- 
signs a value to some (scalar) quantity at each point r in space. This scalar 
field is intimately associated with the vector field F,(r), and it represents 
physically the work done by F,(r) on a particle moved from r, to r. It is cus- 
tomary to suppress explicit indication of the reference point and (for reasons 
that will soon appear) to introduce a minus sign, defining the so-called poten- 
tial energy field U(r) by 


U(r) = — g(t, ro) (0-37) 
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in terms of which Eq. (0-36) yields the expression 
[F-dr = —(u@,) — Ue.) (0-38) 


for the work done by a conservative force on a particle moved from r, to r,. 
If F, represents the resultant of a// forces acting on the particle, Eq. (0-38) 
combines with Eq. (0-33) to give 


Amv; + U(r,) = 4mv? + U(r,) (0-39) 


which is recognizable as a statement of conservation of mechanical energy. 
[Had the minus sign not been inserted in Eq. (0-37), it would have appeared 
preceding each U in Eq. (0-39).] 

The argument of the previous paragraph demonstrates only the existence 
of a (scalar) potential energy field associated with every (vector) conservative 
force field. An expression determining the scalar field from the vector field 
is obtained by setting r, = r andr, = ry in Eq. (0-38) and then rearranging 
the equation; we find that 


U(r) = U(r.) — f i F,-dr (0-40) 


The value of U(r.) remains arbitrary; only differences in potential energy are 
determined by the force field. 

Equation (0-40) provides a means for calculating U(r) when F,(r) is known. 
A solution to the reverse problem—finding F,(r) when U(r) is known—can 
also be obtained. Since U(r) is an integral of F,(r), one might expect F,(r) to 
be a derivative of U(r). To see the nature of that derivative, we evaluate the 
difference in potential energy between two points r, andr, =r, -+ Ar, where 
| Ar| is small. Equation (0-38) then gives 


U(r, + Ar) — UG) = — I. OB ede (0-41) 


To obtain F,,(r), let Ar = Axi i. Since the integral is path-independent, we 
can select a path from r, tor, + Ar along which dr = dx’ i, and Eq. (0-41) 
then gives 

U(x, oe Ax, Yao Z) + U(x Var a) 


XqgtAx és 7 
— —{ EG » Va Z,) dx 
Xa 


oS 22F AX Va Za) Ax (0-42) 
Dividing Eq. (0-42) by Ax and then allowing Ax — 0, we find that 


Ce, Var e,) — Bue (0-43) 


Ox Xa, Vas 20, 


Since this expression applies at any point r,, the subscript a can be dropped, 
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and we have finally that® 
— —9U() 0-44 
Pal) a Ox ( ) 
Similar expressions for F.,(r) and F,,(r) are obtained by setting Ar = Ay jand 
Ar = Az k in Eq. (0-41). In total we find that 


— (794 , 70U , fou 0-45 
FF, = (152 + J52 + £5) ( ) 


where all functions are understood to be evaluated at argument r. Let us now 
introduce the vector differential operator known as the gradient operator, 
symbolized by V, and represented in Cartesian coordinates by 
20 FectOm oO 
=i tk 0-46 
vi Une aap e (0-46) 
Acting on a scalar field S(r), this operator produces a vector field known as 
the gradient of S and symbolized by VS; more explicitly, 
205 Guo fos 
= jx See ke 0-47 
VS leet ey > -E (0-47) 
A physical interpretation of this vector derivative will be explored briefly in 
Section 0-4; the derivative is introduced here because Eq. (0-45) can then be 
written in the particularly compact form 


= (0-48) 


The force exerted on a particle by a conservative force field is therefore given 
by the negative gradient of the associated potential energy field. 

Several equivalent criteria for identifying a conservative force field can now 
be enumerated. We have already noted (1) that the line integral of a conser- 
vative force field is path-independent, (2) that this line integral about any closed 
path vanishes, and (3) that a conservative force field can be obtained as the 
(negative) gradient of an associated scalar (potential energy) field. To obtain 
a fourth criterion we use Eq. (0-48), finding that 


F.-dr = —VU-dr 


200 G20 ou Se ~ 
= (152 + 152 + £SE) «ax dy} + dz) 
__ (du, , aU UN 
= (se dx t Se dy + SE az) dU (0-49) 


Thus, for a conservative force field, F,-dr is an exact differential. Mathemat- 
5Here (and in similar subsequent occurrences) the development would be more rigorous 
if we invoked the theorem of the mean and replaced Eq. (0-42) with 
U(%a = AX, Va, Za) — U Xan Vay 2a) ees en A oy za 
where 0 < 7 <1, before letting Ax approach 0. 
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ically, however, exactness of 


F,-de = F,,, dx + F,,dy + F., dz (0-50) 
requires that® 


ey, 0 Of Oh, ae 0 

oy dz : Oz ae Ox 
Let us now define the cur/ of a vector field Q by 

Woe wes, dQ, dQ, CC. HO 
yx = (Se: — Ni 4 -( a ej (= oes) ie 
Q dy oz Oz Ox J+ Ox oy es) 

where the notation is suggested by the result of a formal evaluation of V x Q 
when V is replaced by the expression in Eq. (0-46). A physical interpretation 
of this vector derivative is explored briefly in Section 0-4; the derivative is 
introduced here because the condition in Eq. (0-51) for the exactness of 
F,-dr—which is the fourth condition for the “conservativeness” of F,—can 
then be written in the particularly compact form 


Vx F.=0 (0-53) 


Some care must be used, however, in applying this criterion to fields that 
become infinite at some point in the region of interest.” 


PP Z 
=F) 51) 


PROBLEMS 


P0-18. A force field in two dimensions is given by the vector F(x, y) = 
3x2 yi -- xyj. Evaluate the work done by this force field on a particle moved 
along the following paths in the x-y plane: (a) (0, 0) -— (0, 1) — d, 1) along 
straight-line segments, (b) (0, 0) — (1, 0) — (I, 1) along straight-line seg- 
ments, (c) (0, 0) — (1, 1) along the line y = x, and (d) (0, 0) — (1, 1) along 
the parabola y = x?. Points in the plane are denoted by (x, y). 

P0-19. Show that the line integral of a vector field about an arbitrary 
closed path is zero if and only if the line integral between two arbitrary points 
is path-independent. 

P0-20. Using an argument similar to that presented in the text, show that 
= —dU/oy. 
P0-21. A force field in three dimensions is een by 
ee 

F(r) =a “ ae a ise & 
where a is a constant. By showing explicitly that F-dr is the exact differential 
of some function, show that F is a conservative force field and find the asso- 
ciated potential energy field. 


F, 


y 


6G. B. Thomas, Jr., Calculus and Analytic Geometry (Addison- Wesley Publishing Com- 
pany, Inc., Reading, Mass., 1954), p. 530. (Or see exact differentials in the index of any 
calculus book.) 

1See S. Y. Feng, Am. J. Phys. 37, 616 (1969). 
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P0-22. Using the operator V as given in Eq. (0-46), verify that formal 
evaluation of V x Q leads to Eq. (0-52) and show that 


io leek 

Sik 6 OmeeO 
yay eyez 
Cm ee: 


Warning: One must use great care in evaluating V x Q by this means in 
other coordinate systems; only the Cartesian unit vectors are constants. 
Compare PO-32. 

P0-23. Familiarize yourself with vector identities (C-5)-(C-9) in eNoets 
dix C, and prove (C-5), (C-8), and (C-9). 

P0-24. Show that, for a conservative force field, the field lines are perpen- 
dicular to the level contours—called here equipotential surfaces—of the 
associated potential energy field. Hint: Let dr in Eq. (0-49) represent the dis- 
placement between two infinitesimally separated points in the same equi- 
potential surface. Physically, what must be the value of dU? 


0-4 
Coordinate-Free Definitions for the 
Gradient and the Curl 


The gradient of a scalar field S and the curl and the divergence (Sec- 
tion 2-3) of a vector field Q play important roles in field theory and we shall 
subsequently need expressions for these quantities in non-Cartesian coordi- 
nates. We can, of course, obtain VS and V X Q in other coordinates by a 
tedious but direct transformation of Eqs. (0-47) and (0-52), but the same 
results can be obtained more easily if we invest a brief preliminary effort in 
developing coordinate-free definitions for the vector derivatives. Consider 
first the gradient. From Eq. (0-49) we infer that 


dS = VS-dr (0-54) 


where dS is the (infinitesimal) change in S that results when the point at which 
S is evaluated undergoes the (infinitesimal) displacement dr. Let |dr| = dé 
and let fi be a unit vector in the direction of dr. Then dr = fi dé and we. find 
from Eq. (0-54) that 

aS 
dé 
We now define the fi-component of VS to be dS/dé, called the directional 
derivative of S in the direction fi. If we take fi successively to be i, j, and k 
while simultaneously letting dé be the corresponding elements of distance dx, 
dy, and dz, we recover the components of Eq. (0-47). Equation (0-55), however, 
is more general. For example, if @ is increased by d@ in Fig. 0-5(c), the point 


VS-f = (0-55) 
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identified moves a distance r dQ in the @ direction. Taking i = 6 and dé = 
r dO, we then quickly find from Eq. (0-55) that the 6-component of the gradient 
in spherical coordinates is given by VS-6 = 0S/r 00. Similar additional manip- 
ulations with Eq. (0-55) lead easily to the expressions 


Waly Ge aS Ras 


7 ad (0-56) 
in cylindrical coordinates and 
ORY lds 1 os 
Wing ton 5p eo sino Od eel 


in spherical coordinates. 

A physical interpretation of VS can also be inferred from Eq. (0-55): 
the i-component of V.S measures the rate at which S changes with respect to 
distance in the direction f. The more rapidly S changes as an observer (or 
measuring instrument) moves away from some initial point in some direction 
fi, the bigger will be the component of VS in that direction. In particular, 
since V.S-fi has its maximum value when &hi is parallel to VS (Why?), the 
gradient itself points in the direction of maximum increase of S, e.g., directly 
uphill in Fig. 0-6. 

A coordinate-free definition for V <x Q emerges from an evaluation of 
§ Q-dé about a small closed path. (We shall now switch to the notation dé 
for an infinitesimal element of the path.) Consider, for example, § Q-dé 
about a small rectangle having sides Ax and Ay and lying in a plane parallel 
to and a distance z above the x-y plane (Fig. 0-9). Evaluating the integral 
in the counterclockwise direction as seen from a point above the path, we 
find that 


$Q-dé as (oe Q(x’, y, z)-dx’ i+ (ee Q(x + Ax, y',z)-dy'j 
+f OG y+ Ay2edx' i+] OG, y's 2-dy' i 
=f" (0, + Ax, y', 2) — O,0e, y's DI dy 


+f (0.0, ¥, 2) — One's y + Ay, 2) dx’ (0-58) 


where the integrals in the first form relate, respectively, to the segments 
labeled 1, 2, 3, and 4 in Fig. 0-9. Assuming that Ax and Ay are small, we now 
use the Taylor expansion (Appendix B) to approximate each integrand in Eq. 


(0-58), obtaining 
ytAy 10) 
} Q-dé = Ax | aa 


y 


baie) 3 
eae 


x, ,z 


dx' (0-59) 


x 
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x 


Fig. 0-9. A small rectangular path used to derive a coordinate free 
definition of V x Q. 


Finally, approximating each integral as we did in Eq. (0-42), we have 


} Q-de = (22 = oe Ax Ay =(V x Q)-K AS (0-60) 


where the field Q is understood to be evaluated at the point (x, y, z) and 
AS = Ax Ay is the area of the surface bounded by the (small) path. More 
generally, if f is a unit vector perpendicular to the plane of some small area 
AS and we represent the area by the vector f AS, then we would find the value 


§ Q-dé =~ [(V x Q)-f] AS (0-61) 


for the line integral of Q about the path bounding AS. From this equation 
we then infer the coordinate-free definition 


(V x Q)-f = lim asp Q-dé (0-62) 


for the fi-component of V x Q. We have above tacitly adopted a convention 
relating the direction of the vector fi to the direction in which the line integral 
is evaluated: Jf the fingers of the right hand are positioned to point in the 
direction in which the line integral is evaluated and the palm faces the area 
bounded by the path, the thumb gives the direction of fi. Equation (0-62) is 
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correct only if this right-hand rule is followed. Equation (0-62) reproduces 
the components of Eq. (0-52) if the path is taken successively to be the bound- 
ary of a small rectangle in a plane perpendicular to the x, y, and z axes, 
respectively, and it also yields the expressions 


ee ee 


mle 2e dn 
ae eee Cie 


in cylindrical coordinates and 
~~! (sin 8Q,)  0Q¢ 
YO atl ea 96)! 
(20; — 1 000g 
rsin@ dd Puke 


oo 4 (eee & aay (0-64) 


r 


in spherical coordinates with nearly equal ease. 

A physical interpretation of V x Q can be inferred from Eq. (0-62): 
The f-component of V x Q measures a particular average, specifically 
§ Q-dé/AS, of the tangential component of Q computed for a small path 
lying in a plane perpendicular to fi. In effect, when (V < Q)-fi 4 0, Q has a 
net tangential component about this path. Unfortunately, this statement is 
considerably less transparent than the corresponding statement for VS, and 
we present also a more specific example even though we risk oversimplifica- 
tion. Let Q represent the (two-dimensional) velocity field describing the 
motion of points on the surface of a phonograph record revolving about a ver- 
tical axis with constant angular velocity @ [Fig. 0-10(a)]. The linear speed of 
a point a distance 2 from the axis is w2 and the velocity field Q(r) expressed 
in cylindrical coordinates is given by Q(r) = curd. Direct application of Eq. 
(0-63) now gives V KX Q = 2wk == 20. Thus, for this simple case, V x Q is 
everywhere twice the angular velocity. In paiticular V x Q — 0 when the 
record is not rotating. Since the field lines of Q in this case are circles centered 
on the axis of rotation, these results suggest that V « Q is related to the 
tendency of field lines to circle (or curl!) about “«me point in the field, as in 
Fig. 0-10(b). To be correct, however, this statement must be further inter- 
preted to mean what is said at the beginning of this paragraph. As the field 
Q = xj (for which V xX Q= 2xk) shows, V X Qcan be nonzero even when 
the field lines are parallel and straight! One route to developing an intuitive 
feel for V x Q might be to sketch the field lines for several fields, e.g., Q = 
and, Q = x2j, and Q =r/r3, and then to allow the eye to trace around 
several small closed paths in these fields, mentally estimating the cumulative 
tangential component of Q for each path. 
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Zz 


(a) 


(b) 


Boundary 
of record 


Fig. 0-10. A Rotating phonograph record. Part (a) shows the 
angular velocity of the record and part (b) shows the velocity field 
in the x-y plane. 


PROBLEMS 


P0-25. (a) Derive Eq. (0-56) by direct transformation of Eq. (0-47). 
Hint: Use Table 0-1. (b) Derive Eqs. (0-56) and (0-57) by the method based 
on Eq. (0-55). 

P0-26. Use the Heaaion of Eq. (0-62) to derive the Fe -component of Eq. 
(0-63). 

P0-27. The force field F(r) is a central force field if it has the more explicit 
form F(r) = f(y)? in spherical coordinates. This force is a function only of 
distance from some fixed point conveniently taken to be the origin and is 
everywhere directed along radial lines from that point. Show that every 
central force field is conservative and obtain an integral for the associated 
potential energy field. What is the potential energy field associated with the 
inverse square force field for which f(r) = a/r?? 
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Supplementary Problems 


P0-28. The Kronecker delta 6,, and the three index symbol e,;, are defined 


by 
6;; = 1, i=j 
= [S27 
Cee mee) (le 2) Sa. Ws 2), (2) 
=—l, aa (oie (nese 2 ye glee os) 
==), = anything else 


With all indices assuming the values 1, 2, 3, show that 
(a) é,-é; = Oi; 
(b) A-B= Das, Sy) 6,;A,B;, 
(c) interchange of any two indices changes the sign of €;;,, 
(d) é; x é; = Di €:5x8k; 
(e) (A x B), = pay Se €;;,AjBy, 
and 


(f) De Cypeleng = OO: Tay OnOe 
Finally, (g) derive Eq. (0-2) by manipulating with these expressions. Hint: 
Begin by evaluating [A x (B x C). 

P0-29. (a) A vector A fixed in space is described by its components 
(A,, A,, A,) and (A,, Ay, Ay) in two Cartesian coordinate systems related 
as shown in Fig. P0-29. Show that the components must be related by 

Ay = A, cos @ + A, sind 
Ay = —A, sin @ + A, cos @ 
Ay = A, 


if the orientation and magnitude of A are to be unchanged by the rotation. 


i ae 


Figure P0-29 
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These are the rules for the transformation of the components of a vector 
under this rotation, and a three-component entity transforming in this way 
is said to be invariant to the transformation. (b) The prototype vector (think 
of displacement) is invariant to reflection of coordinates, i.e., to the transfor- 
mation x = —x, y’ = —y, z’’=—z, which means that A,, = —A,, 
Ay, = —A,, A» = —A,. (Why?) Suppose A and B are invariant to reflec- 
tion. How does the “vector” C = A X B behave under reflection? Is C a 


vector? 
P0-30. Equation (0-26) can be used to effect a numerical evaluation of 


| F-dr on some path I. For simplicity consider a two-dimensional field, 
T 


INPUT N and DETERMINE coordinates 
of points on path 
INITIALIZE S (for accumulating sum) to zero 
INITIALIZE I (counter) to one 

CALCULATE I-th contribution 

to sum and INCREMENT S 


PRINT S 


INCREMENT I 
tol+1 


Fig. P0-30. Flow chart for an algorithm to evaluate a line integral 
numerically. 
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Hee) — ae y)i aes y)j, and let the path T lie in the x-y plane. Fur- 
ther, let the ith segment of T begin at (x,, y,) and end at Con Vie) le eine 
N. Equation (0-26) then becomes 


N 
> F edr = > Leese Vi) Ax; + LO yi) Ayil 


where x; = Aa +x), = 4AOVi+1 + y), AX; = X41 — Xp AY = Viner — 
y;, and N is the number of segments into which I is divided. (a) Write a com- 
puter program to evaluate this integral for the force field in PO-18. A possible 
general strategy is depicted in Fig. PO-30. (b) Run your program for the paths 
in PO-18 and for several progressively larger values of N. Optional: (1) Try 
other force fields of your choosing and try several paths, including some 
closed paths. (2) Develop techniques and write programs for the numerical 
evaluation of other two- and three-dimensional line integrals, e.g., {| S dr and 
J Q x dr, where S is a scalar field and Q a vector field. 

P0-31. Let ® be a scalar function of position. Evaluate $ @ dé about the 
path shown in Fig. 0-9 to show that 


$ @ dé = (Kk x VO) Ax Ay 
and then infer that 


A : 1 

fii x VO = lim aay § @ a 
where fi AS is the vector representing the area of the (plane) surface bounded 
by the (small) path about which the integral extends. 

P0-32. Consider a general curvilinear coordinate system with coordinates 
(Gass ¢.)ecelincd imeterms cof the Cartesian coordinates (x,,-.,..,)/by the 
HUNCHOnsG, —"GAxiers os — 1.2.3, We assume these equations can be 
inverted to give x, as some function of the q’s, x, = x,(@1, 2, 93), J = 1, 2, 3. 
Further, we introduce three quantities h,, i = 1, 2, 3—which may be func- 
tions of the g’s—such that ds, = h, dq, where ds; is the physical distance 
that a point moves when its ith coordinate alone is changed from q; to q; + 
dq;. Finally, we confine our attention to orthogonal systems, which in general 
means that the three families of surfaces defined by g; = constant, 7 = 1, 2, 3, 
are mutually orthogonal at every point in space and more specifically means 
(1) that the distance ds that a point moves when all three coordinates are 
simultaneously incremented is given by a sum of squares 

ds? = h3(dq,)? + hi(dq2)* + h3(dq3) 
with no cross terms (e.g., dg, dq,) and (2) that the unit vectors é, in the direc- 
tion of increasing g, are mutually orthogonal. Let ¢g,, q2, g3 be ordered so that 
é,, 6, 6; form a right-handed set and let S and Q be a scalar and a vector 
field, respectively. Show that 

(a) dv = volume element = /yh2h; dq, dq2 dds. 

(b) VS = 3), (1/A,(0S/0q,)€;. Hint: Use Eq. (0-55). 
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] 0 0 0 
VV. 0] | Se 
(<) Q hyhoh3| 0g; 042 0”; 


hyQ; f.Q, h3Q; 


Hint: Use Eq. (0-62) and note that the derivatives in row 2 are understood to 
operate only on the entries in row 3 and not on the entries in row |. Finally, 
(d) determine the /’s for cylindrical coordinates (q;, 92, 93) = (2, $, z) and for 
spherical coordinates (g;, 92, 43) = (7, 8, 6) and show that the expressions 
in parts (b) and (c) reduce to the expressions given in the text. 
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1 


Charge and Current: 
From Qualitative Recognition 
to Quantitative Measurement 


Every physical theory contains some (small) number of fundamental 
physical quantities, each of which is measured by following a carefully pre- 
scribed but arbitrarily selected procedure for comparing a given amount of 
the quantity to an arbitrarily selected standard amount. In contrast, derived 
quantities in a theory are defined in terms of the fundamental quantities 
without introducing any further arbitrary standards. In classical mechanics, 
length, time, and mass are almost universally chosen as the most convenient 
fundamental quantities. No such unanimity exists in electricity and magne- 
tism. This theory is sometimes constructed without introducing any funda- 
mental quantities beyond the three mechanical quantities, and it is sometimes 
constructed on a base obtained by supplementing the mechanical quantities 
with one or more fundamental and specifically electromagnetic quantities. 
The primary objectives of this chapter are (1) to provide a background into 
which most of the common approaches to electricity and magnetism can be 
placed and (2) to expose the approach adopted in the remainder of this book. 
To these ends, we imagine—at least initially—that we are discovering (elec- 
tric) charge and (electric) current anew.! Emphasis is placed deliberately 
on the logical aspects of a development from the qualitative properties of 


1Strictly, we should also include permanent magnetism in this list, but approaches 
based on this phenomenon are less common than those based on charge and current and, 
in any case, the essential ideas can be made clear from a consideration of charge and 
current alone. 
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each phenomenon to quantitative definitions both for charge and for current. 
The reader is cautioned against drawing too close a parallel between the 
actual historical development of these ideas and the development implied in 
this chapter. He is also alerted to realize that the experiments by which the 
properties quoted in this chapter are in fact most accurately confirmed are 
much more sophisticated than the experiments here implied. 


1-1 
The Phenomenon of Electric Charge 


The first step in our study of electricity is the recognition that elec- 
tric charge (hereafter simply charge) exists. Experimentally, rubbing a hard 
rubber rod with rabbit’s fur or a glass rod with silk modifies the properties of 
the rod so that it is capable of deflecting the leaves of an electroscope (Fig. 
1-1). The rubbed rod—and more generally any object capable of deflecting 
the leaves of an electroscope—is said to be charged, and we attribute this 
property to a physical entity called charge that we view to reside on the object. 
The electroscope itself is a primitive detector of charge. 

Qualitative experiments on objects charged by rubbing suggest the exist- 
ence of two kinds of charge. Let one charged object be brought up to an (ini- 
tially uncharged) electroscope. A deflection of the leaves occurs. Now, 
leaving the first object near the electroscope, bring up a second charged ob- 
ject. A priori we expect that the deflection of the leaves may either decrease 
or increase. Experimentally, we find that nature admits both possibilities. 
Thus, relative to a particular object, an array of second objects can be divided 
into two groups. Members of the first group increase the deflection and are 


Metal 
ball 


Metal 
rod Insulating 


plug 


Fig. 1-1. An electroscope. This in- 
strument consists of a vertical metal 

Metal (od at the top of which is a metal 

case ball and at the bottom of which is 
fastened a piece of metal foil. 
When a charged object is brought 
near the ball, the foil is deflected 
away from the rod. The numbers on 
the scale measure the deflection of 
the foil in degrees. 


*In the analogous gravitational experiment, only one of the two a priori possibilities is 
realized in the physical world. 
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said to have the same kind of charge as the first object; members of the second 
group decrease the deflection and are said to have a kind of charge opposite 
to that of the first object. Furthermore, we find experimentally that the spe- 
cific objects included in each group are the same, regardless of which object is 
chosen as the first object. We conclude that any charged object (hereafter 
simply any charge) can be placed unambiguously in one of two groups, that 
any two members of either group have /ike charges (each increases the deflec- 
tion produced by the other), and that two charges drawn one from each group 
have unlike or opposite charges (each decreases the deflection produced by 
the other). To reflect algebraically the tendency of charges drawn from one 
group to cancel deflections produced by charges drawn from the other group, 
we designate the charge on members of one group as positive and that on 
members of the other group as negative. Convention takes the charge appear- 
ing on a hard rubber rod rubbed with rabbit’s fur to be negative and that 
appearing on a glass rod rubbed with silk to be positive, but this firmly 
established choice is mere convention and might have been inade the other 
way. In view of contemporary models of matter, which take macroscopic 
objects to be composed microscopically of very large amounts of charge of 
both signs, we must now slightly modify the above definition of a charged 
macroscopic object: A macroscopic object is charged when microscopically 
it has more charge of one sign than of the other. In reverse, an uncharged 
object is an object in which positive and negative charges exactly cancel, not 
an object containing no charge at all. 


1-2 
The Interaction of Point Charges 


Although the recognition that charge exists is the first step, the speci- 
fication of a quantitative definition for charge must precede the development 
of a quantitative science of charge. We could, of course, define charge as a 
fundamental quantity, say by picking a standard electroscope, supplying it 
with an arbitrarily marked scale to convert deflection into charge units, and 
specifying some standard way to present a charge to this instrument for 
measurement. The consequences of this approach, however, might be 
awkward expressions for physical laws involving charge (P1-10). We begin, 
instead, by exploring quantitatively the forces of interaction among charged 
objects, being careful not to make premature restrictive assumptions about 
the quantitative nature of charge. The experimental properties of these 
forces, which we intuitively expect to be conditioned by the amount of charge 
present, can then be used as a guide to the selection of a convenient definition 
for charge. We assume that the fundamental quantities—length, time, and 
(inertial) mass—and the derived quantity—force—are already measurable. 

Turning then to quantitative aspects (but omitting descriptions of specific 
experiments), we discover first that the force of interaction between two arbi- 
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trary objects arbitrarily charged is not related in any simple way to the rela- 
tive positions of the objects. When the objects are far apart, however, the 
interaction is more easily described. We therefore introduce the idealization 
of a point charge, realized physically when a charged object is viewed from a 
distance large compared to its own dimensions (so that it looks like a point), 
and at least initially we concentrate on the interactions between (idealized) 
point charges. If we further constrain these charges to be at rest relative 
to one another, we then discover the following experimental properties of the 
force of interaction between two point charges in vacuum: 


(1) The force between two point charges at rest is inversely proportional to the 
square of the separation of the charges. Experimental tests of this state- 
ment are usually quoted by giving an upper limit on the deviation of n 
from 2 when the statement is written in the form force oc 1/(separation)”. 
Let n — 2 = y. Contemporary experiments show that |4| < (2.7 + 3.1) 
x 10-'§ over distances ranging from the macroscopic (tens of centi- 
meters, cm) to the atomic (107 cm), that an inverse square law remains 
valid at nuclear distances (10-!3 cm), but that this law may fail at the 
subnuclear level (< 1071* cm). 

(2) The force between two point charges at rest is proportional to the magnitude 
of both charges. Much as it might seem otherwise, experimental evidence 
supporting this observation can be obtained without presupposing the 
ability to measure charge. It is certainly intuitive to require that equal 
charges produce equal deflection when presented in some standard way 
to an electroscope. Thus, even though we cannot yet assign a number to 
any charge, we can nonetheless produce an array of equal charges. 
(Recall that we already are able to determine the sign of a charge.) Let us 
now require of our ultimate definition of charge the (intuitive) property 
that charge be additive, i.e., that several charges placed simultaneously in 
the same position be equivalent to a single object having a charge equal 
to the (algebraic) sum of the component charges. Then two equal charges 
placed close together and observed from a distance large compared both 
to their separation and to their dimensions will be equivalent to a point 
charge having twice the charge of either object separately. Thus, start- 
ing with a point charge having any magnitude, we can produce a point 
charge having twice (or three times or. . .) that magnitude, even though 
we do not know the magnitude of the first charge. We then discover that 
if one of two charges is replaced by a charge of twice (or three times 


3E. R. Williams, J. E. Faller, and H. A. Hill, Phys. Rev. Letters 26, 721 (1971); R. P. 
Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures on Physics (Addison- 
Wesley Publishing Company, Inc., Reading, Mass., 1964), Volume II, Section 5-8. The 
first of these references contains a table showing how the upper limit on 7—at least for 
macroscopic distances—has slowly been reduced since the measurements of Cavendish 
(1773; |”| <2 x 10-2) and Coulomb (1785; |47| < 4 x 10-2). 
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or ...) its magnitude, the force of interaction is doubled (or tripled 
OF a)! 

(3) The force between two point charges at rest acts along the line joining the 
two charges and is repulsive for charges of like sign and attractive for 
charges of opposite sign. If one assumes space to be isotropic—the same 
in all directions—the force between two isolated static charges can have 
no other direction, for the direction of the line joining the point charges 
is the only distinguishable direction in space. 

(4) The force between two point charges at rest satisfies Newton’s third law. 


In this chapter, we need primarily properties (1) and (2), which are expressed 
symbolically by the equation 


Fg = kT (1-1) 


where F,,, is the magnitude of the force between two charges‘ q and q’ sepa- 
rated by a distance d and k, is a proportionality constant. The minor addi- 
tions to Eq. (1-1) that incorporate properties (3) and (4) will be introduced 
in Chapter 4, the full statement being known as Coulomb’s law. 

Equation (1-1) has been experimentally inferred without having a unit 
of charge available; we needed only an unambiguous means to produce 
multiples of a given charge. The constant k,, however, remains unspecified 
and provides the freedom to adapt Eq. (1-1) to whatever unit of charge is 
selected. We have assumed force and distance to be measurable. If a unit of 
charge consistent with but independent of Eq. (1-1) is also available, then all 
physical quantities in Eq. (1-1) are measurable, and &, must be found experi- 
mentally. If we choose to, however, we can use Eq. (1-1) to define the unit of 
charge by stipulating k, arbitrarily. If, for example, k, is given the (dimen- 
sionless) value unity, we find that 


fe (1-2) 


and the procedure for measuring an unknown charge Q involves the following 
steps: 


(1) Make a second charge of equal magnitude Q using the procedure already 
outlined. 

(2) Place this second charge a measured distance R from the first charge. 

(3) Measure the force Fo, between these two charges. 

(4) Calculate the magnitude of Q from the expression Fg9 = Q?/R’, or 
Om Fagk?: 

(5) Determine the sign of the original charge by noting its interaction with 
a charge of known sign. 


4We can, of course, give a symbol to a charge without knowing a specific number for 
the amount of charge represented by the symbol. 
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In this example, charge is a derived quantity having the (mechanical) dimen- 
sions of ./force-(length)?. The cgs-electrostatic system of units (cgs-esu), in 
which force is measured in dynes (dyn), length in centimeters, and time in 
seconds (sec), is based on exactly this procedure. The constant k, is set equal 
to 1 to define a unit of charge officially called the statcoulomb (statC) but 
more commonly referred to as the esu of charge. Other units of charge in 
common use will be discussed in Section 1-6; not all of these are defined by 
Coulomb’s law. However the unit of charge is defined, we shall use the term 
magnitude for an amount of charge when its sign is ignored and the term 
strength for an amount of charge when its sign is included, e.g., a charge of 
strength —4 statC has a magnitude of 4 statC. 

Once a procedure for measuring charge is selected, we can then produce 
an array of known charges which in turn can be used to calibrate the scale 
on an electroscope. The resulting instrument is, of course, considerably 
more convenient for laboratory measurements of charge than the primary 
procedure outlined in this section. 


1-3 
The Phenomenon of Current 


Although it is well known that current and charge are related (and 
we shall soon incorporate this relationship), let us consider current for the 
moment as a separate phenomenon. The first step in a study of current is 
then the recognition of its existence. Experimentally, when a wire made of a 
suitable material (a conductor) is connected across the poles of the right 
sort of device (a battery or its equivalent), a small compass (or permanent 
magnet) placed near the wire manifests an interaction with the wire. Since 
an electroscope placed near the wire exhibits no effect, this new interaction 
is different from an electrostatic interaction and we shall attribute it to a 
current in the wire (even though we have at this point in the argument no 
convincing reason to think that the current flows im the wire rather than 
resides on the wire). We shall now examine the properties of this current, 
using the compass as a primitive detector. 

To make this simple detector more useful, let one pole of a small compass 
needle be weighted slightly so that the needle assumes a vertical equilibrium 
position when supported from its center ona horizontal axis. (To avoid con- 
ceptually irrelevant complications, we assume that the magnetic effect of the 
earth on the compass is small compared to the effects we seek to examine.) 
Further introduce a scale with its zero position at the point of equilibrium. 
The resulting device is illustrated in Fig. 1-2 and, for want of a standard 
name, will be called a currentscope. This instrument is used by placing it 
behind a long vertical wire as shown in Fig. 1-3. When the poles of a battery 
are connected to the two ends of the wire, the compass needle will deflect to 
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Fig. 1-2. Front view of a current- 

scope. The weighted pole of the 

compass needle is shown dark and ~20° 90° 
the axis of rotation is perpendicular 

to the paper. When this instrument 

is placed near a current-carrying ~60° 

wire, the compass needle deflects 

left or right to an angle that can be 

determined from the numbers on —30° 30° 
the scale. 0° 


60° 


Fig. 1-3. A  currentscope near a 
long, straight wire. 


one side, manifesting the interaction we are attributing to a current in the 
wire. Experiment quickly reveals that the reading of the currentscope dimin- 
ishes as the instrument is moved away from the wire. Thus, we adopt a stan- 
dard distance from the wire to the instrument. 

More detailed (but still qualitative) experiments with the currentscope 
result in the following observations: 


(1) The reading of the currentscope is independent of where along the wire 
itis placed. The current is therefore the same at all points along the wire, 
and we can speak unambiguously of fhe current in the wire. 

(2) If the connections to the battery are reversed, the currentscope deflects 
in the opposite direction, and we therefore adopt a convention taking 
one of the currents to be positive and the other to be negative. (The 
common convention will be introduced later in a different context; for 
now, we simply pick either convention.) 
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Together these two observations support the view that current flows along a 
wire. 


1-4 
The Interaction of Parallel Currents 


Let us now develop a quantitative definition for current. The ap- 
proach adopted parallels that used in determining a quantitative definition 
for charge but is entirely independent of that development. Just as two objects 
that an electroscope reveals to be charged experience an interaction with one 
another, two wires that a currentscope reveals to carry currents experience 
mutual forces. Experimentally, however, the force between two wires is not 
easily determined if the wires are arbitrarily oriented. Although we shall 
later consider the more general case, for the moment we shall restrict our 
attention to the interactions between long, thin, parallel wires and to points 
remote from either end of the wires. Repeating experiments first performed 
by Ampere, we then find experimentally that the force per unit length between 
two stationary, parallel wires carrying (steady) currents 


(1) is inversely proportional to the separation of the wires. 

(2) is proportional to the magnitude of each current. 

(3) is directed along the common perpendicular and is attractive for currents 
of like sign and repulsive for currents of opposite sign. 

(4) satisfies Newton’s third law. 


In this chapter, we need primarily properties (1) and (2), which are expressed 
symbolically by the equation 


Fy = kyot (1-3) 


where F,,, is the force per unit length between two long parallel wires carrying 
currents J and J’, s is the (perpendicular) distance between the wires, and 
k, is a proportionality constant. The reformulation of Eq. (1-3) to include 
properties (3) and (4) and to include also interactions between currents in 
nonparallel wires is presented in Chapter 5. 

As with the constant &, in Eq. (1-1), the constant k, permits Eq. (1-3) to be 
adapted to whatever unit of current is selected. Again we assume force and 
distance to be measurable. If a unit of current is also available independently 
of Eq. (1-3), then k, in Eq. (1-3) must be found experimentally. If we choose 
to, however, we can use Eq. (1-3) to define the unit of current by stipulating 
k, arbitrarily. If, for example, k, is given the (dimensionless) value 2, we find 
that 


Op = 2 (1-4) 
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and the procedure for measuring an unknown current / involves the following 
steps: 


(1) Construct a second wire carrying a current of the same strength. 

(2) Place this second wire parallel to and a measured distance R from the 
first current. 

(3) Measure the force per unit length F,, experienced by either wire. 

(4) Calculate the magnitude of the current from the expression F,, = 272/R, 
ori = ,/F,;,R/2. 

(5) Determine the sign of 7 by noting its interaction with a current of known 
sign. 


In this example, current is a derived quantity having the (mechanical) dimen- 
sions of ,/(force). (Remember that F;, is a force per unit length.) The cgs- 
electromagnetic system of units (cgs-emu), in which force is measured in 
dynes, length in centimeters, and time in seconds, is based on exactly this pro- 
cedure. The constant k, is set equal to 2 to define a unit of current officially 
called the abampere (abA) but more commonly referred to as the emu of 
current. Other units of current will be discussed in Section 1-6; not all of 
these are defined by Eq. (1-3). We shall apply the terms magnitude and 
strength to currents with meanings analogous to those given at the end of 
Section 1-2 for charges. 

Once a procedure for measuring current is selected, we can then produce 
an array of known currents which in turn can be used to calibrate a current- 
scope. 


1-5 
Current as Charge in Motion 


Consider now the following experiment. Suppose a wire runs from a 
suitable charged object properly placed near a calibrated electroscope past 
a calibrated currentscope to ground as shown in Fig. 1-4. When the switch 
is closed, not only do the leaves on the electroscope fall, implying a reducing 
charge on the object, but also the currentscope deflects as long as there is 
any charge remaining on the object. We therefore conclude that charge 
flows off of the object through the wire and that current is the same as charge 
in motion. By recording the readings of the electroscope and the currentscope 
as functions of time ¢, we further discover that the current /(¢) in the wire 
and the charge g(t) measured by the electroscope are related by 

— ,, 44) : 
He) = k 206 (1-5) 
where in the present context k, is an empirically determined proportionality 
constant whose value depends on the units in which /(¢) and q(¢) (and indeed 
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Charged 


object Calibrated 
currentscope 
7 


Calibrated / 
electroscope 


Fig. 1-4. Apparatus demonstrating 
that current is the same as charge 


—= Ground in motion. 


t) are measured. Although the connection expressed in Eq. (1-5) leads us to 
view moving charge wherever it occurs—possibly in wires but equally well, 
for example, within the body of an ionized gas or in the beam of a particle 
accelerator—as a current, we shall postpone exploring this broader interpre- 
tation until Chapter 2. 


1-6 

Units in Electricity and Magnetism 

We now have three different expressions involving charge and cur- 
rent: (1) Coulomb’s law for the force between two point charges, 


Ee a ki (1-6) 


(2) the analogous law for the force per unit length between two parallel wires, 


i 
LE yg — (Dar (1-7) 
and (3) the relationship 
_ 7-49 : 
| ae (1-8) 


between charge and current. Unless we are willing to define ¢ as well as J and 
q by these equations, there are at most* two quantities (J and q) to be defined. 
Therefore, at most two of the three constants k,, k,, and k, can be assigned 
arbitrary values. The third constant is fixed by the other two even though it 
takes an experiment to determine its numerical value. Several different sys- 
tems of units, all in reasonably common use, will now be described. 


CGS-ESU 
The cgs [centimeter-gram(g)-second]-electrostatic system of units adopts 
the cgs units of length, mass, and time and defines a unit of charge (the 


5Remember that it is logically possible for / and g to be defined independently of these 
equations. 
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statcoulomb, statC) by setting kg" = | and a unit of current (the statampere, 
statA) by setting A$" = 1. Both of these units are mechanical, the statcou- 
lomb having the dimensions of ./dyne-cm? and the statampere having the 
dimensions of statC/sec = ,/dyne-cm2/sec?. Although it is at times conve- 
nient to regard k{*" to have the dimensions (dyne-cm2/statC?), this combi- 
nation is actually dimensionless. In cgs-esu, the remaining constant k$" is 
determined empirically. For subsequent elegance, we introduce another 
constant c by 


esu Z 
a — ee (1-9) 
and write Eq. (1-7) in the form 
oe 
Fyyp = ae (1-10) 


The dimensions of c are demonstrably those of velocity (P1-2). Measurement 
of c, in principle by measuring F,,, when known currents are separated by a 
measured amount s but in practice by any of several more refined techniques, 
leads to the value 


c¢ = (2.997925 -- .000003) x 10!° cm/sec Gent) 


for which the approximate value 3 x 10!° cm/sec is often satisfactory. Al- 
though wnanticipated and accidental at this point, this value is numerically 
equal to the speed of light, which explains why the 2 was inserted in Eq. (1-9). 
This appearance of the speed of light in the context of electricity and magne- 
tism also suggests strongly that light and electromagnetism are closely con- 
nected, but the intimacy of that connection will not emerge more fully until 
Chapter 7. 


CGS-EMU 


The cgs-electromagnetic system of units adopts the cgs units of length, mass, 
and time and defines a unit of current (the abampere, abA) by setting A3™" = 2 
and a unit of charge (the abcoulomb, abC) by setting k{™" = 1. Both of these 
units are mechanical, the abampere having the dimensions of ,/dyne and the 
abcoulomb having the dimensions of abA-sec = ,/dyne-sec?. Although it 
is at times convenient to regard ks™" to have dimensions (dyne/abA?), this 
combination is actually dimensionless. In cgs-emu, the remaining constant 
kem™ is determined empirically. For subsequent elegance, We set® 


emu — (2 GieiD) 
and write Eq. (1-6) in the form 
Fig = ott @e13) 


The dimensions of this c are also demonstrably those of velocity (P1-2). When 


6At the moment this c is different from the c in Eq. (1-9). 
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measured by measuring the force between two known point charges at known 
separation (or by some equivalent more refined technique), the ¢ here turns 
out to have the value given in Eq. (1-11), and our use of the same symbol is 
justified. 


RATIONALIZED MKS UNITS 


The rationalized mks [meter(m)-kilogram(kg)-second] system of units adopts 
the mks units of length, mass, and time and defines a unit of current (the 
ampere, A) by setting k@** = 2 x 10-7 and a unit of charge (the coulomb, C) 
by setting A?** = |. Both of these units are mechanical, the ampere having the 
dimensions of ./N, where N abbreviates newton, and the coulomb having 
the dimensions of A-sec = ,/N-sec?. Although it is at times convenient to 
think of k?** as having the dimensions N/A2, in our approach this combina- 
tion is actually dimensionless. The constant k?** is often given the expression 


4n 


in which fy is defined to have the value 4z x 10-7 N/A? and is called the 
permeability of free space. In mks units, the force per unit length between two 
parallel wires then has the expression 


207" 
Fy = 7 (1-15) 


mks __ Ho __ Lo = 
kp — fo — 2 (1-14) 


The remaining constant k?* is determined empirically and has the value 
kpts — (8.98755 + .00002) x 10° N-m2/C? (1-16) 


The value 9 x 10° N-m?/C? is commonly employed unless extreme accuracy 
is needed. It is also common to write k™** in terms of another constant €, as 
follows: 
mks __ 1 
ss An Eg 
in which €) = (8.85418 + .00002) x 10-'2 C2/N-m? is called the permittivity 
of free space. Coulomb’s law then assumes the form 


let) 


] t 
Tae (1-18) 


The word rationalized in the name of this system of units refers to the deliber- 
ate placement of an explicit factor of 42 in Coulomb’s law. By this means, 
the 47 is suppressed in several subsequent relationships that are more com- 
monly used than Coulomb’s law. 


OTHER SYSTEMS OF UNITS 


Three other systems of units deserve brief mention. In the Gaussian system, 
the cgs units of length, mass, and time are supplemented with the esu of 
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TABLE 1-1 The Form of Eqs. (1-6)-(1-8) in Several Common Systems 
of Units 


In this table 
c = (2.997925 + .000003) x 10!° cm/sec 


and must be expressed numerically in these units wherever it occurs in the table, 
Ho = 4a x 107-7 N/A2 


€9 = (8.85418 + .00002) x 10-12 C2/N-m2 


_!_ _ (98755 + .00002) x 109 N-m2/C2 


ANE 9 = 
Coulomb’s Parallel Current Current-Charge 
System Law Interaction Connection 
cgs-esu , 4 a is = a 
cgs-emu oof, ar — a 
Rationalized mks om & i at dl ie a 
Gaussian e -- at i oe 
Heaviside-Lorentz i ian at - a 


charge (k¢*"**" = 1) and the esu of current (k$*"*"" = 1). Although Gaus- 
sian units therefore are at this stage identical with cgs-esu, differences will 
subsequently appear in the way in which other quantities, particularly the 
magnetic field, are defined in the two systems. The rationalized counterpart 
of the Gaussian system is called the Heaviside-Lorentz system; it uses cgs 
units of length, mass, and time and the values k?" = 1/4z and k¥* = | to 
define units of charge and current; k#” is then determined experimentally to 
have the value 1/2zc?. Finally, in the natural system, adopted principally by 
nuclear physicists, the velocity of light and a few other fundamental constants 
are given the value unity. 


SUMMARY 


The forms assumed by Eqs. (1-6)-(J-8) in the several systems of units de- 
scribed above are summarized in Table 1-1. Although we shall continue to 
indicate the form of subsequent definitions in each of these sets of units, this 
text will use the rationalized mks system of units. 


CONVERSION OF UNITS 


The need to convert from one system of units to another accompanies the 
common use of more than one system. We shall illustrate the technique for 
obtaining conversion factors by working out the factors relating cgs-esu and 
cgs-emu. Consider two point charges separated by a distance d. In cgs-esu, 
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the force between these two charges is given by 


FG yite Hes fess Gale) 
and in cgs-emu this same force is given by 
F.¢ (dyne) = Sop (1-20) 


where units have been indicated explicitly and q,,, and Gemu, for example, 
express the magnitude of the same physical charge in the two sets of units. 
Since the forces and the distances in Eqs. (1-19) and (1-20) are numerically 
the same, we infer the numerical equality 


FesuForu = Com/socFemuFemu (1-21) 
or, Since g.,, is proportional to g.n, we find that 
Jesu = Ccm/secFemu (1-22) 
Similarly, starting with two currents and the equations 
Je alate) Soe | Jae = Palau (1-23) 
we find that a _ 
on = Banysee!leonn (1-24) 


Equivalently, we obtain /,,, by the chain of argument expressed in the equa- 
tion 


IT —_ CLs Gann — I 
SU) aan a Com/sec = Com/sec emu 
db ce dive 


(1-25) 
Equations such as Eqs. (1-22) and (1-24) frequently generate confusion. 
These equations are numerical equalities. Equation (1-22), for example, states 
that the numerical value of some particular charge in esu is equal tO Com/sec 
(= 3 x 10!° in numerical value) times the numerical value of the same charge 
in emu. Thus, a charge of | abC is physically the same charge as a charge of 
about 3 x 101° statC. The temptation to read this and similar equations the 
other way—i.e., | esu = 3 X 10!° emu—must be resisted; it is incorrect. 


TABLE 1-2 Conversion Factors 


In this table the number 3 arises from the speed of light and, in accurate work, should be 
replaced by 2.997925. 


{" pee ag, soil x 10d aca ae oes coulomb 

1 statampere 3 abampere 3 ampere 

fi a Le. tu eae Be an statcoulomb 
1 abampere ampere statampere 


I 


{i ee 


ae Cape 
1 ampere 


abcoulomb 
statampere 


abampere 
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Conversion factors relating esu, emu, and mks units of charge and current 
are summarized in Table 1-2. 


PROBLEMS 


P1-1. Write a paragraph outlining a procedure for confirming property 
(2) of Section 1-4 before a quantitative measure of current is available. 

P1-2. Show that the constant c in Eq. (1-10) and the constant ¢ in Eq. 

-(1-13) both have the dimensions of velocity. 

P1-3. At one time, the ampere was defined by an experiment in electrol- 
ysis that involved measuring the mass of silver deposited per unit time in a 
standard silver voltameter. If we had adopted this definition, we would prop- 
erly view the ampere as a fundamental quantity. Explain how this change 
affects the status of Eq. (1-15) and of the constant k?**. The value assigned to 
Av *s in the text was, of course, chosen to make the present definition of the 
ampere agree with the earlier definition, so the numerical value of k?* is not 
changed by the change in definition. 

P1-4 An alternative way to state the definition of the ampere is as follows: 
The ampere is that constant current which, when present in two parallel wires 
separated by 1 m, gives rise to a force of 2 X 1077 N/m between the wires. 
Formulate similar definitions for the statcoulomb and the abampere, which 
are defined by Eqs. (1-6) and (1-7), respectively, and for the coulomb, the 
statampere, and the abcoulomb, which are defined by Eq. (1-8). 

P1-5. Show that the ampere is exact/y one-tenth the abampere. 

P1-6. (a) Derive the conversion factor(s) between esu and mks units of 
charge and current. (b) Derive the conversion factor(s) between emu and 
mks units of charge and current. (c) The charge on the proton is 1.60210 x 
10-!° C. Determine this charge in statcoulombs and in abcoulombs. 

P1-7. In what are called modified Gaussian units, charges are measured 
in statcoulombs (k, = 1) and currents are measured in abamperes (A, = 2). 
Determine the value of A, in modified Gaussian units and write out the 
corresponding entries in Table 1-1. 

P1-8. Let an unused set of units—call them Cookian units—be defined as 
follows: 


length 1 cookmeter = 6 cm 
time 1 cooksecond = / sec 
force 1 cookdyne = a dyne 


charge Set k; = Ki in Eq. (1-6), defining the cookcoulomb 
current Set ky = 2K2 in Eq. (1-7), defining the cookampere 


where a, b, f, K,, and K, are arbitrary but fixed. (Note, for example, that 
Cookian units reduce to cgs-esu ifa = b = f= K, = land K, = 1/c’, with 
c in cm/sec.) With everything (including the speed of light) expressed in 
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Cookian units, show that 


CE Gee 
ee 


and infer (a) that any system of units in which J = dq/dt must have K,/K, 
= €~ ach ( b) thieeinungk nits ene geal co 

P1-9. What (numerically) is the ratio of the electrostatic force of repul- 
sion to the gravitational force of attraction between two protons? 

P1-10. (a) Given two particles with mass m and charge q suspended from 
a single point by strings of length ¢, show that the angle @ between each string 
and the vertical satisfies tan @ sin? @ = (qg/q,)?, where (in mks units) gg = 
l6ze€,megé? and g is the acceleration of gravity. (b) Obtain a graph of q/q, 
versus @. Hint: Use a computer or desk calculator. (c) What deflection is 
produced by a charge of strength q,? Hint: Estimate the angle from your 
graph or, using a short computer program that inputs an angle and then cal- 
culates and prints out the value of g/g), guess the solution, try it, and then 
refine your guess until you have found the solution to, say, four significant 
figures. (d) What (numerically) is g, for a reasonable apparatus, say m = .5 g 
and ¢ = 20cm? Compare your answer with the charge on the proton. Op- 
tional: Suppose a charge has strength g in coulombs and strength Q in fool- 
coulombs, the latter value being measured by making a second, equal charge, 
placing each charge on a separate small sphere of some standard mass m, 
suspending the spheres from strings of some standard length ¢€, and calculating 
O from the measured angle @ (in radians) by the defining equation 0 = 20/z. 
Show that no charge can have a magnitude greater than | foolcoulomb, and 
find the (very awkward) form assumed by Coulomb’s law if charges are 
measured in foolcoulombs and everything else is measured in mks units. 

P1-11. Two uncharged aluminum spheres, each having a mass of | g, are 
suspended so their centers are 10 cm apart. By observing the parallelism of 
the supporting strings, an experimenter deduces that any forces of interaction 
between these spheres are weaker than about 10°> N—actually a fairly coarse 
measurement. What maximum fraction of the total number of electrons in 
one sphere could be transferred to the other without upsetting this result? 
What does your answer imply about the precision with which apparently 
neutral matter in fact contains equal amounts of positive and negative 
charges? Note: The atomic number of aluminum is 13; its atomic weight 
Ise 2 7. 

P1-12. A wire is free to slide without friction on rails that make an angle 
@ with the horizontal. It carries a current J opposite in direction but equal in 
magnitude to the current carried by a parallel wire at the bottom of the rails. 
If the sliding wire has length & and mass m, find the separation s of the two 
wires at which the sliding wire will be in equilibrium. (See Fig. P1-12.) 
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Figure P1-12 
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Charge and Current: 
The Specification 
of Arbitrary Distributions 


Much of our subsequent development is concerned with the proper- 
ties and the behavior of various spatial distributions of (possibly moving) 
charge. We therefore need a means to specify the “state” of a general charge 
distribution. For the simplest distributions, which contain a small number of 
discrete and widely separated particles, the state is conveniently and satis- 
factorily specified by giving the charge, position, and velocity of each parti- 
cle. Many of the distributions with which we must deal, however, “fill” some 
region of space by containing a very large number—say 107?—of very small, 
densely packed, erratically moving, charged particles. Merely printing the 
charges, positions, and velocities of this many particles would keep a high- 
speed line printer on a computer busy for about 10!* years! Clearly, for 
describing space-filling distributions, we must replace charges, positions, and 
velocities of individual particles with more appropriate new concepts. The 
objectives of this chapter are (1) to define these concepts, called the charge 
density and the current density, and (2) to explore the mathematical apparatus 
that is useful for manipulating these concepts analytically. 

We shall introduce the macroscopic description in terms of charge and 
current densities by relating it to the underlying microscopic description in 
terms of individual particles. The success of this transition from a microscopic 
to a macroscopic model is a consequence of the large differences that exist 
between the microscopic and the macroscopic scales of time and distance. On 
the microscopic scale, for example, macroscopic observations are extremely 
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sluggish; at best they are able to resolve time intervals (say ~ 10~¢ sec) that 
are something like 101! times as long as the period (+ 10-!5 sec) of the ther- 
mal oscillations of the microscopic particles. Again, on the microscopic scale, 
macroscopic observations are extremely coarse; at best they are able to 
resolve spatial separations (say + 10-2 cm) that are something like 105 times 
as large as the dimensions (~ 10-8 cm) of the space occupied by a single 
particle. Thus, what a macroscopic measurement detects as an instant of time 
is still long enough to include very many—perhaps 10°—ymicroscopic fluctua- 
tions; what a macroscopic measurement detects as a point in space still 
occupies sufficient volume to contain very many—perhaps 10!5—microscopic 
particles. Instead of responding directly to the microscopic details, macro- 
scopic measurements therefore average these microscopic details over macro- 
scopically small temporal and spatial intervals that are still large enough 
microscopically to include many fluctuations and many particles. The theoret- 
ical concepts appropriate to the description of macroscopic charge distri- 
butions are therefore averages of the microscopic concepts, and we shall make 
these averages more explicit in the next two sections. 

The transition from microscopic to macroscopic descriptive concepts 
Carries with it a change in our mental image of these charge distributions. 
In effect, the microscopic model of erratically moving, small particles is re- 
placed by a more sedate macroscopic model in which we ignore not only the 
erratic motion of each particle but also the elemental discreteness of matter 
and of charge. Insofar as we think of them at all, particles are effectively at 
rest or perhaps in motion with some smoothly varying drift velocity. Further, 
matter and charge are spread continuously throughout the region occupied 
by the distribution. The result is a model of a macroscopic charge distribution 
that, except for the charge it carries with it, corresponds exactly with the 
classical model of a fluid. We therefore precede the definition of charge and 
current densities by introducing two fields that have been found useful for 
the macroscopic description of fluids, whether charged or not. Classify each 
microscopic particle in the fluid according to its mass and charge, particles 
of type a having mass m, and charge qg,. The first field, called the particle 
density field n(r, t), measures at time ¢ the number of particles of type a per 
unit volume in a small volume AV centered on the point r; it is defined for- 
mally by 

2 = (ee) é 
Ge y= line Sa (2-1) 


AV-0 
aboutr 


where AN?) is the number of particles of type a in the volume AV at time 
t,! and (both here and hereafter) the limit AV — 0 carries the proviso that 


1Strictly, AN@(r) is the (time) average of the number of particles of type a in the 
volume AV, the average being evaluated over a macroscopically small but microscopically 
large time interval centered at time ¢. Subsequent statements similar to the one to which 
this footnote applies must be similarly interpreted. 
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AV becomes macroscopically small but remains microscopically large. The 
second field, called the velocity field v(r, t), gives the typical drift velocity 
of a particle of type a that happens at time ¢ to be in the volume AV; it is 
defined formally by 


(a) oR l {a) = 

est) ~ gine BND © © (t) (2-2) 
where v!?)(z) is the drift velocity of the ith particle of type a in the volume AV 
at time ¢. Because these definitions involve macroscopically small but micro- 
scopically large temporal and spatial intervals, both n(r, 2) and v(r, ¢) 
are smoothly and slowly varying functions of r and ¢ and, in particular, may 
even be constant in time and/or in space. Although the state of a charged 
fluid is more directly specified by the charge and current densities to be in- 
troduced in the next sections, we shall occasionally use n and vy to link 
charge and current densities to the underlying particulate model. 


PROBLEMS 


P2-1. A high-speed line printer may print on the order of 1200 lines per 
minute. Suppose each line can contain the charge, position, and velocity for 
two particles. (Remember that position and velocity are vectors.) (a) How 
long would it take to print out the state of a system containing 107? particles? 
(b) How thick would the resulting pile of paper be? 

P2-2. Estimate the period associated with the erratic oscillations of a 
microscopic particle. Hint: A typical thermal speed, say at room temperature, 
can be estimated from kinetic theory. How long does it take an electron 
(proton) to travel a typical microscopic distance, say 10~* cm, at this speed? 


2-1 
Charge Density 


Consistent with the macroscopic model developed in the above in- 
troductory paragraphs, we ignore the elemental discreteness of electric 
charges. In addition to being concentrated on small objects (point charges), 
charge may then be distributed more or less smoothly throughout volumes, 
over surfaces, and along lines. To facilitate a macroscopic description of each 
type of distribution, we therefore introduce three macroscopic charge densi- 
ties: (1) a volume charge density, having mks units of coulombs per cubic 
meter (C/m?) and defined by 

ee eC) 
pr.) = iim aA (2-3) 


v0 
aboutr 


(2) a surface charge density, having mks units of coulombs per square meter 
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(C/m?) and defined by 
_ Ad(t 
ocr, 2) — lina a (2-4) 


AS>0 
about r 


and (3) a Jinear charge density, having mks units of coulombs per meter (C/m) 
and defined by 


— jim AV 

(G0) Baan o 
where Agq(¢) is successively the charge in the volume AV, on the surface of 
area AS, and on the line of length A@ at time ¢. In each case, the point r must 
lie in the volume, surface, or line element involved, and the element must 
become small compared to macroscopic dimensions while remaining large 
compared to microscopic dimensions. When these charge densities can be 
meaningfully defined (i.e., for space-filling macroscopic distributions), all 
three are smooth functions of r and f. A distribution is said to be static if the 
corresponding charge densities do not depend on time and uniform if the 
charge densities do not depend on the spatial coordinates. 

Among other things, knowledge of the appropriate charge densities per- 
mits a calculation of how much charge Q(z) is present at time ¢ in any portion 
of the distribution. We simply break the portion of the distribution of interest 
into appropriate small elements, distinguished by an index 7, and add up the 
contributions Ag; from each element, passing to the limit as the extent of all 
elements becomes small and, correspondingly, the total number of elements 
becomes large. If the distribution is described by a volume charge density, 
for example, we find that 


Q(t) = lim 3; Ag(2) 


AVin0 o£ 


= lim oe pa, t) AV; 


{ p(r, t) dv (2-6) 


where AV, is the volume of the ith element, r, is a point in the ‘th element, dv 
is an infinitesimal volume element in a convenient coordinate system [see Eqs. 
(0-22)-(0-24)], and the volume integral extends over the portion of the charge 
distribution of interest (which may, of course, be the entire distribution). By 
a similar limiting process, we find for surface and line distributions that 


OU { o(r,) dS, O)= i A(r, t) dé (2-7) 


where dS and dé are the area and length of infinitesimal surface and line ele- 
ments, respectively, and the integrals again extend over a portion (or perhaps 
over all) of the distribution. Here and subsequently, we shall combine inte- 
grals like those in Eqs. (2-6) and (2-7) by introducing an infinitesimal element 
of charge dg to stand for p dv, o dS, or A dé as appropriate. Then, the integrals 
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all have the form 
O= { dq (2-8) 


where explicit indication of spatial and temporal dependences has been sup- 
pressed. Although we shall make no use of it, it is in fact possible to introduce 
a mathematical function, known as the Dirac delta function, in terms of which 
all types of charge distribution, including point charges, can be formally 
described with volume charge densities only. With this function, Eq. (2-6) 
alone is sufficient to cover all cases. 

Finally, we relate the volume charge density to the particle density field 
defined in Eq. (2-1). Suppose the distribution of interest contains particles of 
several different types and let particles of type a with charge q, be distributed 
in accordance with the particle density field n(r, t). Then the total charge 
Aq(t) at time ¢ in a volume AV centered at the point r is 


Aq(t) = gan (r, t) AV (2-9) 


and Eq. (2-3) gives 
pr, t) = do gan, t) (2-10) 


The ath term in this sum, of course, expresses the contribution of particles of 
type a to the total charge density. 


PROBLEMS 


P2-3. Let a total charge Q be uniformly distributed in succession through- 
out the volume of a sphere of radius R, on the surface of the same sphere, 
and along the perimeter of a circle of radius R. What is the charge density 
resulting in each case? 

P2-4. According to quantum mechanics, the electron in the ground state 
of the hydrogen atom is characterized by a charge density 

CL p= Dalen 
p®) = ~ aa’ : 
where a, is the Bohr radius. Show that the total charge in this distribution is 
—q. Optional: Determine the fraction of this charge that lies within a sphere 
of radius R and obtain a careful graph of this fraction as a function of R/ay. 
Hint: Use a computer to evaluate the function. 


2-2 
Current Density 
To define a current density for specifying the motion of a charge 


distribution, we must first extend Eq. (1-8) so that the meaning of current is 
unambiguous even when the flow of charge does not follow the path defined 
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Fig. 2-1. View of a region of space 
filled with moving charged particles. 
An imaginary surface is shown in 
the region. 


by a wire. Imagine that a region of space is occupied by a large number of 
charged particles, each particle moving about within this region in some 
smoothly varying way. (We ignore again the erratic microscopic motion.) Let 
some of these particles be positively charged and others negatively charged. 
Now, place an imaginary surface somewhere in the region of space occupied 
by these charges (Fig. 2-1) and let this surface be fixed in position. Charges 
of both signs move in both directions across this surface. In any given small 
(but macroscopic) interval of time Af there may be a net transfer of charge 
through the surface from one side to the other. Let the net charge transported 
across the surface be evaluated as follows: Choose (arbitrarily) one direction 
through the surface as the positive direction. Then let positive charge moving 
in the positive direction and negative charge moving in the negative direction 
make positive contributions to the charge transported, and let positive charge 
moving in the negative direction and negative charge moving in the positive 
direction make negative contributions. Finally, identify the net charge trans- 
ported AQ as the algebraic sum of these several contributions. Thus, a posi- 
tive charge transport results when a net positive charge is transported in the 
positive direction across the surface; a negative charge transport results when 
a net positive charge is transported across the surface in the negative direc- 
tion; etc. If the net charge AQ is transported across the surface in an elapsed 
time Az, then [consistent with Eq. (1-8)] the average current I flowing across 
the surface in this time interval is given by 


- AQ 
I=—= 2-11 
TN (2-11) 
where we have set k, = 1, thereby fixing at least a part of the system of units. 
The instantaneous current /(t) flowing across the surface at a given time f¢ is 
then defined by allowing Ar to shrink to zero about the time instant ¢, i.e., by 


LIND ao) 
= lig == === 2-12 
7) oe, At dt ( ) 
about t 
where the expression as a derivative is appropriate only if Q is interpreted as 
the total charge that has arrived at time f on the positive side of the surface 
by a route that passes through the surface. As always, the limit means more 


specifically that At must be made macroscopically small while simultaneously 
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remaining microscopically large. With the sign conventions established above 
for measuring AQ, the current across the surface will be positive if positive 
charge is transported in the positive direction across the surface and so on. 
Convention takes the direction of current flow across the surface to be the 
direction of the equivalent positive charge transport. 


PROBLEMS 


P2-5. Suppose a current ina wire is carried solely by electrons. How many 
electrons are transported in 1 sec past a point in this wire if the current is 
0.1 A? What conclusion do you draw about the legitimacy of regarding a 
(macroscopic) current as a flowing charged fluid? 

P2-6. (a) A total charge Q is distributed uniformly on the perimeter of a 
circular ring of radius R. The ring is then set into rotation about its axis with 
angular speed cw (radian/sec). Determine the current represented by the rotat- 
ing ring. (b) Suppose now the charge Q is concentrated on a particle that 
moves in a circle of radius R with angular speed w. Under what conditions 
will the result of part (a) also give the current represented by the circulating 
particle? 


Although the current across a surface is very often the answer to practical 
questions, a more convenient description of moving charge is formulated 
about a quantity known as the current density. We shall consider only the 
current density appropriate to distributions occupying some three-dimension- 
al volume; a current density suited to the description of surface distributions 
of charge is explored in P2-25. 

To define the volume current density, we begin by examining the state of 
affairs at time ¢ within a small volume AV surrounding the point r in the 
arbitrary charge distribution of Fig. 2-1. A view of this volume is shown in 
Fig. 2-2. If there is any net transport of charge past the point r, that transport, 
of course, occurs in some well-defined direction and’we introduce a unit 
vector A(r, t), which may in general depend on r and ¢, having the direction 
of this transport. Further, let us introduce a small plane surface of area AS 
oriented with its plane perpendicular to fi and positioned so that some point 
on AS is at r. Finally, let A/(¢), determined as described in an earlier para- 
graph, be the current crossing AS at time ¢. The current density J(r, 1) at 
point r and time ¢ in the illustrated distribution is then defined by 


I(r, ) = lim She. ’) (2-13) 
AS~> 

and is a vector quantity whose direction coincides with the direction of net 

(positive) charge transport and whose magnitude is the rate at which charge 


is transported (i.e., the current) across a surface of unit area oriented perpen- 
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Direction of 
net positive 
charge transport 


n(r, t) 


Fig. 2-2. View of a small volume about the point r in Fig. 2-1. Indi- 
vidual charges are not shown. 


dicular to the direction of charge transport. The mks units of J are therefore 
amperes per square meter (A/m?). This current density characterizes the 
macroscopic motion of the charge distribution and knowledge of both J(r, r) 
and of the (volume) charge density p(r, f) at some time ¢ and at all points r in 
an arbitrary (volume) charge distribution fully determines the state of that 
charge distribution at time f. 


PROBLEMS 


P2-7. (a) Show that the current density in a wire carrying a total current 
T uniformly distributed over a cross-sectional area S is J = (J/S)t, where tis 
a unit vector tangent to the wire and in the direction of the current. (b) The 
product J dé, where dé = dtt is a vector representing an infinitesimal element 
of the wire having length d@, will occur in our study of magnetism. Show that 
I dé = J dv, where dv is the volume of the element represented by dé. 

P2-8. A point radioactive source located at the origin emits N particles 
per second, each having charge q. If these particles are emitted uniformly in 
all directions, determine the current density at the point r. Hint: Express the 
answer in spherical coordinates. 

P2-9. A total charge Q is distributed uniformly throughout the volume of 
a sphere of radius a. The sphere is then set into rotation with (constant) 
angular velocity @ (radian/sec) about a diameter, which it is convenient to 
take as the axis of a cylindrical coordinate system (2, ¢, z). Express the cur- 
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rent density in the region |r| < ain terms of cylindrical coordinates and unit 
vectors. 


Among other things, knowledge of the current density permits a calculation 
of the current flowing across an arbitrary surface placed somewhere in the 
charge distribution. We simply break the surface into appropriate small ele- 
ments, calculate the current across each element, sum the individual contri- 
butions, and then let the size of the elements become indefinitely small. First, 
however, we must find the current across a small plane surface, e.g., the sur- 
face of area AS in Fig. 2-3, whose plane is not perpendicular to J. Let this 
surface be small enough to fit within a small volume throughout which at any 
instant of time ¢ the current density can be regarded to have the constant value 
J(r, 2), where r locates some fixed point on the surface. Then, because J(r, £) 
gives the direction of the net transport of charge, no (net) charge is trans- 
ported across any surface whose plane is parallel to J, and the current across 
AS is the same as the current across the auxiliary surface of area AS’ obtained 
by projecting AS onto a plane perpendicular to J and passing through r. But 
the current across the auxiliary surface is just | J| AS’. Thus, since AS’ = AS 
cos 8, where @ is the angle between J and the normal to the surface AS, we 
find that the current AJ across AS is given by 


Al —|J| AS cos'@ —= J-AS (2-14) 


where the vector AS represents the surface of area AS and by convention is 
assigned a direction perpendicular to the plane of the surface and a magnitude 
equal to the area of the surface represented. Whichever of the two possible 
directions is assigned to AS, Eq. (2-14) will give a positive value for AJ if a 


/ 2 
Region within oa ve 
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constant J AS 
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Fig. 2-3. Geometry for determining the current across a surface 
whose plane is not perpendicular to the current density. 
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JQ, 0) 


Fig. 2-4. An arbitrary surface in a region of moving charge. 


net positive charge is transported across the surface in the direction of AS 
and a negative value if a net positive charge is transported across the surface 
in a direction opposite to AS. In principle, either direction may be assigned 
to AS; in practice—at least in some special cases—particular choices have 
become conventional, and we shall introduce these conventions as we encoun- 
fer theme 

We are now ready to determine the current flowing at time ¢ across an 
arbitrary surface placed in the charge distribution described by the current 
density J(r, t). Let the surface be divided into small elements, each of which 
can be regarded as plane and over each of which the current density is ap- 
proximately constant, and let the 7th element of the surface be represented by 
a vector AS, defined as in the previous paragraph with the added proviso that 
all elements AS, be assigned vectors in the “same” direction.? One element 
of this surface is shown in Fig. 2-4, which also shows the current density 
J(r;, t) at the ith element of the surface at time ¢. In accordance with Eq. 
(2-14), the current across this element is given by J(r;, t)-AS,, and the total 
current /(t) across the arbitrary surface, call it X, is given by 


K) = lim ¥ Ip 1)-AS, 
= i I(r, t):dS (2-15) 


2The meaning of this proviso is difficult to state for surfaces that may be curved. In 
essence the requirement might be stated by imagining some small creature walking around 
on one side of the surface. This creature must a/ways look either up away from the surface 
or down through the surface to find the head of the nearest vector AS;. If the creature 
must look sometimes up and sometimes down, the several vectors AS; do not point in the 
“same” direction. Fortunately, difficulties rarely arise on this question. 
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which, in addition to expressing the total current across the surface, defines 
formally what is called a surface integral. In particular, if the surface over 
which the integral extends is a plane surface lying in the x-y plane, dS = 
++dx dy k and the surface integral becomes an ordinary two-dimensional in- 
tegral on the variables x, y. If J as given by Eq. (2-15) is positive, the con- 
ventional current is flowing across the surface in the direction of the vectors 
dS; if I< 0, the conventional current flow is opposite to the vectors dS. 


PROBLEMS 


P2-10. Evaluate { J-dS over a plane surface of area S if J is constant. 

P2-11. Determine the current crossing the plane surface bounded by a 
square of side 2a positioned with its plane parallel to the x-z plane and its 
center at the point (x, y, z) = (0, 8, 0) if 

(a) Jr) = or ; ' 

(b) J(r) = B(xy?zi + x2yzj + xyz?k) 
where a, b, a, and f# are constants. 


We shall conclude this section by obtaining an expression for the current 
density in terms of the particle density fields and velocity fields introduced in 
Eqs. (2-1) and (2-2). To this end, we examine first the contribution of particles 
of type a to the current across a small surface of area AS placed in an arbitrary 
(macroscopic) charge distribution. Let |AS| be small enough so that the 
surface itself can be entirely contained within a volume AV throughout which, 
at any fixed time ¢, n(r, f) and v(r, f) can be regarded as constant. Then, 
at time ¢, the portion of the charge distribution composed of particles of type 
a has the appearance shown in Fig. 2-5. Now, let At be a time interval suffi- 
ciently small that (1) the density and velocity fields do not change appreciably 
in the interval from ¢ to t + At and (2) the volume AV’ outlined with the 
broken line, whose slant height is | v(r, £)| Az, lies wholly within AV. Under 
these conditions, the total charge AQ transported by particles of type a 
across AS in time Af is given by q, times the number of particles in the volume 
AV’, or by 
AO = Ge) A 

= 7 nr Div a) AS cose Ar 

= 9.08, Over, ty AS AL (2-16) 
where 9 is the angle between AS and vr, £), and AV’ is evaluated as the 
area of the base, | AS|, times the altitude, d = | v(r, 1)| At cos 8. The total 


charge transported across AS by charges of all types is now obtained by sum- 
ming Eq. (2-16) over a, and the total current A/(r) by dividing that result by 
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Fig. 2-5. A portion of a system of charged particles. Only particles 
of type a are shown, and the surface AS is centered at the point r. 
All of the particles shown have charge gz and are moving with 
velocity v@(r, 1). 


At; we find that 


A(t) = (= gn(r, Dvr, ) -AS (2-17) 
from which, by comparison with Eq. (2-14), we find that 
NG aor (iy a) (2-18) 


The ath term in this sum expresses the contribution of particles of type a to 
the total current density. 


2-3 

Mathematical Digression |: Stokes’ Theorem 

and the Divergence Theorem 

The surface integral defined in Eq. (2-15) shares with the line integral 
a very prominent role in the classical theory of fields. Although it has arisen 
in a context for which its value has a very direct physical connection with 
something—namely charge—that actually moves across a surface, the surface 


integral | Q-dS of a (continuous) vector field Q(r) is itself a well-defined 
= 


mathematical entity quite apart from the existence of any direct physical 
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interpretation. Even though it rarely represents something that is physically 
moving across &, | Q-dS is called the flux of Q across X. This integral has 
2e; 


a number of mathematical properties that we digress to develop because of 
their subsequent utility. 


STOKES’ THEOREM 


Let us first derive an identity that relates the line integral of a (suitably con- 
tinuous) vector field Q about a closed path to a particular surface integral. 
Consider, for example, ¢ Q-d@ about the path [ shown by the heavy line in 
Fig. 2-6. As illustrated, any (open) surface & bounded by this path can be 
divided into small elements. Further, the sm of the line integrals about each 
element is approximately the line integral about the original perimeter, be- 
cause each internal line occurs twice in that sum, traversed once in each direc- 
tion. The approximation improves as the size of all elements is reduced and 
we conclude that 

p Q-dé = lim » 4 Q-dé (2-19) 

Te {ASi170 7 ff 

where the integral on the right is taken around the perimeter of the ith 
segment. Once the elements are small enough, however, we can use Eq. (0-61) 
to evaluate each integral under the sum in Eq. (2-19); we find that 


7 Q-dé = lim 3)(V x QY-AS, (2-20) 


where (V x Q)' is the value of V X Q at some point on the ith surface ele- 
ment and AS, is the vector representing that surface element. The direction 


Fig. 2-6. Division of a large area into small segments. The line 
integral about the perimeter of the area is approximately the sum of 
the line integrals about each separate segment. 
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of AS; must, of course, be chosen to be consistent with the condition imposed 
on Eq. (0-61); that is, AS, must be directed as the thumb of the right hand when 
the fingers point in the direction of d@ and the palm faces the area AS;. The 
right-hand side of Eq. (2-20) now exactly defines the surface integral over the 
surface & and we have what is called Stokes’ theorem, 


 Q-dé = IL (V x Q)-dS (2-21) 


Thus, the line integral of a (suitably continuous) vector field about a closed 
path is equal to the integral of the curl of the field over any open surface 
bounded by the path, provided the direction assigned to the surface vectors is 
related to the direction of traverse of the path by the right-hand rule described 
above. Although we have derived Eq. (2-21) assuming that Q depends only 
on r, the theorem also applies if Q depends on other variables (e.g., f) pro- 
vided these other variables can be treated as constants within the context of 
the theorem itself. 


THE DIVERGENCE THEOREM 


To obtain a starting point for deriving another identity involving a surface 
integral, let us evaluate the surface integral of a (suitably continuous) vector 
field Q over the closed surface that bounds a small rectangular parallelopiped 
of sides Ax, Ay, Az. Let the lower back corner of the surface be at the point 
(x, y, z). Figure 2-7 illustrates the geometry. The surface integral consists of 
six contributions, one from each of the six faces. Denoting an integral over a 
closed surface by a circle superimposed on the integral sign, taking dS every- 


x 
Fig. 2-7. A small rectangular parallelopiped whose surface is used 
in deriving the divergence theorem. 
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where in the direction of the outward normal, and writing explicitly only the 
contributions from the two faces parallel to the x-z plane, we find that 


b Q-dS = \, Q(x’, y + Ay, z’)-dx' dz'} 
+ ie OO aye aa dz'j) oe. 


xtAx z+Az ; F p A 

=f ax fae 1O,oe',y + Ay, 2) — OG 2D 
x+Ax Z+Az fe , 

aw dy | dx' | ae POM) ws ar at 


au OO 3) 
= Ax Ay Az iy (2-22) 


where evaluation of Q, at argument (x, y, z) has been suppressed in the final 
form. The remaining terms in this approximation combine to yield the total 
result 


gee (OCs a CO Oe : 
§ Q-as ~ (Be + cane 2) Ax Ay dz (2-23) 


for the integral over the rectangular parallelopiped. Let us now define the 
divergence of the vector field Q by 


9 — 92:  IQy , IQ: 2.24 

VQ = ay tay 1 G2 Gey 
where the notation is suggested by a formal evaluation of V-Q when V is 
replaced by the expression in Eq. (0-46). We then have from Eq. (2-23) the 
relationship 


$ Q-dS~V-Q AV (2-25) 


where AV = Ax Ay Az is the volume enclosed by the small surface over which 
the integral extends. Because of the convention adopted above, Eq. (2-25) is 
correct only when dS has the direction of the outward normal to the surface. 
[If the convention were reversed, a minus sign would appear in Eq. (2-25).] 

Equation (2-25) now can be used to derive a second theorem similar to 
Stokes’ theorem. Note first that any closed surface bounds a volume that can 
be divided into small elements of the sort considered in the previous para- 
graph. Let the index i number these small elements. Then, from Eq. (2-25) we 
find that 


x ¢ element Q : ae or a © : Q)' AY; (2-26) 


where AV, is the volume of the ith element and (V-Q)' denotes the divergence 
of Q evaluated at some point within the ith element. Now, except for those 
surfaces that coincide with the surface of the finite volume, every surface 
element on the left in Eq. (2-26) occurs twice; these “inner” surface elements 
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bound two different volume elements. Since the outward normal to each 
such surface element is oppositely directed for the two occurrences, these 
inner surface elements make no net contribution to the left-hand side of Eq; 
(2-26) and the sum reduces to an integral over the surface bounding the finite 
volume. In the limit as all AV, — 0, the right-hand side of Eq. (2-26) becomes 
a volume integral and the equation itself becomes exact; we have derived what 
is called the divergence theorem, 


Q-dS = | V-Qdv Om) 
} J 


In words, the flux of a (suitably continuous) vector field Q out of a closed 
surface is equal to the integral of the divergence of the field over the volume 
bounded by the surface, provided the surface vectors are all assigned the direc- 
tion of the outward normal to the surface. As with Stokes’ theorem, the diver- 
gence theorem can also be applied to fields that depend on more variables 
than the three spatial coordinates by regarding the other variables to be 
constants insofar as the theorem itself is concerned. 

Equation (2-25) also provides a coordinate-free definition of the diver- 
gence of a vector field, namely, 


r0- sa fon 02s 


Equation (2-28) certainly reduces to Eq. (2-24) in Cartesian coordinates; it 
takes very little labor to verify that Eq. (2-28) leads to 


_ Lees). Vi le. : 
Oa dia et aT Oz ee) 


in cylindrical coordinates and to 


1o(e0)) 1 (sin 0Q,) I viele, : 
i rm mMaErcIG «ad0 ¢rcind 36 ae 
in spherical coordinates. 

A geometric interpretation for V-Q can be inferred if we recognize that 
$ Q-dS in effect counts the (net) number of field lines of Q that cross the 
closed surface. (Remember that, by convention, the number of field lines 
crossing a unit surface perpendicular to the field is proportional to the magni- 
tude of the field.) In this reckoning, lines passing from inside to outside are 
regarded as positive; those going from outside to inside are negative. Thus, 
when $ Q-dS over some surface differs from zero, field lines in balance either 
emerge from or terminate within the volume bounded by the surface. Arguing 
from Eq. (2-28), we conclude that a point at which V-Q ~ 0 is a point at 
which at least some of the field lines of Q either start or stop. In reverse, if 
V-Q = 0 at some point, field lines neither begin nor terminate at that point, 
and, even more generally, if V-Q = 0 everywhere, the field lines of Q have 
neither beginning nor ending anywhere and can only close on themselves. The 
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velocity field of points on a rotating phonograph record [Fig. 0-10(b)], for 
which Q = ard and V-Q = 0, is a simple example of this latter type. 


A USEFUL INTEGRAL (SOLID ANGLE) 


To illustrate a typical use of the divergence theorem, we now evaluate an 
integral that will be important to our development of Gauss’s law. Let r, 
be some point in space and ¥ be a closed surface (Fig. 2-8). Consider the inte- 
gral 


Ge foes DBT 
{== jrone oy) 
<2 

Yo 
y 
> 
(a) 


Fig. 2-8. A point ro lying (a) outside 
of and (b) inside of a closed surface 
(b) ap 
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where the integration variables are the components of r suitably constrained 
so that r always lies on £. Using the divergence theorem we can rewrite Eq. 
(2-31) as the volume integral 


— r =a To - 
c= | Vv: pee (2-32) 
where V is the volume bounded by ¥ and V involves derivatives with respect 
to the components of r. Direct evaluation shows that the integrand in Eq. 
(2-32) is zero except when r = ry. Thus, if the point r, lies outside the volume 
V, Eq. (2-32) gives G = 0. When r, lies inside V, however, the evaluation of G 
is a bit more involved. We begin by dividing V into two regions by inserting 
a small sphere centered on ry and denoted by &’ [Fig. 2-8(b)]. Now, let V’”’ 
be the volume between © and &’. The point r, lies outside V’’ and, conse- 
quently, we have that 
eon — = 

[¥: area 0 (2-33) 
We now use the divergence theorem to express Eq. (2-33) as a surface integral, 
the surface involved having two parts; we find that 


| cs. ast | ——=,- dS =0 (2-34) 
Ir —ro| ro | 

In both integrals dS stands for an outward normal, where the direction outward 

is reckoned from an observation point within V"'. Thus, dS on 2’ in fact points 

inward toward ry. Since the first integral in Eq. (2-34) is G, we have that 


Cea ee oes O35 

| woe ae 
The integral to which we have reduced G, however, can now be quickly eval- 
uated. Let R be the radius of the sphere &’. Then |r — r,|? = R? at all points 
on the sphere and (r — r,)-dS = —R|dS|. (Remember that dS points toward 
r, on &’.) Thus Eq. (2-35) reduces to 


Ce hads| = 4. (2-36) 
RI, 
since {|dS| is merely the surface area of the sphere (47R?). Combining our 


two results, we have finally that 


= 4nz, Yr, inside X 
= Ee St ae 2-37 
c=} fou, lire F 5 r, outside L est) 


The integral in Eq. (2-31) is directly related to the geometric concept of 
solid angle, which is the three-dimensional analog of the familiar angle in the 
plane and measures the three-dimensional “opening” at the vertex of a general 
cone. The contribution dQ of a small element dS of a broad surface X to the 
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\ 
Fig. 2-9. Geometry for defining solid 
J angle. 

solid angle subtended by = from an observation point ry is defined to be the 
quotient of the area of dS projected onto a plane normal to the line of sight 
and the square of the distance of the area from the observation point; that is, 


= / lotlowe Zip pe 2-38 
dQ = dS) aera (2-38) 
where the element dS is located at r and r — r, is a vector from the observa- 
tion point to dS (Fig. 2-9). The solid angle subtended by the entire surface X 
is then given by 


Q= | «2- .:. dS (2-39) 


which in particular coincides with Eq. (2-31) if © is a closed surface. Inter- 
preted geometrically, Eq. (2-37) states that the solid angle subtended by a 
closed surface © from an observation point inside (outside) & is 47 (0). (Visu- 
alization of this general statement may be aided by composing the analogous 
statement involving ordinary angles and closed curves in a plane. See P2-21.) 
Although solid angle is a dimensionless concept, it is common to quote solid 
angles with “units” of steradians. 


PROBLEMS 


P2-12. Familiarize yourself with identities (C-10)-(C-14) in Appendix C 
and prove (C-12). Hint: The notation of P0-28 is convenient, but not essential. 

P2-13. Familiarize yourself with identities (C-20)-(C-25) in Appendix C 
and prove (C-20). Hint: See PO-31. 

P2-14. Given that a force field F is conservative if ¢ F-dé is zero for an 
arbitrary path, use Stokes’ theorem to show that a force field is conservative if 
Vor —@ 
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P2-15. Derive another of the terms in Eq. (2-22) by applying the method 
illustrated in the text to the two faces in Fig. 2-7 that are parallel to the x-y 
plane. 

P2-16. Show that formal evaluation of the dot product of the operator V 
with a vector Q in Cartesian coordinates yields Eq. (2-24). Warning: One 
must use great care in evaluating V-Q in other coordinate systems by this 
means. Only the Cartesian unit vectors are constants. 

P2-17. Using the coordinate-free definition in Eq. (2-28), derive the ex- 
pression for V-Q in cylindrical coordinates. 


P2-18. Use the divergence theorem to show that p r-dS = 3V, where the 
23; 


integration variables are the components of the position vector r and V is the 
volume enclosed by the surface ¥. 


2-4 
The Equation of Continuity 


During the conduct of electrostatic experiments, it is observed em- 
pirically that, whenever a neutral object is charged by rubbing, equal amounts 
of positive and negative charge appear. The net charge in the universe appears 
to be conserved, that is, 


: aa - 
dt low universe ar, y ENG 2 40) 


where p(r, ¢) is the charge density at point r at time ¢. This expression of charge 
conservation, however, is less useful than one that applies to a more local 
region of space. An alternative expression is obtained by inquiring about the 
total charge in a closed (but not necessarily isolated) region of space. The 
charge Q(r) at time ¢ in a volume V enclosed by a surface & is given by 


a =| pe.ndo (2-41) 


If we assume that there are no sources or sinks of charge within V, then the 
only way that the charge within V can change is by transport of charge across 
the bounding surface £. With dS being the conventional outward normal, the 
current flowing into V across & is given by 


io= —$ I(r, 1)-dS (2-42) 


where the minus sign appears because of the convention on the direction of 
dS. [Compare Eq. (2-15).] Because /;,(f) is also the rate at which the charge 
inside V is changing, we have that /,, = dQ/dt, or 


= { Me ods = £ | ee (2-43) 
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Since i p(r, t) dv is dependent only on ¢ and not on r, we can write 0/ot 
V 


instead of d/dt in Eq. (2-43). Then, since the volume V is fixed in space, we 
can take the partial time derivative under the integral sign. With some further 
rearrangement of the resulting terms and with suppression of the explicit 
arguments r and ¢, we then find the equation of continuity, 


| sds + | oP dv = 0 (2-44) 
SE V 


This equation expresses charge conservation as applied to nonisolated regions 
of space. In effect, it states that any current flowing into some closed volume 
must increase the charge in that volume by precisely the amount transported 
into the volume. 

An equivalent and extremely useful alternative form of the equation of 
continuity may be obtained by applying Eq. (2-44) specifically to a small 
volume surrounding the point r. We can then rewrite the first integral in Eq. 
(2-44) by using Eq. (2-25) and we can express the second integral more simply 
by assuming dp/dt to be (approximately) constant throughout V—now more 
appropriately denoted by AV; Eq. (2-44) then becomes 


V-TAV + 2 AV~0 (2-45) 


We now divide by AV and then allow AV to become arbitrarily small; the 
result is the differential form of the equation of continuity, 


Vid 4 2 (2-46) 


In particular, if the currents are steady so charge does not accumulate any- 
where (p independent of f), then 


V-J =O (steady currents) (2-47) 


We shall need these results occasionally in the next three chapters but we 
postpone detailed exploration of the differential forms of the basic equations 
until Chapter 6 and later chapters. 


PROBLEM 
P2-19. The current density in a region of space is given by 
I(r) = ofr-r — (r-k)2Je-P¥K 
where « and f are constants. Imagine a volume bounded by a cylindrical 
surface having its axis coincident with the z axis and its lower face in the x-y 
plane. Let the cylinder have radius a and altitude b. If at time zero there is no 


net charge within this volume, determine how much charge it contains at a 
later time ¢. 
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2-5 
Mathematical Digression Il: Several 
Operators Involving V 


The differential operator V occurs in a variety of important contexts 
beyond the three first-order derivatives—VS, V <x Q, and V-Q—that have 
already been introduced. One additional first-order derivative is the operator 
Q-V, where Q may be a constant vector or a spatially and temporally depen- 
dent vector field. This operator is a scalar operator, and it may act either ona 
scalar field S, giving Q-VS where VS is the ordinary gradient, or on another 
vector field R, giving (Q-V)R, which is a vector quantity whose Cartesian 
components are Q-VR,, Q-VR,, and Q-VR, but whose components in other 
coordinate systems are much less simple because of the spatial dependence 
of the unit vectors in non-Cartesian coordinates. Acting on a scalar, this 
operator usually assumes one of the forms 


vee. a aj ; 

av=0,.2+08+0.2 (2-48) 
a4 6 0,0 3 ; 
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Note the property (Q-V)r = Q for any vector field Q. 

The three quantities V-Q, VS, and V x Q can be the operand of the 
operator V in at least five different ways. The first quantity is a scalar and has 
a gradient; the second and third quantities are vectors and have both a 
divergence and a curl. We shall comment on each of these second-order 
derivatives: 


(1) V(¥-Q) occurs in some vector identities but (so far as the author knows) 
has no special significance. 

(2) V-VS, commonly symbolized by V2S, is called the Laplacian of S and 
plays a very important role in potential theory. Expressions for the opera- 
tor V2 in the three common coordinate systems can be obtained by direct 
substitution of the components of the gradient [Eqs. (0-47), (0-56), and 
(0-57)] into the expressions for the divergence of a vector [Eqs. (2-24), 
(2-29), and (2-30)]; we find 


Pa oO? 0? 
Paes oe Ge Saeko 
Io an Ge oo tile 2-52 
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Occasionally, the Laplacian V2Q of a vector arises; in Cartesian coordi- 
nates the components of this vector are V?Q,,V?Q,, and V’Q,, but 
expressions for its components in other coordinate systems are much less 
simple because of the spatial dependence of the unit vectors in non- 
Cartesian coordinates. 

(3) V x (VS) is always zero if S is well behaved. This property is directly 
related to two properties of a conservative force field F,: V x F, = Oand 
F, = —VU. (See Section 0-3.) Either property, in fact, implies the other 
and our earlier discussion in effect proved the theorem: The curl of a 
vector field Q is zero if and only if that field is the gradient of an associated 
scalar field S. That is, V x Q = 0<> Q = VS. This theorem, of course, 
merely states the existence of S; it does not provide a means to find S if 
Q is given. 

(4) V-(V x Q) is also always zero if Q is well behaved. This property sug- 
gests, but does not prove all aspects of, the theorem: The divergence of a 
vector field R is zero if and only if that field is the curl of another vector 
field Q. That is, V-R = O0<R=V  Q. As with the analogous theo- 
rem in (3), this theorem merely states the existence of Q; it does not 
provide a means to find Q if R is given. 

(5) V x (V x Q) occurs frequently and is usually simplified to the equivalent 
form V(V-Q) — V’Q, interpretation of the term V?Q requiring special 
care in non-Cartesian coordinates. 


PROBLEM 


P2-20. Familiarize yourself with identities (C-15)-(C-19), (C-26), and 
(C-27) in Appendix C, and prove (C-18) and (C-19). 


Supplementary Problems 


P2-21. Let F be some path lying wholly in the x-y plane and let r, be a 
point also in the x-y plane but not on I. Show that the (ordinary) angle @ 
subtended by I from the point r, is given by 


where the integration extends over points r on I, and show in particular that, 
if Fis a closed path, @ is either 27 or 0 depending on whether r, lies inside or 
outside T. 

P2-22. Referring to the general orthogonal coordinate system described 
in PO0-32, use the definition in Eq. (2-28) to show that 


1 0 (hyhyh 
V.0 2 ey ea 
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and combine this result with the expression in P0-32 for VS to show that 
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Finally, show that these results reduce to those given in the text for V-Q and 
V? in cylindrical and in spherical coordinates. 

P2-23. Determine the form of the equation of continuity first in Cookian 
units (P1-8) and then in modified Gaussian units (P1-7). 

P2-24. Let y(r, t) be the wave function describing a quantum mechanical 
particle of mass m. The probability for finding this particle in a volume V is 


given by | y*w dv. Given that y satisfies the Schrédinger equation 


OW gay 
ral a oH ea 
where fA is Planck’s constant divided by 2z and U is the potential energy of the 
particle, show that 
0 
ar}, 
where & bounds V, and find an explicit expression for J. Evidently, quantum 
mechanical probabilities satisfy a continuity equation if the probability cur- 
rent J is properly identified. Hint: Use Green’s theorem, Eq. (C-27). 
P2-25. Currents flowing in a surface can be described by a current density 
of a slightly different sort than the one introduced in the text. Suppose that a 
current is flowing in the plane of the paper as indicated in Fig. P2-25. Then 


*ydo——$ Jed 
dk 


Figure P2-25 


charge is transported across any line in this surface. The appropriate current 
density at any point in the surface is defined to have a direction determined by 
the direction in which positive charge is being transported at that point and a 
magnitude given by the rate at which charge is transported across a line of 
unit length lying in the surface and oriented perpendicular to the direction of 
the current density. (a) What are the dimensions of this current density? (b) 
Show that the current flowing across a line in the surface is given by — 


T= |[j-de xi 


where j is the surface current density, dé is an element of the line, fi is a unit 
vector normal to the surface, and the positive direction of current flow across 
the line is determined by the direction of d@ x fi. (c) Derive a continuity equa- 
tion applicable to currents in a surface. 


5 


The Electromagnetic Field: 
Its Definition and Its Effect 
on General Charge 
Distributions 


We shall next examine the interaction between two general charge 
distributions. We could consider this interaction as an indivisible whole, 
regarding each distribution to exert forces directly on the other. It is signifi- 
cantly more fruitful, however, to replace this concept of action at a distance 
with an alternative view in which the force exerted by one distribution on 
another is regarded as the end result of two successive effects. In brief, the 
first distribution, called the source distribution, produces an electromagnetic 
field in some region of space, and the second distribution then experiences 
forces by virtue of its interaction with this field rather than by virtue of a 
direct interaction with the first distribution. In effect, the field communicates 
forces of interaction from one distribution to another. To make this con- 
ceptual division of the interaction physically useful, however, we need detailed 
quantitative answers to the following questions: 


(1) How is the electromagnetic field defined ? 

(2) What forces and torques are experienced by an arbitrary distribution 
placed in a given electromagnetic field? 

(3) What electromagnetic field is established by a given source distribution ? 


Questions (1) and (2) are considered in this chapter; question (3) is treated in 
Chapters 4, 5, and 6. 
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3-1 
Forces on Point Charges: A Definition of 
the Electromagnetic Field 


The electromagnetic field at point r and time fis defined most directly 
by relating it to the force on a (point) test charge that happens at time ¢ to be 
at point r. Since we are concerned only with the part of the total force that 
depends specifically on the charge of the test particle, such forces as the 
gravitational force, if present at all, must be subtracted from the total force 
in order to isolate the electromagnetic force. Even the electromagnetic force 
turns out experimentally to have two parts. The electric force is independent 
of the velocity of the particle and, in particular, is experienced by test charges 
at rest; the magnetic force depends on the velocity of the particle and is expe- 
rienced only by test charges in motion. Experimentally, only the position and 
velocity of the test charge are important; accelerated particles experience no 
forces beyond those on particles moving with constant velocity.! Thus, the 
division of the electromagnetic force into velocity-independent and velocity- 
dependent parts is exhaustive and we write 


EC he, (he yr) (3-1) 


where v and r are the velocity and position at time ¢ of a test particle with 
charge q, F, is the electromagnetic force, Fe!** is the electric part, and F** is 
the magnetic part. The objective in the remainder of this section is to intro- 
duce position- and time-dependent (but no? velocity-dependent) fields from 
which each part of the electromagnetic force can be determined. 

The electric field at the point r, 7 in space-time is measured (and hence 
defined) by the following operations: Place a test charge of strength q at rest at 
the point r at time ¢, and measure the force Fe!*< (r, t) on this charge. The elec- 
tric field E(r, 7) is then defined by the ratio Fs'** (x, #)/g. Equivalently,? we set 


Fe(r, 2) = qE(r, 1) (3-2) 


Strictly, of course, Eq. (3-2) defines the electric field at r, ¢ when the test charge 
is present. Since in general the test charge gives rise to new forces on whatever 
source distribution is establishing the field, its presence may cause a redistribu- 
tion of the source charges so that the field with which the test charge interacts 
may differ from the field present at r before the test charge was intro- 
duced. To minimize the modifying influence of the test charge on the field, 


1We ignore the very small forces resulting from the reaction of an accelerated particle 
to its own electromagnetic radiation. (See Section 14-6.) 

2In the spirit of Chapter 1 we might relate E to F%!*¢ by setting F%!** = kaqgE, where 
k4 assumes an arbitrary value if this expression defines E and an empirically determined 
value if E is defined independently of this expression. Further, A4 may or may not have 
dimensions. All systems of units of which the author is aware define E by setting k4 equal 
to the dimensionless constant unity, 1.e., by Eq. (3-2). 
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we make the test charge small. Indeed, all uncertainty in the definition of 
K(r, ft) is removed if we allow g to become arbitrarily small, defining E(r, 7) by 


elec, 
BG, ) Slime (3-3) 
q-0 q 


If Eq. (3-3) is adopted, then Eq. (3-2) still gives the force on a small test charge 
placed at r, ¢ provided the influence of the test charge on the source can be 
neglected. By either equation, the electric field is a vector quantity whose 
direction at the point r is the same as the direction of the force on a positive 
charge placed at that point. The dimensions of E are those of force per charge 
and, in mks units, E is expressed in newtons per coulomb (N/C). 

The magnetic force F*** (v, r, ), which is experienced only by a moving 
test charge, is attributed to the interaction of the charge with a second field 
B(r, 1), called the magnetic induction field (or more briefly the magnetic 
induction). To guide our definition of B(r, 1), we explore the properties of 
F™e(y, r, 2) by projecting test charges in different directions and with different 
velocities through the point r at time ¢, measuring the magnetic force on the 
particle in each experiment.? If all of the test charges are small enough so as 
not to disturb whatever sources establish B(r, t), we find experimentally that 
the magnitude of the magnetic force is proportional both to the speed of and 
to the charge on the test particle and that the direction of the magnetic force 
is always perpendicular to the velocity of the particle. All of these experimen- 
tal properties follow if we assign to the point r, ¢ a magnetic induction field 
B(r, £) that determines the magnetic force by 


Fe '(v aga Bed) (3-4) 


Strictly, this expression defines B(r, t) in mks units, and the mks unit of B 
therefore has the abbreviation N-sec/C-m = N/A-m—a combination that 
has long been called the weber/m? (Wb/m7?) but is now officially called the 
tesla (T).* 

Although it is readily verified that the force determined by Eq. (3-4) 
exhibits the properties required by experiment, it is not as easily seen that 
Eq. (3-4) indeed leads to a means to measure the magnetic induction at 
some point r, ¢ in space-time. We shall describe such a procedure in this 


3The experimental difficulty of making several different measurements all at a single 
time does not preclude our using such measurements to define B in principle. Actual 
measurement of both E and B is almost always accomplished by means other than those 
envisioned in the definitions. 

*Again in the spirit of Chapter 1, we might relate B to F7[** by ksqv x B, where ks 
assumes an arbitrary value if this expression defines B and an empirically determined value 
if B is defined independently of this expression. Further, As; may or may not have dimen- 
sions. Two different choices for ks are in common use. The Gaussian and Heaviside-Lorentz 
systems set ks equal to the dimensional constant l/c, where c is the speed of light; cgs-esu, 
cgs-emu, and rationalized mks units all assign to ks the dimensionless value unity, as in 
Eq. (3-4). The Gaussian unit of B is called the gauss (G); 1 T is exactly 104 G. 
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paragraph.* Unfortunately, Eq. (3-4) cannot be solved explicitly for B; the 
best we can do is compute the cross product of Eq. (3-4) with v and exploit 
the identity in Eq. (C-1) for expanding the triple vector product to find that 
Bay By 


oe qu Ue 


(3-5) 


where all arguments have been suppressed. Now, project a particular test 
charge through the point in question with two different velocities, v, and v,, 
and measure the (magnetic) force F™* and F™* experienced in each case. 
We can then use Eq. (3-5), which gives 


[oe as a (Vv, ah (3-6) 
il 
and also 
= 22s ie i ee : 
2 qv; v v3 CP 


to determine the magnetic induction field in the following way. From Eq. 
(3-7), one finds that 
Snr Ft 


ae qvh 


-B 
4 ME ey (3-8) 
v2 
Hence, if we select v, perpendicular to v, (so that v,-v, = 0), we find that 
v,-B is determined by the measurable first term in Eq. (3-8). Substituting 
that term into Eq. (3-6), we find an expression for B that involves only mea- 
sured quantities, viz., 
Soy xX 7 V,-(¥, X FR) € 
See eee a 
Although this expression, perhaps with the limit g — 0, might have been 
taken instead of Eq. (3-4) as a definition of B, it is unlikely that someone might 
arrive at Eq. (3-9) without first recognizing something like Eq. (3-4). 
Combining Eqs. (3-2) and (3-4) with Eq. (3-1), we find finally that the 
electromagnetic force F, on a charged particle in the electromagnetic field 
E, B is given (in mks units) by 
Fr, t) = gE@, t) + ¢v X BG, t) (3-10) 
an expression often called the Lorentz force. Relative to the coordinate origin, 
this particle also experiences a torque N,(r, ¢) given by 
Nien x Ere) 
=r x [gE(r, 1) + gv X Bar, D] (3-11) 
5The procedure here described is patterned after the procedure described in Foundations 
of Electromagnetic Theory by J. R. Reitz and F. J. Milford (Addison-Wesley Publishing 


Company, Inc., Reading, Mass., 1967), Chapter 8, and is used here by permission of 
Addison-Wesley Publishing Company, Inc. 
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We conclude this section by pointing out that the electromagnetic field 
here defined is the field as observed in a specific frame of reference. We have 
used particles at rest and particles in motion with specific velocities in defining 
the fields and have therefore tacitly selected a frame of reference. The proce- 
dures we have described for measuring E and B, can, of course, be carried 
out in any frame of reference, so the fields are meaningful to any observer. 
The relationship between the fields as measured by two different observers 
is one aspect of special relativity and will be examined in Chapter 15. 


PROBLEM 
P3-1. Show that 1 T = 10*G. 


3-2 
Trajectories of Particles in Prescribed Fields 


Finding the trajectory of a charged particle in a prescribed electro- 
magnetic field is important in designing particle accelerators and other appa- 
ratus for guiding and focusing beams of charged particles, in studying the 
behavior of ionized gases, and in investigating many other physical phe- 
nomena that involve charged particles. The starting point for calculating 
such a trajectory is Newton’s second law, Eq. (0-32), in which the force on the 
particle is given by Eq. (3-10). The equation of motion of the particle in a given 
field E, B thus is 


pee = 

a = 

where m and g are the mass and charge of the particle and r = r(r) is now the 
position of the particle as a function of time. Initial values of r and dr/dt must, 


of course, be given before the solution to Eq. (3-12) is unique. 


gE(r, t) + oS x B(r, 1) (3-12) 


PROBLEMS 


P3-2. Show that a particle of mass mm and charge g moving in a constant 
electric field, E = E, = constant and B = 0, follows a trajectory given by 
r(t) = I" g, + Vol + Fo 
2m 
where ry and y, are the initial position and velocity. Describe the trajectory in 
words and note the similarity between this result and the trajectory of a par- 
ticle moving in a uniform gravitational field. 

P3-3. A constant electric field E = Ej, with E > 0, exists in the region of 
space 0 <x <a. A particle of charge g and mass m is projected into this region 
from the origin with an initial speed v along the x axis. Show that the particle 
follows a trajectory that lies in the x-y plane and determine the y coordinate 
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of the point at which the particle strikes the plane x = b, b > a. The situation 
described in this problem is a crude model of the beam in a cathode ray 
oscilloscope or television tube. 

P3-4. Without solving Eq. (3-12), show that a particle projected into a 
constant magnetic induction, B = B, = constant and E = 0, with an initial 
velocity ¥, | By moves with constant speed in a circle of radius a = mv,/qBo, 
where q and+are the charge and mass of the particle. Show also that the 
angular velocity of the particle is independent of its speed—a property 
crucially important to the functioning of the cyclotron. Finally, describe the 
trajectory if the initial velocity is not perpendicular to the field. 

P3-5. Show that a particle of mass m and charge g moving ina constant 
magnetic induction, B = B, = constant and E = 0, follows a trajectory 
given by 


r(2) = Fo -+ (V+ b)bt + Sn OM x (v¥) x B)] 


where ry and yy are the initial position and velocity, b is a unit vector parallel 
to B,, and w = gB,/m. Describe the trajectory in words. 

P3-6. A region of space contains crossed E and B fields, i.e., a constant 
electric field E and a constant magnetic induction B with E perpendicular to 
B. A particle having charge g and mass m is projected with an initial velocity 
v in the direction of E x B. Find the speed v, for which the particle moves 
through the region undeflected and describe qualitatively what happens if 
v ~ Vy. This simple arrangement is the basis of one type of velocity selector, 
used to separate particles of a specific velocity from a beam containing a wide 
spread of velocities. 


Unfortunately, simple analytic solutions to Eq. (3-12) rarely exist. More 
often than not, numerical solutions must be sought, and many numerical 
procedures of varying sophistication and accuracy have been developed. 
Essentially, these procedures prescribe means to use Eq. (3-12) and the given 
initial conditions at tf = 0 to estimate the position and velocity at a slightly 
later time tf = At. The same method can then be applied to generate position 
and velocity at t = 2 At from those at t = At, and then at ¢ = 3 At from 
those at tf = 2 At, and so on until (estimated) solutions have been obtained 
over some prespecified time interval. Underlying many of the common 
methods is a pair of equations obtained by formal integration of the defini- 
tions of velocity and of acceleration. For example, integrating r — v (dots 
symbolize time derivatives) over the interval ¢ < ¢’ < ¢ + At, we find that 


r(t + Af) = 1(0) + | ‘ v(t’) dt’ = 1(t) + Atcvyit® (3-13) 


80 The Electromagnetic Field 


where <v>‘*4" is the average value of v over the interval of integration. Simi- 
larly, we obtain 

v(t + At) = v(t) + At <adit*" (3-14) 
from the definition ¥ = a, where a is the acceleration of the particle. Thus, 
if we know the average velocity over each time interval, we can use Eq. (3-13) 
to step progressively from r(f) to r(¢ + AZ) to r(¢ + 2Az) to... ; similarly, 
Eq. (3-14) can be used to obtain v at a sequence of times. The exact average 
velocities and accelerations, however, are in general not available. We are 
forced to approximate, and the differences among various numerical methods 


INPUT RO (initial position); VO (initial 
velocity); DT (time increment = At) 
INITIALIZE T (time) to zero 


PRINT table headings 
PRINT T, RO, VO 


CALCULATE AO (estimated average acceleration) = a(RO, VO, T) 
CALCULATE VI (next velocity) = VO + DT * AO 
CALCULATE RI (next position) = RO + DT * VO 
INCREMENT T to next time = T + DT 


PRINT T, RI, VI 


LET RO=R1, VO=VI 


Fig. 3-1. Euler’s method for solving ordinary differential equations 
numerically. 
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of solution frequently lie in the manner adopted to approximate the needed 
averages. The simplest approach, known as Euler’s method, approximates 
the averages by their values at the lower end of the interval, i.e., 


Caps a(t), — <v>itat v(x) (3-15) 


where, since r(¢) and v(t) are known when these averages are needed, a(r) = 


INPUT RO (initial position); VO (initial 
velocity); DT (time increment = At) 
INITIALIZE T (time) to zero 


PRINT table headings 
PRINT T, RO, VO 


CALCULATE AO (acceleration at T) = a(RO, VO, T) 
CALCULATE V1 (predicted next velocity) = VO + DT * AO 
CALCULATE RI (predicted next position) = RO + DT * VO 
CALCULATE AI (predicted acceleration at T + DT) = a(R1, V1, T + DT) 
CALCULATE A2 (estimated average acceleration) = 0.5 * (AO + Al) 
CALCULATE V2 (corrected next velocity) = VO + DT * A2 
CALCULATE V3 (estimated average velocity) = 0.5 * (V0 + V2) 
CALCULATE R2 (corrected next position) = RO + DT * V3 
INCREMENT T to next time = T+ DT 


PRINT T, R2, V2 


LET RO = R2, VO= V2 


Fig. 3-2. A predictor-corrector scheme for solving ordinary differ- 
ential equations numerically. 
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a(r(t), v(t), t) is calculable directly from the equation of motion—Eq. (3-12) 
in the present context. Figure 3-1] shows a flow diagram that could be used as 
a guide to solving Eq. (3-12) either manually or automatically by Euler’s 
method. (For compactness, vector quantities are referred to as vectors; an 
actual computation would involve separate evaluation of the three compo- 
nents.) An improved strategy—one of the so-called predictor-corrector 
schemes—involves regarding the Euler solution at each step as a prediction 
of the solution and then improving (or correcting) that prediction by using 
it to obtain a better estimate of the average acceleration and velocity over 
each time interval. The approach is presented in Fig. 3-2. These two methods 
and the many other methods described in books on numerical analysis all 
give solutions of improving accuracy as At is made smaller, provided only 
that At is not made so small that intrinsic roundoff errors in the computer 
dominate the accuracy of the solution. 

Yet another means to obtain solutions to Eq. (3-12) involves constructing 
an electronic circuit in such a way that voltages within the circuit vary with 
time exactly as the position and velocity vary with time. The solution is then 
obtained by measuring or plotting voltages as functions of time. Circuits of 
this sort are said to simulate the physical system described by Eq. (3-12) and 
there exist devices designed to facilitate the construction of circuits to simu- 
late Eq. (3-12). A detailed discussion of these analog computers would take us 
far afield, and we leave this discussion to other authors.® 


PROBLEMS 


P3-7. A particle having charge g and mass m is projected from the origin 
in a uniform magnetic induction B = B,k with an initial velocity ¥, = 1 
For simplicity, suppose gB,/m = 1. (a) Show that the equation of motion 
reduces to X¥ = yj, p = —x, Z = 0. (b) Show that the particle moves in the 
x-y plane, i.e., that z(r) = 0. (c) Use Euler’s method with Ar = 0.1 to obtain 
the first five points on the trajectory of the particle in the x-y plane. Optional: 
Write and test a short computer program to solve this problem. 

P3-8. (a) For Eq. (3-12) show that the three components of the accelera- 
tion are 


a, = L(E, + 3B, — 2B,) 


= WE ++ —, 
a, = L(E, + 2B, — xB.) 


a, = T(E, + > oe) 


See, for example, J.J. Blum, troduction to Analog Computation (Harcourt Brace 
Jovanovich, Inc., New York, 1969); G. A. Korn and T. M. Korn, Electronic Analog and 
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(b) Write a computer program to implement Euler’s method (Fig. 3-1) when 
the acceleration is given by these equations. (c) Using this program, explore 
the trajectories of particles moving in several different fields with several 
different initial conditions. eta ee — an 
B= B,k; E = E,j, B = B,k; etc. Optional: (1) Modify your program so that 
only every Nth point is printed out, thus permitting smaller time steps with- 
out excessive output. (2) Modify your program so that it plots the trajectory 
rather than prints a table of coordinates. 

P3-9. Do P3-8 but use the predictor-corrector scheme of Fig. 3-2. Optional: 
Look up the fourth-order Runge-Kutta method in an available book on 
numerical analysis, write a program using this method, and test the program. 


3-3 
Forces and Torques on General Distributions in 
Prescribed Fields 


In this section we shall consider the forces and torques arising ona 
general charge distribution when it is placed in a known electromagnetic field. 
For a distribution consisting of point charges, the ith of which has charge 
g, and at time ¢ is at r; with velocity v,, the net (external) electromagnetic 
force F(t) and the net (external) torque N(t) are obtained by summing indi- 
vidual contributions, 1.e., 


F(t) = 2 @{EG, ) + vx Br, 1] (3-16) 
N(t) = Dor, X @{EC, t) + v; X Br, D] (3-17) 


When the charge distribution is more easily described by particle densities 
nr, t) and velocity fields v(r, t) for each of several types of particle, the 
sum over all particles in Eq. (3-16), for example, is more appropriately ex- 
pressed as 


F(t) = ¥ AF(2) (3-18) 


where AF, is the force experienced by an element of the distribution occupy- 
ing a volume AV, centered at the point r;, Within AV, at time ¢, however, 
there are n@(r,, 1) AV, particles of type a, each of which experiences the 
foreeeq (EC e) tv (ht) Bi). Iii, 

AF (t) = 3 [n'@,, 1 AV {a fEC;, 0) + VO; 2) x BO, O]} 


= [plr,, E(r;, t) + Ste, ) X B(r,, )) AV; (3-19) 
where we have recognized the charge density [Eq. (2-10)] and the current 


Hybrid Computers (McGraw-Hill Book Company, New York, 1964); and D. I. Rummer, 
Introduction to Analog Computer Programming (Holt, Rinehart and Winston, New York, 
1969). 
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density [Eq. (2-18)] in the sum over types of particle. Finally, summing Eq. 
(3-19) over all volume elements and allowing |AV;|— 0 for all j, we find 


that 
F(t) = | [p(r, 2)E(r, t) + Jr, t) X Ba, 1] dv (3-20) 


where the integral extends over the region occupied by the distribution at 
time ¢. The expression 


b= | (pE + J x B) dv (3-21) 


obtained by suppressing all arguments is easier to remember and also sup- 
ports more obviously the interpretation of pE as an electric force density, 
J < Bas a magnetic force density, and the combination pE + J <X Basan 
electromagnetic force density. Similar arguments lead from Eq. (3-17) to the 
expression 


N= [rx (pE+J x B)dv (G22) 


for the torque at time ¢ on a general distribution placed in the fields E, B. 

Although Eqs. (3-21) and (3-22) answer the primary question of this 
section, some alternative forms are frequently useful. If, for example, the 
charge distribution is more appropriately described by a surface or line charge 
density, it will be convenient to recognize in p dv a charge element dq and to 
write the electric force in the form 


Feles i Edq (CES) 
and the electric torque in the form 


Nelee — i r x Edg (3-24) 


Here dq can be interpreted as p dv, o dS, or 4 dé as appropriate. Indeed, it 
is often convenient to understand these integrals in a very general way, allow- 
ing them to include sums over point charges in the distribution as well as 
integrals over distributed charge. 

Other useful alternative forms are expressions for the magnetic parts of 
Eqs. (3-21) and (3-22) that apply more specifically to currents in wires. In that 
special case, the entity J d@ replaces J dv (P2-7) and line integrals replace vol- 
ume integrals. Thus, the magnetic force on a wire carrying current J is given 
by 


rs | dé xB (3-25) 
and the magnetic torque by 


N™ = J | r xX (dé x B) (3-26) 
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Both integrals extend over the portion of the wire on which the force or 
torque is desired and may—indeed most frequently will—be extended over a 
closed circuit. In these integrals, the direction of dé coincides with the direc- 
tion of J if Jis to be a positive number and the wire must be supposed to have 
a small cross section so that the current element can be adequately treated as 
having zero cross section. 

Equations (3-23) and (3-24) have particularly simple evaluations if E is 
constant. Under those conditions E can be taken outside the integral and we 
find for a general charge distribution in a constant E-field that 


Fees — E | dq = QE (3-27) 
where Q is the net charge in the distribution, and that 
Netee = (|r aq) Vit Seis (3-28) 
where p, defined by 
p= | r dq (3-29) 


is called the (electric) dipole moment of the general distribution.’ Both Q and 
p are characteristics of the charge distribution; they do not depend in any way 
on the externally applied field. 

The general expressions for the magnetic force and torque on a com- 
plete circuit (closed line integrals) in a constant magnetic induction can also 
be fully evaluated. If B is constant, the magnetic force on a complete circuit 
is given by 

Fe = 61 de x B= (4 dt) x B=0 (3-30) 
regardless of the shape of the circuit. (¢ dé is the vector from the starting point 
to the end point of the path, which is the zero vector if the path is closed.) 
The magnetic torque on a circuit in a uniform magnetic induction is more 
difficult to evaluate, since it is more difficult to remove B from under the 
integral sign in Eq. (3-26). Recognizing that dé in Eq. (3-26) is identical with 
an increment in r, we can replace dé by dr. Then 


infer =I¢r x (dr x B) 
= 1 (r-B) dr — (4 r-de)B 
= 19 (r-B) dt (3-31) 


7Equation (3-29) defines the electric dipole moment of a charge distribution in all 
systems of units with which the author is familiar 
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the final form following because r-dr = x dx + ydy + zdz=d(x? + y’ 
++ z?)/2 is an exact differential and $ r-dr, which extends over a closed path, 
is therefore zero. We now remove B from under the integral sign in Eq. (3-31). 
First, Eq. (C-20) with d@ replaced by dr converts Eq. (3-31) to 


Nee — al dS x V(r-B) (3-32) 


where the integral now extends over the surface bounded by the circuit. 
Remembering that B is constant and applying Eq. (C-15), we next find that 


Nee == J { dS x [(B-V)r + Bx (V Xx nD] (3-33) 


Finally, recognizing that (B-V)r = Band V x r = 0, we find that the torque 
on a current loop in a constant B-field is given by 


N™2 —m x B (3-34) 
where 


m = || dS (3-35) 


is called the (magnetic) dipole moment of the loop. If in particular the loop is 
plane and bounds a plane surface with unit normal fi and area S, dS = |dS|fi 
and m = /Sfi. Thus, in this simple case m is directed normal to the plane of 
the loop and has a magnitude given by the product of the current in the loop 
and the area of the loop. (The usual right-hand rule relates the direction of 
I to that of fi.) As with Q and p in the previous paragraph, m is a character- 
istic of the current distribution; it does not depend in any way on the externally 
applied field. \t is shown in P3-19 that Eq. (3-35) can alternatively be written 
as a line integral? 


m = tidbr x dr (3-36) 


The power input to a general distribution by an external electromagnetic 
field is the final quantity of interest in this section. For a collection of discrete 


8In all systems of units with which the author is familiar, the magnetic dipole moment 
of a current distribution is defined so that Eq. (3-34) gives the torque experienced by the 
dipole in a constant magnetic induction. In cgs-esu, cgs-emu, and mks units, Eqs. (3-35) 
and (3-36) can be used to calculate the magnetic moment. In Gaussian and Heaviside- 
Lorentz units, however, the factor of c incorporated explicitly in the definition of B (see 
footnote 4) will also appear dividing J in Eq. (3-21). Thus, Eq. (-26) becomes 


New == [r x (dé x B) 


and, in Gaussian and Heaviside-Lorentz units, the magnetic dipole moment must be 
defined by 


if Eq. (3-34) is to be preserved. 
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particles distinguished by an index i, the power input P(t) at time ¢ is given by 

P(t) = ba) v,-F;, = os giv; E(r;, t) ; (G53)) 
where F, is the electromagnetic force on the ith particle and the magnetic 
force ultimately contributes nothing to the power because it is always per- 
pendicular to v(v-y <x B = 0). When the charge distribution is described by 
particle density and velocity fields n(r, t) and v(r, 4), we follow an argu- 
ment similar to that leading from Eq. (3-16) to Eq. (3-20). In the notation of 
that argument, the power input AP,(t) to a volume element AV, centered at 
r, then is given by 


AE on (ey (ent) ret) AV, 
= I(r, t)-E(r,, 1) AV, (3-38) 


Summing over all volume elements and allowing | AV ,| — 0 for all j, we find 
the expression 


TG) = { I(r, t)-E(r, t) dv (3-39) 


for the power input to the entire distribution. 


PROBLEMS 


P3-10. (a) Interpreting the integral in Eq. (3-29) to include a sum over 
any point charges present, show that the dipole moment of a distribution 
consisting of two (rigidly connected) charges of strength g and —gq located 
atr, andr_ is given by p = qa, where a is the vector from charge —q to charge 
q. Qualitatively, what characteristic of a charge distribution is measured by 
the dipole moment? (b) Let this charge distribution be placed in a constant 
electric field E and oriented with p at an angle @ to E. Draw a diagram show- 
ing the external force experienced by each charge and, arguing from this 
diagram, find the net force and the net torque on the distribution. Verify that 
your results agree with Eqs. (3-27) and (3-28). (c) Suppose this distribution, 
initially oriented as in part (b), is released from rest. Describe its subsequent 
motion qualitatively. Are there any positions of static equilibrium? If so, 
are these positions stable or unstable? (d) Let r. = (Xo + 4a)i + Yoj + zok 
and let the field now be the (nonuniform) field E(r) = E(x)i. Assuming a to 
be sufficiently small, show that this distribution experiences the force F = 
P(dE/dx) |ol. 

P3-11. The response of an arbitrary charge distribution to a constant 
external electric field is observed experimentally. Discuss what can be learned 
about the distribution from these observations. 

P3-12. The electron cloud of one of the stationary states of the hydrogen 
atom in a constant external electric field along the z axis is described quantum 
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mechanically by the charge density 


= eee en, ae Ss : af) —r/ao 


where q is the proton charge, a, is the Bohr radius, and spherical coordinates 
are employed. Calculate the electric dipole moment of this atom about the 
nucleus. Hints: (1) r = r(sin @ cos ¢i + sin @ sin ¢j 4+ cos @k) in spherical 
coordinates. (2) Don’t be afraid of integral tables. 

P3-13. A rectangular circuit of length a and width 4 is placed in a constant 
magnetic induction B such that the normal to its plane makes an angle @ with 
the direction of B. The circuit carries a current / that goes into the paper at 
the point marked x in Fig. P3-13 and emerges at the point marked - . (a) 
Draw a diagram showing the external force experienced by each side of the 


Figure P3-13 


rectangle and, arguing from this diagram, find the net force and the net torque 
on the rectangle. Express the torque in terms of the magnetic moment of the 
current loop and show that your result can be written in the form of Eq. 
(3-34). (b) Let the rectangle now be released from rest. Describe its subse- 
quent motion qualitatively. Are there any positions of static equilibrium ? 
If so, are these positions stable or unstable? 

P3-14. Calculate the magnetic dipole, moment of a sphere of radius R 
carrying charge Q distributed uniformly over its surface and spinning about 
a diameter with angular velocity w. Hint: Break the sphere into small current 
loops and sum the contribution of each. 


Supplementary Problems 


P3-15. A particle having charge g and mass is projected from the origin 
with an initial velocity v) = Vyol +- v,)k in a constant magnetic induction 
B = B,k. Find the trajectory of the particle and in particular determine the 
coordinates x, and y, of the point P at which the particle strikes a screen 
in the plane z = d. Describe how those coordinates depend on B,. The anal- 
ysis of this problem is essentially the analysis of the Busch method for mea- 
suring the charge-to-mass ratio of a particle. Hint: Express the coordinates 
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of the point P in terms of the angle y = gdB,/2mv,, and then interpret the 
angle geometrically. 

P3-16. Solve the equation of motion for a particle of charge g and mass 
m moving in the combination of a constant magnetic induction B = B, k 
and a constant electric field E = E A Let the particle start at the origin but 
have an arbitrary initial velocity in the x-y plane. Describe the trajectory for 
several different initial velocities and in particular examine the dependence 
of the points at which the particle crosses the x axis on the initial velocity. 
Hint: Show first that, when r satisfies Eq. (3-12) with these fields, r’ = r — 
[(E x B)/B?]t satisfies mé’ = qi’ x B, which is the equation solved in P3-5. 

P3-17. Let the charge distribution to which Eq. (3-23) applies be confined 
to a small enough region of space about the point r, that the terms 


E(r, 1) = Ey +(e — xo) $e] +O — yo) $e | +. — 2d 
0 


of the Taylor expansion provide an adequate approximation to E over the 
region occupied by the charge. Show that 


Fete — OF, + (Po VE |, 


where p, is the dipole moment of the distribution about ry. 

P3-18. Show that the dipole moment of an arbitrary charge distribution 
is invariant to translation of the coordinate system if and only if the distribu- 
tion has zero net charge. 

P3-19. Use Eq. (C-24) to show that $r x dr = 2 { dS, thus verifying the 
equivalence of Eqs. (3-35) and (3-36). 

P3-20. A magnetic dipole is located at the origin of a coordinate system 
with its dipole moment m oriented perpendicular to a constant magnetic 
induction field B. Show that the work that must be done on the dipole to move 
it to an arbitrary point r in this field and rotate it so that m makes an angle 8 
different from 90° with B is given by —m-B. 

P3-21. (a) Show that the magnetic dipole moment m of a charge g moving 
in a circle and having mass y Is related to the angular momentum L of the 
charge by m = (g/2y)L. (b) According to the rotational analog of Newton’s 
second law, the time rate of change of the angular momentum of an object 
is equal to the external torque acting on the object. Show that, when the 
charge in part (a) is placed in a constant magnetic induction field B, its mag- 
netic moment satisfies the equation of motion 


dm gq B 
op 
and then, taking B = Bk and m(0) to have magnitude m, and to lie in the 
x-z plane at an angle @ to the z axis, find m(¢) and describe its behavior geo- 
metrically as a function of time. 
P3-22. The force on a current loop in an arbitrary magnetic induction 


B(r) is given by Eq. (3-25). Suppose the loop is centered at ry and is small 
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enough so that the approximation 


Bt) = By + (x — xo) $E2 + (y — yo) oe + (2 — ze) 


where B, = B(r,), can be accurately made at all points on the i Show 
that the force F on the loop is given by F = V,(m-B,), where V, involves 
derivatives with respect to xy, Yo, and Zz, and mis the magnetic dipole moment 
of the loop. This force on a dipole in an inhomogeneous magnetic induction 
is exploited in the Stern-Gerlach experiment to separate particles in a beam 
according to their magnetic moments. Hints: (1) Show first that 


B= frat x (x30 + 9B eG a) 


and then use Eq. (C-24) to show, for example, that 


OB, 0 
§ rae x (xB ia Idé X (xB,) = — Tos fo oe -B,) 


[See Eq. (3-35).] (2) Anticipating a result to be demonstrated in Chapter 5, 
note that every magnetic induction field B,(r,) satisfies V,:B, = 0. 


A 


The Electric Field 
Produced by 
static Charges 


In this and the next two chapters, we shall be concerned principally 
with the question, How is the electromagnetic field determined from its 
sources? We shall, however, also examine a number of consequences of the 
principal relationships between the fields and their sources. The three chapters 
treat static electric fields, static magnetic induction fields, and the time- 
dependent electromagnetic field in sequence. Throughout these chapters, we 
shall focus on determining the fields produced by given sources and on deter- 
mining what sources must be set up to establish a required field. The forces 
that these fields may subsequently exert on other distributions of charge play 
no intrinsic role in our present considerations. 


4-1 
Coulomb’s Law and the Electrostatic Field 
of Given Sources 


The starting point for relating the static electric field to its sources 
is Coulomb’s law for the force of interaction between two point charges, 
which we shall now write in a general vector form. Although Coulomb’s law 
has the simplest form in a coordinate system whose origin coincides with one 
of the two point charges, we are here interested in obtaining a more general 
expression so that the choice of a coordinate origin can be dictated by its 
convenience to later problems. We therefore select now a coordinate system 
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Fig. 4-1. Two point charges in an 
arbitrary coordinate system. 


that may seem unnecessarily cumbersome for the shorter-range objectives of 
this paragraph. Let point charges qg and q’ be located at r and r’, as shown in 
Fig. 4-1. Further, let R be the vector from r’ tor. The force F,(r) on g due to 
the presence of q’ (as given by the experimental properties outlined in Section 
1-2) may then be expressed in mks units (which we now explicitly select) by 


Sal 47 ee 4-1 
FA) ee GR 4né€, |r —r’|? Cy 


the second form following because R = r — r’, R= |r —r'|, and R = R/R. 
All of the observed features are incorporated in this law, snl Toye in particu- 
lar the repulsive and attractive nature of the force. If g and q’ have the same 
sign, the coefficient of R is overall Hee ve and the force on g has the direc- 
tion of R, ice., is repulsive. If g and q’ have opposite signs, the coefficient of R 
is negative and the force is attractive. 

Before we can use Coulomb’s law to relate a general electrostatic field to 
its sources, we need one additional experimental observation: The force 
between two given point charges is unaffected by the presence of still other 
charges in their vicinity. Thus, the force exerted on a charge q at r by an as- 
sembly of point charges q; residing at points r,; is given (in mks units) by 


a (4-2) 


which expresses the principle of superposition. Its content is more far-reaching 
than the limited superposition built into the definition of charge—earlier we 
took two point charges at the same place to superpose. In essence, there are 
two independent experimental observations underlying electrostatics: 
Coulomb’s law and the principle of superposition. 

The charge densities introduced in Section 2-1 now facilitate a reexpres- 
sion of Eq. (4-2) that is more appropriate for finding the force exerted on a 
point charge g by a space-filling distribution of charge. The volume, surface, 
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distribution 


Fig. 4-2. An arbitrary charge distri- 
bution. x 


or line making up the source distribution can be divided into elements that 
are small enough to be regarded as point charges. If the ith element carries 
charge Aq,, then the total force F,(r) on q at ris simply a sum of contributions 
from each element, i.e., 
F (r) = =e : 
=e mA (4-3) 


=e 


(See Fig. 4-2.) If all of the elements now on arbitrarily small, Eq. (4-3) is 
replaced by the integral 


F(r) = | =a dq’ (4-4) 
charge 


distribution 


ae 


in which the limits are chosen so that the integration extends over the source 
charge distribution and dq’ = p(r’) dv’, o(r’) dS’, or A(r’) dé’ as appropriate 
to the distribution. If, in fact, the distribution contains several portions, the 
integral in Eq. (4-4) includes a sum of integrals, each related to a single por- 
tion of the distribution, and the charge element may be differently expressed 
for different portions of the distribution. Further, interpreting the integral in 
Eq. (4-4) to include a sum over any point charges present, we can view Eq. 
(4-2) as a special case of Eq. (4-4). 

The final step in obtaining an expression relating the field to its sources is 
to apply the definition in Eq. (3-3) to Eqs. (4-1), (4-2), and (4-4). We find 
from Eq. (4-1), for example, that the electric field E(r) established at a point 
r by a point charge q’ located at r’ is given by 

ve) = hp as 
Similarly, Eq. (4-2) leads to 
DO = gee lp a (4-6) 


[r —r,|? 
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Fig. 4-3. The vector representation of the field of (a) a positive and 
(b) a negative point charge. The field vectors are directed everywhere 
away from a positive charge and toward a negative charge. The 
magnitude of the vectors is inversely proportional to the square of 
their distances from the charge. 


for the field established at r by an array of point charges, and Eq. (4-4) leads 
to 


1 ’ 
E00) = ae; | ge SPP ge 


distribution 

for the field established at r by a more general distribution of charge. Equa- 
tions (4-5)-(4-7) not only provide the means explicitly to determine the field 
established by a Anown charge distribution, but they also express the rela- 
tionship between the field and its sources even if the charge distribution itself 
is not known. In conventional terminology, the point r, at which the field 1s 
evaluated, is called the field point and the point r’, at which an element of 
the source is located, is called the source point. In more advanced texts, the 
convergence of the integral in Eq. (4-7) is explored in some detail, particularly 
when the point r lies within the source distribution. 

We shall now present several examples of specific electric fields, beginning 
with the field of a single point charge, sometimes called a monopole. Let the 
charge have strength Q and be located at the origin. Then Eq. (4-5) gives 


E(®) = (4-8) 


47€ or? 
for the resulting field. This field is at every point directed away from the 
source charge when Q > 0 and toward the source when Q < 0, and its 
magnitude varies as 1/r?. The field given by Eq. (4-8) for OQ > Oand for OQ < 0 
is Shown in Figs. 4-3 and 4-4. Figure 4-4, with field lines emerging from posi- 
tive charges and terminating on negative charges, illustrates graphically the 
statement that charge is the source of the electric field, but this observation 
can be taken seriously only after it has been proved that conventions relating 
the density of field lines to the strength of the field can be adhered to without 
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(a) (b) 


Fig. 4-4. The field line representation of the field of (a) a positive 
and (b) a negative point charge. The field lines are directed radially 
outward from a positive charge and radially inward toward a nega- 
tive charge, and the magnitude of the field is conveyed by the spac- 
ing of the field lines. 


starting or stopping field lines at points where there are no charges. (See 
PO-17.) 

Another important charge distribution called the electric dipole is com- 
posed of two charges of the same magnitude but of opposite sign. The field 
lines of this dipole are shown graphically in Fig. 4-5. Near the positive charge, 
the field is directed radially away from the charge; near the negative charge, 
the field is directed radially toward the charge; at points on the perpendicular 
bisector of the line joining the charges, the field is parallel to the line joining 
the charges. (Why?) Analytically the field of this dipole is given by Eq. (4-6) 
or, in terms of the symbols introduced in Fig. 4-6, by 

eg r—ia r+da 

5e) aaron Weaae aad 
In this result, the charges g and —q are taken to be at the points (0, 0, $a) and 
(0, 0, —4a) and the vector a is directed from the negative charge fo the positive 
charge. Now, in most cases when the dipole is a reasonable approximation 
to a more complicated physically important distribution (e.g., an asymmetric 
molecule), the distance from the field point to the dipole is large compared to 
the separation of the charges, i.e., r >> a. Using the binomial theorem (Ap- 
pendix B) and keeping only the first nonzero term in an expansion in powers 
of a/r, we find that the field given by Eq. (4-9) can be approximated when 
r >> a by the simpler expression 


EQ) = ¢ +5 1(p-OF — Pl (4-10) 
0 
ea oe ol + sin 06 - 
= rele cos 6f +- sin 08] Ga) 


where 
ae (4-12) 
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Fig. 4-5. Field lines of a dipole. (The light lines indicate equipoten- 
tial surfaces, which will be discussed in Section 4-4; those equipoten- 
tial surfaces lying very close to the point charges are not shown.) 


Fig. 4-6. Coordinate system for ex- 
pressing the field of a dipole. 


is the dipole moment of the source distribution (P4-2). In the present context, 
however, p pertains to the source distribution and determines the resulting 
field; in Section 3-3, p pertained to the fest distribution and determined 
(among other things) the torque exerted on the distribution by a uniform elec- 
tric field. It is a convenient coincidence that this single characteristic of a 
distribution plays these two very different roles. Although Eqs. (4-10) and 
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(4-11) strictly apply only when r >> a, it is sometimes useful to visualize an 
idealization in which a is so small that r >> a for every point in space. Then 
Eqs. (4-10) and (4-11) apply for all +, and the corresponding ideal charge 
distribution—called a point dipole—is characterized only by a dipole moment; 
one does not ask about the individual charges composing a point dipole. The 
field of a dipole varies inversely as the cube of r and is independent of the 
azimuthal angle ¢, the latter property reflecting the invariance of the charge 
distribution to arbitrary rotation about the axis of the dipole. 

One way to visualize the formation of a dipole is to think first of a mono- 
pole. Now place near this monopole a second monopole of opposite sign. The 
result is a dipole. Using this same sort of visualization, we can construct 
higher-order “-poles.” Location of one dipole adjacent to a second of op- 
posite dipole moment, for example, gives rise to a quadrupole, of which there 
are several sorts, since the direction of the displacement of the two dipoles 
has a more profound effect on the overall distribution than does the direction 
of the displacement of the two charges composing a dipole. Two different 
quadrupoles are illustrated in Fig. 4-7. Octupoles are made by placing two 
quadrupoles side by side, in one of which the charges have opposite signs to 
the corresponding charges in the other. And so it goes to higher moments. 
That a charge distribution of a particular character can be produced by com- 


Fig. 4-8. (Next 2 pages) Field lines for several point charge distribu- 
tions: (a) charge of +2 units on the left and —1 unit on the right; 
(b) charge of +2 units on the left and +1 unit on the right; (c) three 
equal charges at the corners of an ‘sosce/es triangle with vertices at 
(x, y) = C, 0), (0, 1), and (—1, 0); and (d) charge of +2 units on 
the left and two charges, each of —1 unit, in the upper and lower 
right corners. [The light lines indicate equipotential surfaces, which 
will be discussed in Section 4-4. Note particularly that the equi- 
potential surfaces are perpendicular to the field lines and that in 
part (a) the marked equipotential is a true sphere in three dimen- 
sions. Because they are very close together in the immediate vicinity 
of point charges, the equipotential surfaces in those regions are not 
shown.] 
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Fig. 4-9. Coordinate system for deter- 
mining the field of a charged 
infinite plate. 


Charged 
plate 


bining two slightly displaced distributions of the next lower order suggests 
that the field of the higher-order “-pole” might be obtained by differentiating 
the field of the lower-order ‘-pole”, and such a relationship indeed exists 
(P4-47). 

The various multipole distributions described in the previous paragraphs 
require very specific relationships among the strengths of the component 
charges. The field lines for some representative distributions that do not con- 
form exactly to any multipole are shown in Fig. 4-8. 

To illustrate the use of Eq. (4-7), let the source distribution be an infinite 
two-dimensional plane sheet of charge characterized by a constant surface 
density o and lying in the x-y plane (Fig. 4-9). Since the charge distribution 
is invariant to translation by any amount in the x-y plane, the resulting field 
cannot depend on x or y, 1.c., EG, 7, z) = EO, 0, 2). Vo find E@©)0,z) using 
Eq. (4-7), we select cylindrical coordinates. An element of the charged sheet 
is then the small area shown in Fig. 4-9 and we have that 


r = position vector of field point = zk 
r’ = position vector of source point 
= 2" cos hi + 2' sin ¢'j 
dq’ = ov’ dr’ dd’ 
Hence, mK ‘ : 
r—r=zk—av'cosf/i-v'sin gj 
Je — | = [(a')? + 22]? 
and we find on substitution of these quantities into Eq. (4-7) that 
B= ara, | |) Fae pe a a 
= Sa (4-13) 


where the upper sign applies when z > 0 and the lower sign when = < 0. 
Evaluation of the integral is left as an exercise. The z-component of the field 
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Fig. 4-10. The field of a uniformly 
charged infinite plate. 


is shown in Fig. 4-10; it exhibits a discontinuity at z = 0 (at the sheet) but 
has everywhere the same magnitude. Thus, this (infinite) sheet establishes a 
constant field directed away from the sheet when o > 0 and toward the sheet 
wheno < 0. Note that Eq. (4-13) was obtained by following a very systematic 
procedure that involved identifying the pertinent variables, substituting into 
the general expression of Eq. (4-7), and evaluating an integral. The reader is 
urged to adopt this approach whenever his problem involves setting up Eq. 
(4-7) for a charge distribution. 


PROBLEMS 


P4-1. Three point charges, each of strength 10°° C, are placed one at each 
of three corners of a square 10cm on a side. Calculate the electric field 
(magnitude and direction) at the fourth corner of the square. Optional: Write 
a short computer program that (1) accepts the coordinates and strength of, 
say, three point charges as input, (2) accepts the coordinates of a selected field 
point as input, (3) calculates and prints out the components of the electric 
field at the specified field point, and (4) returns to step (2). Test your program 
using the charge distribution in this problem and several different field points. 

P4-2. Apply the binomial theorem (Appendix B) to expand Eq. (4-9) in 
powers of a/r to derive Eq. (4-10) and show that Eq. (4-11) follows from Eq. 
(4-10). Hint: See Table 0-1. 

P4-3. Let a point charge Q be located at the origin and a dipole with 
dipole moment p = p(cos af + sin «@) be located at the point (r, 8, $) in 
spherical coordinates. Determine the force experienced by this dipole and 
draw sketches of the three spherical components of the force as functions of 
a. Explain physically the origin of the 6-component. 

P4-4. Sketch the field lines of the linear quadrupole shown in Fig. 4-7(a). 

P4-5. Draw a linear octupole consisting of four equally spaced charges, 
showing particularly the relative strengths of each charge. Note the appear- 
ance of the binomial coefficients. 

P4-6. By direct integration, show that the electric field at a point a distance 
x from an infinitely long line charge carrying a constant (linear) charge density 
Ais given by E(r) = (A4/272€,%)%, where the line defines the z axis and cylindri- 
cal coordinates are used. Don’t be afraid of integral tables. 
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P4-7. A total charge Q is distributed on a plane circular ring of radius a 
with a linear charge density A(¢) = 4,(1 + sin g), with ¢ defined as in Fig. 
P4-7. By direct integration, determine the electric field at the point (0, 0, 5) 
on the z axis. Express your answer in terms of Q and examine the field in the 
limit b> a. 


Ring of 
radius a 


x Figure P4-7 


P4-8. A total charge Q is uniformly distributed over the surface of the 
region in the x-y plane bounded by the circle x? + y? = a?. (a) Obtain an 
integral giving the electric field at the point (0, y, z) in the y-z plane. (b) 
Evaluate the integral when the field point is on the z axis, i.e., for y = 0. 
(c) Draw a careful graph of E£,(0, 0, z) as a function of z/a over the range 
—oo < z/a < oo. Use a desk calculator or computer. (d) Examine the result 
of part (b) in the limit z > a. 

P4-9, A sphere of radius a carries a total charge Q uniformly distributed 
throughout its volume. By direct integration, determine the electric field at a 
point on a diameter (or extension thereof) at a distance b from the center of 
the sphere. Consider both b < aand b > a. Express the results in terms of Q 
and show that the field at the specified point is the same as the field produced 
by a point charge located at the center with strength equal to the net charge 
lying inside a sphere of radius b. Sketch a graph of | E| versus 5b. 

P4-10. Use Eqs. (4-5)-(4-7) to examine the field produced by a charge 
distribution of your own invention. 


4-2 
Gauss’s Law 


The basic information about electrostatics contained in Coulomb’s 
law and in the principle of superposition can be reexpressed in a variety of 
ways. In this section we shall develop the first of two laws that are direct con- 
sequences of the information already presented. First, however, we must 
define the concept of the flux of the electric field across a specified surface 
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placed in the field. This e/ectric flux, denoted by ®,, is defined by the surface 
integral 


©, — { _E(r)-dS (4-14) 


and in effect counts the net number of lines of E piercing Z. (See Section 2-3.) 
In particular, if E is constant and & is a plane surface of area S,®, = E-S 
and is the product of the surface area and the component of E perpendicular 
to (the plane of) the surface. The electric flux may be either positive or nega- 
tive and, in mks units, is expressed in N-m2/C. If & happens to be a closed 
surface (Fig. 4-11), we take dS to represent an outward normal and the flux 


®,, now defined by p E-dS, represents the net outward flux of E over the 
23; 


surface. Regions in which the field lines enter the surface make negative con- 
tributions to the flux while regions in which the field lines leave the surface 
make positive contributions. 

Now, the flux of a static electric field across a closed surface has a simple 
evaluation. Consider first the flux of the electric field of a point charge q, 
located at r, across an arbitrary closed surface Z. The field is given by Eq. (4-5) 
with r’ = r, and q’ = qp, and the required flux is then given by 


0. =f} Bie Eole ae (4-15) 


Fig. 4-11. Arbitrary closed surface in an electric field. The contribu- 
tion to the net electric flux is negative along that portion of the sur- 
face where the field enters the enclosed volume and positive along 
that portion where the field emerges from the volume. 
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from Eq. (2-37) we find the very simple value 


c= a if gq 1s inside X (4-16) 


==) if Gas ouside 


regardless of the shape of Z! [Note the disappearance of the factor 4z in Eq. 
(4-16)—a consequence of our earlier selection of rationalized units.] If the 
field is produced by a distribution of charge, the principle of superposition 
enables us to write immediately that 


ae =$r E-dS — (net charge within X) (4-17) 


Eo 


When the charge distribution is described by a volume charge density, for 
example, Eq. (4-17) assumes the more specific form 


} E-aS = 7 | pav (4-18) 
3 €o Jy 


where the volume integral extends over the volume V bounded by the closed 
surface £. Note particularly that X is arbitrary; Eq. (4-18) applies to any 
(closed) surface whatever, even if that surface is only an imaginary surface 
introduced for the purpose of exploiting this relationship. Equations (4-16)— 
(4-18) are forms of what is called Gauss’s Jaw, one of the basic laws of elec- 
tricity. When the fields are static, Gauss’s law is a direct consequence of 
Coulomb’s law and merely expresses some of the information in Coulomb’s 
law in a new form. In fact, Gauss’s law carries over to nonstatic fields without 
change of form. That extension, however, can be made only on the basis of 
experimental observations beyond those supporting Coulomb’s law, and the 
“generalized” Gauss’s law is therefore more than merely a restatement of a 
portion of Coulomb’s law. We shall examine nonstatic fields in more detail 
in later chapters. 

Gauss’s law in the form of Eq. (4-18) is particularly useful in at least two 
contexts. We shall consider first its use to calculate electric fields when the 
source distribution manifests sufficient symmetry that some properties of the 
field can be inferred without complete knowledge of the field. The essential 
premise of a symmetry argument is that the field established by some source 
distribution must exhibit whatever symmetries the distribution itself exhibits. 
If, for example, the source is invariant to rotation about some axis, the result- 
ing field must be invariant to the same transformation. Thus, any symmetry 
of the source constrains the field. If these symmetries are extensive enough, 
the field is sufficiently constrained that Gauss’s law is adequate to determine 
those properties of the field not completely fixed by the symmetries. We shall 
illustrate the approach by applying symmetry and Gauss’s law to determine 
the field established by an infinitely long line charge with constant linear 
charge density 4. For simplicity let this line define the z axis of a cylindrical 
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coordinate system. The most general field then has the form 
E(r) = Ex,(2, $, z)t + Er, 6, 26 + E.(2, @, z)k (4-19) 


The source distribution, however, is invariant to rotation about the z axis, 
and the field exhibits this invariance only if E,, E,, and E, are independent 
of ¢. In addition, the source distribution is invariant to translation along the 
z axis, and the field exhibits this invariance only if E,, E,, and £, are indepen- 
dent of z. The most general field consistent with these two symmetries then is 


; E(r) = E,(2)% + E,(r)b + E,(ayk (4-20) 


But the source distribution is also invariant to reflection in the x-y plane, 
under which transformation z — —z and k —> —k; Eq. (4-20) is invariant to 
this transformation only if £, = 0. Finally, the source distribution is invariant 
to reflection in the x-z plane, under which transformation 6 —> —4, = 
—j, and 


cos gi + sin $j — COS pi + sin $j oT) 


= —sin di + cos 6] —> sin gi — cos 6j = —6 


> @& 


but nothing else is changed; Eq. (4-20) is consistent with this invariance only 
if E, = 0. Thus, the symmetries of the selected source distribution constrain 
the field to be no more complicated than! 

E= £,(2)% (4-21) 
We now use Gauss’s law to determine £,,(2). Although the law applies to any 
closed surface, the most useful surfaces to choose are those that take advan- 
tage of at least some of the symmetries of the source. The appropriate surface 
for this problem might be described as a cylindrical fruit juice can of radius 2 
and length L with its axis coincident with the line of charge (Fig. 4-12). The 
flux of the electric field out of this surface (sometimes called a Gaussian sur- 
face or, especially when small, a Gaussian pillbox) possesses potentially three 
contributions: 


®, = $ E-dS = | E-dS + | 


With E given by Eq. (4-21), however, E-dS = 0 on the top and bottom sur- 
faces (dS|| k). Only the integral over the cylindrical surface makes a con- 
tribution. On that surface, dS = 2 dg dz % and 


E-dS + i E-dS (4-22) 


bottom cylinder 


Zot 2n 
o= | on db E,(vyt-v& = 2nLvE,(2) (4-23) 
Zo 0 


since 2 is constant (albeit arbitrary) insofar as the integral is concerned. Now, 
the charge enclosed within the selected surface is AL. Since Gauss’s law re- 


1 As can be seen, the statement “because of symmetry, the field must be radially directed 
with a radial component dependent only on 2”, while true, nonetheless hides the rather 
extensive symmetry argument that supports it. The reader is urged to quote symmetry in 
support of various conclusions only after supplying the full argument. 
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Fig. 4-12. A Gaussian pillbox for 
x determining the field of a line charge. 


quires that ®, = AL/é,, Eq. (4-23) gives 
dae 


2nLVEn(v) = © (4-24) 
0 
Thus E£,(2) = A/2xe€,2% and from Eq. (4-21) we find that 
ji Pad 
= 4-2 
: IE,a Ce) 


in agreement with the result obtained by direct integration in P4-6. 

Gauss’s law can also be fruitfully applied to some situations involving 
conductors, which are by definition pieces of matter whose intrinsic composi- 
tion includes microscopic charges that are free to move in response to any 
forces applied to them. Thus, if a conductor is placed in a region of space 
initially containing a static electric field, these free charges will move in 
response to the field, thereby being redistributed within the conductor and in 
turn adding their own contribution to the field within (and without) the con- 
ductor. This adjustment of the charge distribution within the conductor will 
continue as long as there remains any field within the conductor to apply 
forces to the free charges. Once the fields are again Static, the field within the 
conductor must be zero; any other value contradicts the requirement that the 
fields be static. Thus, when the fields outside a conductor are static, the region 
occupied by the conductor itself is free of fields. Further, the electric field at 
the surface of such a conductor must be normal to the surface, for any tangen- 
tial component would cause a motion of free charges along the surface, again 
contradicting the requirement that the fields be static. These properties of the 
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Fig. 4-13. A Gaussian pillbox for 
determining the field at the surface of 
a conductor. 


fields in and around conductors facilitate the use of Gauss’s law, and we shall 
illustrate by determining the field just outside a conducting surface at a point 
P where the (surface) charge density is o. A suitable Gaussian pillbox is 
shown in Fig. 4-13; its sides consist of a cylindrical surface with its axis nor- 
mal to the conducting surface at P and two plane surfaces, one on each side 
of the conducting surface. Further, the pillbox is chosen small enough to 
enclose an element of the conducting surface that is approximately plane and 
over which o and E are both approximately constant. Let the cross-sectional 
area of the pillbox be AS and let fi be a unit vector in the direction of the 
outward normal to the conducting surface at P. Then the charge within the 
pillbox is o AS, and the flux out of the pillbox is E, AS, the latter following 
because only the plane surface of the pillbox outside the conductor contri- 
butes to the flux. (The field is zero inside the conductor and does not pierce 
the cylindrical walls of the pillbox outside the conductor.) Applying Gauss’s 
law as expressed in Eq. (4-17), we find that E, AS = o AS/e, or E, = o/€, or 
finally that the field E just outside a conducting surface at a point P where the 
charge density is o 1s given by 

E= 2a (4-26) 

€o 

where fi is a unit outward normal at the point P. 

For many purposes, a differential form of Gauss’s law is more convenient 
than the integral form, Eq. (4-18). Let £ and V become arbitrarily small. In 
that limit, we can use the identity in Eq. (2-25) to write 

E-dS = V-EAV (4-27) 
Ax 
(We now denote the small surface and volume elements by AX and AV.) 
Further, if AV is small enough, p can be regarded as a constant throughout 
AV, and 
tf pav~tpav (4-28) 
€o J av Eo 
Finally, substituting Eqs. (4-27) and (4-28) into Eq. (4-18), dividing by AV, 
and passing to the limit AV — 0 [in which limit the approximations in Eqs. 
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(4-27) and (4-28) become exact], we find the differential relationship 
Welt a (4-29) 


which is equivalent to the integral expression in Eq. (4-18). Although we shall 
occasionally need this result in the rest of this chapter, we shall postpone 
detailed consideration of the differential form of the basic laws until Chapter 
6. 


PROBLEMS 


P4-11. An infinitely long straight rod having a circular cross section of 
radius b is charged to a uniform volume charge density p. Using symmetry 
and Gauss’s law, determine the electric field at a distance 2 from the axis of 
the rod. Consider both 7 < b and 2 > b. Sketch a graph of E, versus 2. 

P4-12. Use symmetry and Gauss’s law to obtain the field established by 
an infinite plane sheet of charge characterized by a constant (surface) charge 
density o. Compare your result with Eq. (4-13). 

P4-13. Use Gauss’s law to show that a region containing an electrostatic 
field but devoid of charge includes no point at which a test charge would be 
in stable equilibrium. Hint: What must the field lines look like near a point of 
stable equilibrium ? 

P4-14. Let all of space be uniformly charged to a volume charge density 
p. This distribution is invariant to arbitrary translations and to arbitrary 
rotations about an arbitrary axis. Symmetry therefore requires the field every- 
where to be zero. Hence, any arbitrary closed surface lying in this distribution 
has no electric flux across it. But that surface certainly contains some charge, 
and we have an apparent contradiction of Gauss’s law. Where is the error? 
Why is there no contradiction in applying symmetry arguments and Gauss’s 
law to infinite sheets and infinite line charges? 

P4-15. An uncharged conducting object has a hollow cavity in its interior. 
If a point charge g is placed in the cavity, prove that a charge —q is induced 
on the surface of the cavity and a charge q is induced on the outer surface of 
the conductor. 

P4-16. One of two plane parallel conducting plates of nonzero thickness 
carries a charge Q and the other carries a charge — Q. Each charge assumes 
a Static distribution on the surfaces of its plate. The situation is shown in Fig. 
P4-16. (a) Neglect fringing at the ends (i.e., treat the plates as infinite) and 
use symmetry to argue that o,, 0,03, and o, must be.constant, that ¢, = 
—o;,, that 0, = —o,, and that the electric field everywhere is parallel to fi. 
(b) Use Gauss’s law to show that the field in the region between the plates is 
uniform and given by E = (a,/€,)i. (c) Using the result in Eq. (4-13), sketch 
graphs of the i-component of the electric field established by each sheet of 
charge in Fig. P4-16 and then sketch a graph of the net field established by all 
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four sheets. Show that the field in the interior of each plate will be zero only 
if ¢, = —o, = 0, thus showing that all of the charge placed on the plates 
accumulates on the facing surfaces. (d) Show that the field in the region out- 
side that bounded by the plates is identically zero. The arrangement in this 
problem is called a parallel plate capacitor. 


4-3 
The Restricted Faraday Law 


The second law of electrostatics that follows directly from Coulomb’s 
law and the principle of superposition is a restricted form of what we shall 
later call Faraday’s law; in essence it states that the force field F,(r) = gE(r) 
corresponding to the electrostatic field E(r) is conservative. This law is 
expressed analytically in the integral form 


b F(r)-dr = 0=> b E(r)-dr = 0 (4-30) 


where the (closed) path of integration is arbitrary [see Eq. (0-35)], or in the 
differential form 
Voor — 0-— Vy kk _) (4-31) 


[See Eq. (0-53).] Since the validity of Eq. (4-30) {and hence of Eq. (4-31)] for 
an arbitrary static field follows by superposition from its validity for the static 
field of a point charge, we need only establish Eq. (4-30) for a point charge. 
Let the charge have strength q’ and be located at r’. Then its field is given by 
Eq. (4-5) and we find that 


q’ otc : 
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the final form following because the path is closed and the starting and finish- 
ing points are the same point. Equations (4-30) and (4-31) are therefore 
established for the general electrostatic field. In contrast to Gauss’s law, this 
restricted form of Faraday’s law is valid only for static electric fields. In 
Chapter 6, we shall look to experiment to determine the appropriate modifica- 
tions when the electric field ceases to be static. The resulting generalization, 
of course, is then more than merely a consequence of Coulomb’s law. 


4-4 
The Electrostatic Potential 


As discussed in Section 0-3, every conservative force field F,(r) has 
associated with it a scalar potential energy field U(r) given by Eq. (0-40), 
which assumes the form 


Ue Uc I gE(r)-dr (4-33) 


for the electrostatic force field F, = gE. Here, r, is an arbitrary reference 
point and U(r,) may be assigned an arbitrary value; both are commonly 
chosen to simplify the form of U(r). Further, by Eq. (0-48), the force field can 
be recovered from the potential energy field by evaluating the negative gra- 
dient, 


EG) —@kr) = —VU(r) (4-34) 
and by Eq. (0-39) the potential energy field appears in the expression 
Amv? +- U(r) = constant (4-35) 


for the conservation of the mechanical energy of a particle of mass m moving 
in the given force field with velocity v. It is customary to eliminate the test 
charge qg by dividing Eqs. (4-33) and (4-34) by q and introducing the e/ectro- 
Static potential field V(r) as the potential energy per unit charge, viz., 


V(r) = oe (4-36) 
Equation (4-33) then becomes 
V(r) = V(r,) — iB E(r)-dr (4-37) 


and permits calculation of V(r) if E(r) is known. Determination of E(r) from 
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knowledge of V(r) involves Eq. (4-34), which assumes the form 


EQ) = —VWV(r) (4-38) 
Finally, the conservation law, Eq. (4-35), becomes 
4mv* -+- qV(r) = constant (4-39) 


(Warning: The factor of q difference between the electrostatic potential and 
the electrostatic potential energy is easily forgotten.) From Eq. (4-36), we infer 
that the mks unit of potential is the joule/coulomb (J/C), a combination 
given the name vo/t (V). We then conclude from Eq. (4-38) that the mks unit 
of electric field, previously identified as the N/C, must also be expressible as 
the V/m; the second name is the more common. 

We have now shown the existence of a potential function for an electrosta- 
tic field and we have obtained expressions for finding the potential from the 
field [Eq. (4-37)] and for finding the field from the potential [Eq. (4-38)]. We 
next obtain an expression for determining the potential directly from the 
source distribution. Let the source first be a point charge of strength q at the 
origin. If the reference point r, is taken at infinity and V(r,) is set equal to 
zero, then combining Eq. (4-5) (with q’ — q,r’ = 0) with Eqs. (4-37) and 
(0-30) gives 


io d +. @ar + br dO + or sin @ dd) 


is d ry 
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Translation of the coordinate system so that the point charge is at r, and the 
field point is at r merely replaces r in Eq. (4-40) with |r —r,|. Thus the 
potential established by a point charge q located at ry is given by 


wed I ’ 
V(r) Ta, = al (4-41) 


Finally, by superposition we obtain the expression 
ee me 4-42 
A) lr —r,| ( ) 


for the potential established by an array of point charges q, at r;. Thus, for 
example, the potential established by the dipole shown in Fig. 4-6 is given by 


V(r) = = | : | (4-43) 


~ 4ne,_[r—dal jr+4al 


which reduces to the simpler form 


Pel ee 2COs Cm poe 4.44 
AU) 4n€r? ~ Aneé or? Doses ( ) 


in the limit r >> a (P4-23) and varies as r~?, contrasting with the variation of 
the potential of a monopole with r~'. 
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We could relate the potential established by a distributed source to the 
source itself by applying to Eq. (4-42) an argument such as that leading to 
Eq. (4-4). To set the stage for the corresponding magnetic development, 
however, we shall here adopt a different approach. Note first the mathemati- 
cal identity, 

r—r 1 
———; = —V——_ 4-45 
cp) P= ay 
where the gradient involves derivatives with respect to the components of r. 
Substitution of this identity into Eq. (4-4) leads ultimately to 


1 dq’ 


in which the gradient has been written in front of the integral because it does 
not involve differentiations with respect to any of the variables of integration. 
Comparison with Eq. (4-38) then results in the identification 


Vr)y= ine | eo + xr) (4-47) 


where y(r) is arbitrary except that its gradient must vanish if the negative 
gradient of Eq. (4-47) is to give the correct field, i.e., 


OX me OX- oy | : 
Ce oe as eae = (1) (4-48) 
Equation (4-48) is a vector equation and each component must be separately 
zero. Thus y cannot depend on x, y, or z; at worst, it can be a constant and 
we have finally that 

dq ‘ 


a | etal + constant (4-49) 


UAC) 
where the integral extends over the charge distribution and dq’ is expressed 
as appropriate to the distribution, e.g., 


Vay= | eal dv’ + constant (4-50) 


= 
for a volume distribution. Equations (4-49) and (4-50) not only provide for a 
calculation of V directly from known sources but also express the relationship 
between (a static) V and its sources even when the sources are not explicitly 
known.? 

An extremely important equation for the electrostatic potential is obtained 
by substituting the equation E = —VV into Gauss’s law, V-E = Pleq, tO 


The existence of V might also have been inferred from the equation V x E — 0 by 
applying the theorem in item (3) of Section 2-5. This route to Eq. (4-38), however, does not 
provide an expression for calculating V directly from its sources. 
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TABLE 4-1  Interrelationships Among Static p, E, and V 


Find 
Given pP E Us 


ly f= BS Spel 1 pr’) 4, 
P = he) ae 45 
E €9 V-E = ~[E-dr 
Vv 189) V2V —VV aoe 
obtain 
VW) = VV = —e (4-51) 
0 


where the Laplacian operator V? is defined in Section 2-5. This equation can 
be used to determine the source of a field if the potential is known; it is called 
Poisson’s equation if p 0 and Laplace’s equation if p = 0. One solution to 
Eq. (4-51) is, of course, expressed in Eq. (4-50), but this solution is not always 
useful. A detailed examination of this equation is postponed to Chapter 8. 

The interrelationships we have now developed among the charge density, 
the electrostatic field, and the electrostatic potential are summarized in Table 
4-1. 

In addition to representing an electric field graphically by displaying its 
field lines, we can also represent the field by showing its equipotential contours, 


_ which are curves or surfaces at every point of which the electrostatic potential 


has the same value. The equipotential contours for several selected fields are 
shown by the light curves in Figs. 4-5 and 4-8. The field itself is strong where 
the contours are close together [field = rate of change of potential; see Eq. 
(4-38)]. Further, the field is at every point perpendicular to the equipotential 
contours, a property that we prove by evaluating the potential difference 
Vir, + dr) — V(r,) between two infinitesimally separated points r, -+- dr and 
r, lying in the same equipotential contour. By hypothesis, this potential 
difference is zero, but it is also calculable directly from Eq. (4-37); we find 


“os flat 


Ygtdr 
o——| “ice = SU (4-52) 


Thus, for the particular displacement assumed, the electric field is perpendicu- 
lar to dr. But dr was any displacement lying in an equipotential contour and 
the electric field is therefore perpendicular to the equipotential contour. 
OuE De: 

That the electric field at the surface of a conductor is perpendicular to 
that surface now leads us to suspect that the surface of a conductor must be 
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an equipotential. Indeed, since there is no field anywhere within the body of 
a conductor in a static field, the potential difference between any two points 
in such a conductor—not just between two points on the surface—is zero and 
the entire volume of space occupied by a conductor in a static field is therefore 
an equipotential region. Thus, we can speak unambiguously of the potential 
of a conductor. Now, suppose that two conductors, one carrying charge QO 
and the other carrying charge — Q, are placed near one another in a region 
previously free of fields. Once the static fields produced by the charges on the 
conductors have been established, the charge on each conductor is distributed 
so that each conductor is at a definite potential. Any device of the sort 
described is called a capacitor, and the ratio of the charge Q to the difference 
AV in potential between the two conductors is called the capacitance C of the 
arrangement, 

Cx ~ (4-53) 
In most cases, AV is proportional to Q, and C is therefore independent of 
Q; Cis essentially a geometric quantity, determined largely by the size, shape, 
and separation of the two conductors. The mks unit of capacitance is the 
coulomb per volt (C/V), called the farad (F), which turns out to be incon- 
veniently large; the microfarad (4F; 10-° F) and even the picofarad (pF; 
10-!2 F) occur more commonly. 


PROBLEMS 


P4-17. (a) Show that the electrostatic potential function associated with 
a constant electric field E is given by —E-r, where the reference point of zero 
potential is taken at the coordinate origin. (b) Show that the potential energy 
of a dipole of moment p placed in a constant electric field E is given by 
—p-E. 

P4-18. (a) Substituting the field obtained in Eq. (4-25) into Eq. (4-37), 
show that the electrostatic potential at a distance 2 from the axis of an infinite 
line charge is given by 


A Ly 
V(r) = oR tn 
if the potential is taken to be zero at 7 = a. Why is the reference point not 
taken either at co or at the axis? (b) Recover the field from the potential by 
applying Eq. (4-38). 

P4-19. Starting with Eq. (4-26), show that the charge density o ata point 
on the surface of a conductor in a static field described by the potential V is 
given by o = —e, VV -fi, where fi is a unit outward normal to the conductor 
and the gradient is evaluated at the point where the charge density is desired. 
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P4-20. A nonrelativistic alpha particle of mass m and charge 2q with 
initial speed v experiences a head-on collision with a heavy nucleus of atomic 
number Z, and hence of charge Zq. Use conservation of energy to determine 
the distance of closest approach to the nucleus. 

P4-21. Two spherical conducting raindrops of radius a are both charged 
to the same potential V relative to a reference point at infinity. Determine the 
potential of the single drop that results when the two drops are allowed to 
merge. 

P4-22. What is the highest potential to which a spherical conductor of 
radius 20 cm can be charged if air becomes conducting when a field exceeding 
3 xX 10° V/m is produced? 

P4-23. Derive Eq. (4-44) for the potential of a dipole by expanding Eq. 
(4-43) in powers of a/r and then calculate the field of the dipole. Compare 
your result with Eq. (4-11). Hint: Use the gradient in spherical coordinates, 
Eq. (0-57). 

P4-24. Determine the electrostatic potential of a linear quadrupole [Fig. 
4-7(a)] having its axis along the z axis when the quadrupole is observed from 
a distance large compared to its dimensions, and then find the field. Let the 
separation of adjacent charges be a. The coordinates in Fig. 4-6 with the 
center of the quadrupole at the origin are also convenient here. 

P4-25. Consider a uniformly charged plane circular disc of radius a lying 
in the x-y plane with its center at the origin. (a) Write an integral (multiple if 
necessary) giving the electrostatic potential at the point r. (b) Determine the 
potential V(z) at the point (0, 0, z) and sketch a graph of V(z) versus z. (c) 
Obtain approximate expressions for the potential V(z) in the two regions 
z>> a and z<a and interpret the two limiting expressions physically. (d) 
Calculate the z-component of the electric field at the point (0, 0, z) and sketch 
a graph of this component as a function of z. (e) Can you calculate the x- and 
y-components of the electric field at (0, 0, z) from the potential obtained in 
part (b)? If so, do it; if not, explain why not. Optional: By applying the inte- 
gral form of Gauss’s law to a small cylindrical pillbox centered on the axis of 
the disc and a distance z above its plane, show that the radial component of 
the electric field at points close to the axis is given by 
nv OF, 


E,(2, z) ad as Oz hee 


where 2 is the distance of the point from the axis. Can you obtain this same 
result by manipulating with the differential form of Gauss’s law? 

P4-26. Let a portion of the z axis in the region —a < z < acarry a charge 
O uniformly distributed along its length with linear density 4. (a) Set up an 
integral giving the electrostatic potential at any point in space. (b) Evaluate 
the potential at points on the positive z axis for which z > a. (c) Show that 
the result obtained in part (b) approaches Q/4z€,z in the limit z >> a. Note 
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the power seties expansion (7(1 |) = ee ep lain 
how you could have predicted the limiting value in part (c) without actually 
evaluating the integral in part (b). 

P4-27. Determine the electric field and the source distribution corre- 
sponding to the Yukawa potential, V(r) = Qe~*"/4mé,r, where @ is a constant. 

P4-28. An infinite conducting plate in the plane z = 0 is maintained at 
potential zero and a similar plate in the plane z = dis maintained at potential 
V,. Assume that there is no charge in the region between the plates. Because 
the plates are invariant to arbitrary translation parallel to the x-y plane, the 
potential can be a function only of z, V = V(z), and Laplace’s equation 
reduces to d?V/dz? = 0. By solving Laplace’s equation and imposing the 
given values of V at the two plates, find V(z) for 0 < z < d. Then find the 
field between the plates and the charge density on each plate. Hint: See Eq. 
(4-26). 

P4-29, Describe the equipotential contours corresponding to the three- 
dimensional field of a point charge. 

P4-30. Obtain a carefully drawn sketch of the equipotentials established 
in the y-z plane by a point dipole having dipole moment p = pk. (Compare 
PO-16.) 

P4-31. The equipotential curves established by a particular two-dimen- 
sional charge distribution are shown in Fig. P4-31. Determine both the magni- 
tude and the direction of the electric field at point A. 
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Figure P4-31 


P4-32. A potential difference is applied between the two conducting 
plates shown in Fig. P4-32. Sketch the electric field lines and the equipotential 
lines in the region between the plates. 
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P4-33. Accepting that the field between two equally but oppositely 
charged parallel conducting plates is given by (a/e,)f, where o is the charge 
density on the plates and fi is a unit vector perpendicular to the plates (P4-16), 
show that the capacitance of this parallel plate capacitor is given by C = 
€,A/d, where A is the surface area of the plates and d their separation. Ignore 
fringing at the edges of the plates. 

P4-34. Show that the capacitance of a capacitor consisting of two coaxial 
cylindrical shells of length L and radii a and b,a <b, is given by C = 
2n€,L/ €n (b/a). Ignore fringing at the ends of the capacitor. 

P4-35. (a) Show that the capacitance of a capacitor consisting of two con- 
centric spherical shells of radii a and b, a < b, is given by C = 4n€,ab/(b — a). 
(b) The capacitance of an isolated sphere is defined by allowing b — oo. 
What (numerically) is the radius of an isolated sphere having a capacitance 
of 1 F? Compare your result with the radius of the earth, R, = 6.37 x 10° m. 
(The distance from the earth to the moon is about 60R,.) 


4-5 
Energy in the Electrostatic Field 


Because it takes work to assemble a distribution of charges from the 
state in which all elementary charges composing the distribution are infinitely 
remote from one another, the distribution (once assembled) possesses the 
capacity to do useful work. 1.e., has a potential energy. Further, since the 
electrostatic forces against which the agent assembling the distribution 
does work are conservative, the amount of recoverable energy stored in 
the distribution (.e., the potential energy) is exactly equal to the amount 
of work needed to assemble the distribution in the first place. Consider, for 
example, the buildup of an assembly of point charges gq, located at positions 
r, by bringing the charges in one at a time to their final positions. The first 
charge can be brought from infinity to its final position r, with no work, since 
there are as yet no charges in the distribution. To bring in the second charge, 
work must be done against the forces exerted by the first charge on the sec- 
ond. This work is equal to the potential energy of the second charge when it 
finally reaches the position r,. Accepting the electrostatic potential given by 
Eq. (4-41), we find that, once the first two charges have been positioned, the 
potential energy of the system is 


a | oie ee |-t2 5-7 4-54 
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Fig. 4-14. Points over which the sum 
giving the potential energy of a dis- 
fi tribution of point charges extends. 


To bring up the third charge, work must be done against both of the charges 
that are already in position. The work expended to bring in the third charge 
then is 


is (ie A ao ss 
AW 6 gee Ges py 


and so on; the amount of work needed to bring in the jth charge is given by 


jill 
_ qi | = 
AU ge 4 A4né, |r; —1;| oe) 


The total potential energy of the charge distribution then is 


2S id 

W= 24 Bi ane, [| oor 
The double sum appearing in Eq. (4-57) can now be rewritten in a more useful 
form. If the two summation indices are regarded as locating points in a two- 
dimensional plane, the sum as it stands can be interpreted as a sum over the 
points marked with a circle in Fig. 4-14. Now, for every circled point with 
coordinates (i, 7) there is a “squared” point with coordinates (j, /). Since the 
summand in Eq. (4-57) has the same value for (7, 7) as it has for (7, 7), the sum 
might alternatively be viewed as extending over the “squared” points instead 
of over the circled points. Or—what is more useful—the sum may be regarded 
as extending over all the marked points provided a factor of 4 is inserted to 
correct for the resulting double counting. We thus find that Eq. (4-57) can be 
rewritten in the form 
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where the prime means that the terms for which i = j are to be omitted in the 
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double sum. If we now recognize the sum over jin Eq. (4-58) as the potential 
established at point i by all of the other charges, we can rewrite Eq. (4-58) in 
the form 


N 
a apa qv; (4-59) 


Finally, if g; in Eq. (4-59) is interpreted as an element of a broad charge 
distribution, it might more appropriately be denoted Ag;. Then the sum over 
these elements becomes an integral as the size of the elements is diminished 
to zero. Thus, for a broad distribution, we find that the stored potential 
energy is given by 


W=1(Va@)dq (4-60) 


where dg would be written more explicitly in terms of a volume, surface, or 
linear charge density as appropriate to the distribution. 

One is tempted to ask, Where is this energy stored? The most fruitful 
answer can be inferred from the following rewriting of Eq. (4-60). Assume a 
volume density of charge. Then, Eq. (4-60) becomes 


Ve = sf Vp dv (4-61) 


Now, note that 
V-(VE) = W-E+VV-E 


=-E-E+¥p (4-62) 
0 


where Gauss’s law, Eq. (4-29), has been invoked. Solving for Vp and substitu- 
ting the result into Eq. (4-61), we find that 


W = Je, | E-Edv + $e, $ VE-dS (4-63) 


where the divergence theorem has been invoked in the second term on the 
right. Now, the volume integral extends over all space and the surface integral 
therefore extends over a very large surface at infinity. If the sources of the 
field are confined to some finite region of space, V and E fall off with increas- 
ing r at least as rapidly as r~' and r~?, respectively, but dS increases only as 
r*. Thus, as r becomes large, VE-dS falls off as r~!, and the second integral 
in Eq. (4-63) becomes negligible in the limit as the surface over which it 
extends becomes indefinitely large. We find, therefore, that 


W = { (Le,E-E) dv (4-64) 


the integral extending over all space. Because of its role in Eq. (4-64), it is 
appropriate to introduce an electric energy density uz given by 

Uz = 4€,K-E (4-65) 
and to regard the energy stored in a charge distribution as residing in the 
electric field itself. From one point of view, this association merely enables 
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easy bookkeeping regarding the energy required to assemble a charge distri- 
bution. From another point of view, however, we have endowed the field 
with another “real” property and have thereby attached further reality to the 
field itself. 


PROBLEMS 


P4-36. Two positive and two negative charges, all of the same magnitude 
q, are placed at the vertices of a square of side a. If the positive charges are 
on adjacent vertices, determine the work required to assemble the distribu- 
tion. 

P4-37. (a) Suppose two initially uncharged conductors are charged to Q 
and —Q, respectively, by moving small amounts of charge dq slowly from 
one to the other. Let the potential difference between the conductors when the 
charges have reached the values g and —q be V’(qg). Show that the work done 


Q 
to produce the final distribution is given by W = J V(q) dq. (b) Suppose the 
is) 


capacitance of the arrangement is independent of the charge. Show that 
W = Q?/2C. (c) Accepting the capacitance and the field given in P4-33, 
express W for a parallel plate capacitor in terms of the field within it and show 
that W = (energy density) x (volume between plates). 

P4-38. Starting with Eq. (4-60), show that the energy stored in a system 
of conductors, the ith one being at potential V, and carrying charge q,, is 
given by W= 4) @V;. 

P4-39. (a) By integrating the energy density of the electric field over all 
space, determine the energy required to distribute a total charge Q uniformly 
over the surface of a spherical shell of radius a. (b) Assuming that the charge 
on an electron is uniformly distributed over a spherical shell and further as- 
suming that the relativistic rest energy of the electron has an electromagnetic 
origin, estimate (suwmerically) the radius of the electron. 

P4-40. (a) Show that the energy of an arbitrary charge distribution 
described by a charge density p(r) is given by [ pV dv when the charge distri- 
bution is placed in an exrernal potential V. (b) Show that, when V corresponds 
to a uniform field E, this energy reduces to —p-E, where p is the dipole 
moment of the distribution (See P4-17.) 


4-6 
The Multipole Expansion of the 
Electrostatic Potential 


Exact evaluation of Eq. (4-50) is possible only for a very few charge 
distributions. Fortunately, we are very often interested in the potential only 
in regions remote from its source. In those regions, the potential is given ap- 
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proximately (but quite accurately) by the first contributing term in a binomial 
expansion, as we saw, for example, in our treatment of the electric dipole. If 
the subsequent terms in the binomial expansion are retained, a series expres- 
sing the potential as an infinite sum is obtained. As the observation point 
moves closer to the source distribution, more and more of these terms must 
be preserved in order to obtain an accurate approximation for the potential. 
This infinite sum for the potential is called the multipole expansion of the 
potential and the individual terms in the sum are the monopole, dipole, 
quadrupole, etc., contributions. The different terms are distinguished from 
one another in part by their dependence on the distance r from the source to 
the observation point; each term in the series has one more power of r in the 
denominator than its predecessor. Successive terms also have progressively 
more involved dependences on the angles specifying the direction of the 
observation point relative to the source. 

A more detailed development of the multipole expansion is based on a 
binomial expansion of the quantity 1/|r — r’|. Using the binomial theorem, 
we find that 
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A more convenient alternative expression of this expansion is obtained if the 
components of r and r’ are denoted by x,, X2, x; and x}, x4, x, rather than 
by x, y, z and x’, y’, z’. We then find from Eq. (4-66) that 
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The object now is to separate the primed and unprimed coordinates. Let the 
numerator in the third term be written as follows: 
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where the Kronecker delta, 6,,, is unity when i = j and zero when i 4 j. We 
thus find that 


FEE SU xxix) — 30°F] + (4-69) 
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and in each term the source coordinates are explicitly separated from the 
observation coordinates. 
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The multipole expansion for the potential is now obtained by substituting 
Eq. (4-69) into Eq. (4-50); writing each term separately, we find that 
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All integrals extend over the source distribution. For a given source, these 
integrals are constants characterizing the distribution; they do not depend on 
the observation point. 

Each of the integrals in Eq. (4-70) has a physical interpretation. The first, 
for example, is given by 


{ aq’ = 9 (4-71) 


where Q is the net charge in the distribution and the first term in Eq. (4-70) 
is the potential of a point charge. It is the most significant contribution to 
V(r) when r is very large. Comparison of the second term with Eq. (4-44) 
leads to the identification of a dipole moment 


i r' dq’ =p (4-72) 


characterizing an arbitrary charge distribution. If the total charge Q happens 
to be zero, the most significant contribution to the potential at large distances 
is the dipole contribution. The third term is the quadrupole contribution to 
the electrostatic potential and the nine numbers 


Or, = | [3xix) — d,fr'V1 da’ (4-73) 


are the elements of the guadrupole moment tensor, which is clearly symmetric, 
since Q,, necessarily equals Q,,. (Why?) For specific charge distributions, 
some elements may be zero and furthermore some components other than 
those that are necessarily equal may happen accidentally to be equal. Although 
Q, p, Q;;, and higher moments do not depend in any way on the observation 
point, they are moments of the charge distribution relative to a particular 
coordinate system and are not all necessarily invariant to changes in that co- 
ordinate system. (See P3-18.) Usually, however, a most natural coordinate 
system is apparent from the charge distribution and the selection of that 
specific coordinate system is left understood. 

In terms of the monopole, dipole, and quadrupole moments, the first three 
terms of the multipole expansion of the potential are 


A= er apes (4-74) 
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Every subsequent term in this expansion can also be written in terms of the 
coordinates of the observation point and a set of numbers determined solely 
by the charge distribution. We shall not carry the expansion beyond this point. 

A corresponding expansion for the electric field of an arbitrary charge 
distribution is most easily obtained by computing the gradient of Eq. (4-74). 


PROBLEMS 


P4-41. Consider a linear quadrupole consisting of a point charge of 
strength 2g at the origin and point charges of strength —gq at (0, 0, a) and 
(0, 0, —a). Show that the monopole and dipole moments of this distribution 
are zero, Calculate the elements of the quadrupole moment tensor, and write 
out the electrostatic potential as a function of the spherical polar coordinates 
of the observation point. Finally, calculate the field of this quadrupole by 
evaluating the gradient of the potential. Hint: Let the integrals become ap- 
propriate sums over the point charges in the quadrupole. 

P4-42. (a) Calculate the monopole, dipole, and quadrupole moments of 
the ring in Fig. P4-7, which carries a linear charge density given by A(d) = 
A,(1 + sin @). (b) Write out the first three terms in the multipole expansion 
of the electrostatic potential of this ring in terms of the spherical coordinates 
of the observation point. 

P4-43. A spherically symmetric charge distribution is described by a 
charge density that is a function only of the spherical radial coordinate. Show 
that the dipole and quadrupole moments of such a distribution are zero. 

P4-44. Consider a charge distribution that is invariant to rotation about 
the z axis. Such a distribution is described by a charge density p that depends 
only on the spherical coordinates r, 6: p = p(r, 8). (a) Obtain a two-dimen- 
sional integral giving the total charge in the distribution. (b) Show that the 
dipole moment of this distribution has only a z-component and obtain a 
two-dimensional integral for this component. (c) Show that the components 
of the electric quadrupole moment satisfy 0,, = Q., = Q23 = Q3. = Qs: 
= Q,, =0 and Q,, = Q.. = —4Q;;, and obtain an integral giving Q;. 
(d) Write out the electrostatic potential (through the quadrupole term), 
express the result in terms of the spherical coordinates of the observation 
point, and note the appearance of the Legendre polynomials. (See Table 
8-1] with x = cos @.) (e) The electron cloud in one of the excited states of the 
hydrogen atom is described by the charge density 


pr) = awa r2 e1/40 sin? 


where g is the magnitude of the electronic charge and a, is the Bohr radius. 
Calculate the monopole, dipole, and quadrupole moments for this state. 
Don’t be afraid of integral tables and don’t overlook the contributions of 
the nucleus. 
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P4-45. Consider a line distribution of charge lying along the z axis and 
carrying linear charge density A(z). Further, suppose A(z) = 0 except in some 
finite range of z near z = 0. Write an integral for the potential at an arbitrary 
point in space and then expand the integrand to show that 

v= & lcs) | (erpate’) de 
where the integral in each term can be interpreted as a multipole moment. 
Use spherical coordinates for the field point and note the generating function 
for the Legendre polynomials P,(t) in PB-5 in Appendix B. 

P4-46. As shown in P4-40(a), the energy W of a charge distribution p 
placed in an external potential V is given by W = { pV dv. Assuming V is 
established entirely by charges outside the region of integration, expand V in 
a (three-dimensional) Taylor series about the origin to show that 


W = QV) — p-EO) — 4 3 Oy 5 + 


where Q, p, and Q,, are the monopole, dipole, and en moments of 
the distribution. Hint: For the external field, V-E = 0 throughout the volume 
of integration. See J. D. Jackson, Classical Electrodynamics (John Wiley & 
Sons, Inc., New York, 1962), p. 101. 


Supplementary Problems 


P4-47. Let the electric field established at r by a point charge g at r’ be 
written as g&(r, r’). (a) Write an analytic expression for & and interpret & 
physically. (b) A charge q is located at r, + 4a and a charge —q is located at 
ry — 4a. Write a formal expression for the field of the resulting dipole in 
terms of & and, using a Taylor expansion about r,, show that 


Eaipoe(®) = (P- VEC, ro) 

where p = qa and V, acts on the components of r,. In effect the field of the 
dipole can be obtained as the derivative of the field of a monopole. (c) Sub- 
stitute the explicit analytic expression for & into the result of part (b) and 
derive an expression for the field of a dipole in terms of p,r, and ry. Note: A 
discussion of this property of the dipole field may be found, for example, in 
R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures on 
Physics (Addison-Wesley Publishing Company, Inc., Reading, Mass. 1964), 
Volume II, Section 6-4. 

p4-48. The hydrogen atom in its ground state consists of a positively 
charged (point) nucleus carrying charge g surrounded by a (spherically sym- 
metric) electron cloud described by the volume charge density 


— =e —2rflag 
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where the coordinate origin is taken at the nucleus and a, is the Bohr radius. 
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Use symmetry and Gauss’s law to find the electric field as a function of r. 
Don’t be afraid of integral tables. 

P4-49. A total charge Q is uniformly distributed throughout a sphere of 
radius a with its center at the origin. Let the (constant) charge density be p. 
(a) Use symmetry and Gauss’s law to determine the electric field at all points 
in space. Make sure the arguments supporting each step of the calculation 
are clearly presented. Do not overlook the region r < a. (b) Sketch a graph 
of the radial component of the field as a function of r. Sketch also the magni- 
tude of the field for a point charge of strength Q and compare the two fields. 
(c) Taking the reference point at infinity, calculate and sketch a graph of the 
electrostatic potential as a function of r. (d) Suppose a point charge of 
strength —Q and mass m7 is released from rest at a point inside the distribu- 
tion described in this problem. Ignoring collisions of this charge with the 
charges composing the distribution, describe its subsequent motion and 
determine its frequency of oscillation. Evaluate this frequency explicitly for 
CR ter 05 Cog, 0 5) 10s nmand 72 — 9. 102) ke andicom- 
pare the result with typical frequencies of light. The system described by these 
numerical values is a simplified version of the now-discarded “plum pudding” 
model of the hydrogen atom. 

P4-50. Consider a uniformly charged infinite plane sheet lying in the x-y 
plane. Set up Eq. (4-49) for the potential of this distribution and explain 
physically why this approach does not yield a useful evaluation of the poten- 
tial. Obtain and sketch a graph of the potential as a function of z by some 
alternative means. 

P4-51. Consider two infinite plane sheets, one lying in the plane z = 
and carrying a constant surface charge density o and the other lying in the 
plane z = d with surface charge density —o. Using the results in Eq. (4-13), 
sketch graphs of the z-component of the electric field established by each 
plane separately and by the combination. Then, taking the reference point at 
the point z = 0, determine the electrostatic potential and sketch a graph. 
Finally, show that, if d becomes vanishingly small and ¢ — co so that od 
remains constant, a macroscopic observer walking from one side of the ar- 
rangement to the other experiences a discontinuity in the potential but no 
discontinuity in the field. 

P4-52. Consider two dipoles, one of moment p at the origin and the other 
of moment p’ at R. (a) Show that the potential energy U of the dipole at R 
in the field of the dipole at the origin is given by 

yy — Pcp — 30R-p)(R-p’) 
4n€,R? 
Hint: Treat the second dipole as two closely spaced charges and use Eq. 
(4-44) to obtain the potential energy of each charge in the field of the dipole 
at the origin. (b) Examine the characteristics of this dipole-dipole interaction. 
For example, how does U depend on the relative orientation of the two di- 
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poles? Are there any configurations of static equilibrium ? If so, are they stable 
or unstable? What forces and torques exist on each dipole? Use a desk calcu- 
lator or computer if it seems appropriate. 

P4-53. By integrating the energy density in the field of two point charges, 
derive an expression for the potential energy of one charge in the field of the 
other. Hints: (1) Let the fields of each charge separately be E, and E,. The 
energy density is then related to 


(E; ae E,)-(E; SF E,) = E,-E, =F 2E,-E, - E,-E, 


Interpret the divergent integrals arising from the first and third terms as 
electron self-energies and look more closely at the second term, which gives 
rise to a convergent integral. (2) Let one charge be located at the origin and 
the other on the z axis, and use spherical coordinates. 

P4-54. Determine the force of attraction between the plates of a parallel 
plate capacitor (P4-16 and P4-33) in terms of the area A and the separation d 
of the plates and the applied potential AV. Hint: How much work 1s required 
to effect a small virtual displacement of one of the plates? Assume first that 
the charge on the plates remains constant during the virtual displacement but 
then show that the same force is found if the potential difference between the 
plates is assumed constant instead. Note: In the Kelvin absolute electrometer, 
a measurement of the force between the plates of a parallel plate capacitor is 
used to determine the potential difference between the plates. 

P4-55. A charged ring Is oriented as in Fig. P4-7 but carries a charge Q 
uniformly distributed over its circumference. (a) Show that the potential 
V(2, ¢, z) established by this ring at the point (2, ¢, z) in cylindrical coordi- 
nates is given by 


ie) _ ag! 
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which, as expected from the rotational invariance of the distribution, is 
independent of ¢. (b) Evaluate the integral analytically for a field point on the 
z axis, 7 = 0, showing that 


1 Q l 
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Then, using a desk calculator or computer to obtain the necessary points, 
plot a careful graph of ‘O(0, z) versus z/a. Optional: (1) Look up Simpson’s 
rule (or some other technique for numerical integration) in an available book 
on calculus or numerical analysis, write a computer program to evaluate 
U(x, z) numerically for values of 2/a and z/a supplied as input data, test the 
adequacy of your program by comparing what it produces for 2/a = 0 with 
the results of part (b), and then use your program to examine the behavior of 


UO, z) = 
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U(X, z) as a function of 2/a for representative, fixed values of z/a (including 
z/a = 0). (2) Sketch a few of the equipotential contours of this field. 

P4-56. Suppose that equations or integrals from which the x- and y-com- 
ponents of a particular electric field E in the x-y plane can be calculated are 
available. We can then trace the field lines as follows. Starting at some point 
(x1, yi), We move a distance d in the direction of the (calculable) field at (x,, 
y1). If dis not too large, the point (x2, y,) that we reach lies approximately on 


INPUT any parameters needed for calculating field 
INPUT XO (starting x coordinate); YO (starting 
y coordinate); D (step size) 


PRINT table headings 
PRINT XO, YO 
LET X1 = XO, Yl = YO 


CALCULATE El = E,(X1, Yl) and E2= E,(X1, Y1) 
CALCULATE E= V (El? + E2?) 


CALCULATE next point on field line: 
X2=X1+D * (E1/E); Y2= Y1 + D * (E2/E) 


PRINT X2, Y2 


LET X1 = X2, Yl = Y2 


Fig. P4-56. An algorithm for tracing electric field lines. 
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the field line through (x,, y,). But the coordinates of the two points are 
related by 

E(x1, 1) 
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E,(x1, ¥1) 
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where @ is the angle between the field at (x,, y;) and the x axis. (Why?) Once 
the first step has been made, we replace the starting point with the new point 
and repeat the calculation. The algorithm is summarized in Fig. P4-56; its 
output is a table of the coordinates of the points on the field line through the 
starting point. (a) Write a computer program to implement this algorithm on 
an available computer. (b) Test your program for the field produced by an 
array of a few point charges. You might, for example, generate points on 
several field lines and reproduce one or more of the plots in Figs. 4-4, 4-5, or 
4-8. Can you invent a procedure for assuring that the density of field lines 
conforms to the established convention? Note: This method has been dis- 
cussed, for example, by J. R. Merrill, Am. J. Phys. 39, 791 (1971). Optional: 
(1) Modify your program to plot field lines directly. (2) Modify your program 
to print only every Nth point so that small steps can be taken without generat- 
ing reams of output. (3) Develop a three-dimensional version. (4) Improve 
the algorithm by regarding each new point as a prediction of the correct 
value, using that prediction to obtain a better estimate of the average field in 
the region of the step, and finally using that better field to obtain improved 
values for the coordinates of the next point on the field line. (5) Modify your 
program so that it traces equipotentials rather than field lines. Hint: Since 
equipotentials are perpendicular to field lines, a new point on an equipotential 
is reached by “stepping” at right angles to the field line. 
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The Magnetic 
Induction Field 
Produced by 
Steady Currents 


Two apparently distinct sources of magnetic induction fields are 
known: permanent magnets and electric currents. A direct treatment of the 
field produced by permanent magnets involves introducing the concept of a 
point magnetic pole, realized physically by one end of a long slender bar 
magnet whose second end has a negligible effect in the region near the first 
end. Two types of poles—plus and minus—can be identified; the interactions 
between these poles can be expressed by a law similar to Coulomb’s law; the 
magnetic induction field is defined as the force on a unit positive test pole; 
the principle of superposition can be applied to obtain expressions for the 
magnetic induction field established by a distribution of magnetic poles in 
space; and a magnetic scalar potential, whose gradient gives the negative of 
the magnetic induction field, can be introduced. Approached this way, the 
magnetic induction field of permanent magnets has a description very similar 
to that of the electric field of fixed charges. 

This approach to permanent magnetism, however, has at least three 
disadvantages. First, there are experimental difficulties in isolating individual 
magnetic poles. Even if the second end of the slender bar magnet is far away, 
the two ends are still intimately related, for the remote end cannot simply 
be broken off and discarded. Experimentally, a magnet broken in two pro- 
duces two magnets, each with the usual positive pole at one end and negative 
pole at the other end. In effect, magnetic dipoles exist in nature, and conse- 
quently all higher magnetic multipoles can be found, but the magnetic 
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monopole seems not to exist. Second, the pole formalism is simple only for 
determining the fields in the region outside of permanent magnets. Finally, the 
pole formalism cannot be easily extended to include the magnetic induction 
fields produced by electric currents. 

That electric currents give rise to magnetic induction fields is a compara- 
tively recent discovery (Oersted, c. 1820). Since Oersted’s time, it has been 
found that all magnetic induction fields, including those of permanent mag- 
nets, can be traced to currents, and we therefore adopt the more general 
approach in which currents are viewed as the primary source of magnetic 
induction fields. In this chapter, we shall explore the relationships between 
steady (i.e., time-independent) currents and the resulting static magnetic 
induction fields, paralleling the development as closely as possible after that 
of the static electric field in Chapter 4. The fields produced by time-dependent 
currents will be treated in Chapter 6. 


5-1 
The Law of Biot-Savart 


The starting point for relating the static magnetic induction field to 
its sources is the law for the force per unit length between two parallel cur- 
ent-carrying wires (Section 1-4). In essence, we seek to reformulate this law 
so that the result gives the force of interaction between two short segments 
or elements of the wires. Unfortunately, two such elements cannot be isolated 
physically without destroying the current in the circuits. Thus, the forces of 
interaction between two isolated current elements cannot be examined exper- 
imentally. The best that we can do is postulate a law for that elementary 
interaction, choosing a form that (hopefully) gives experimentally verifiable 
results when it is integrated over all the elements making up a physically con- 
structible circuit. Let us therefore suppose that there exists between two small 
parallel elements—one in each of two wires—a force given in magnitude by 


dpe Oa iG (5-1) 
Cee 
where K is a constant and the other symbols are defined in Fig. 5-1. To show 
that this assumed elementary force gives the correct value for the force per 
unit Jength between two parallel wires, we integrate Eq. (5-1) over the 
“primed” wire, obtaining 
fone ! = sin 6 t sg 
p= Se iC 72 dé (5-2) 
for the force per unit length on the “unprimed” wire. From the geometry of 
Fig. 5-1, we find that r’’ = ,/s? + (€ — ¢’)? and that sin @ = s/r’’, and Eq. 
(5-2) then becomes 
ip = aes | de’ sill 


pe He — tye = (5-3) 
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Fig. 5-1. Coordinates and vectors 
used in expressing the magnetic force 
between two parallel wires. 


which is in agreement with Eq. (1-7) provided we set K = 4k,. In particular, 
in mks units, we set K = y,/4z and Eq. (5-1) for the assumed interaction 
between current elements becomes 

dF = G8 a Ce, aie ) sin 0 (5-4) 

We now press our assumed reformulation of Eq. (1-7) still further by 
writing Eq. (5-4) in a vector form, thereby including the direction of the force 
of interaction. The presence of the factor sin @ in Eq. (5-4) suggests intro- 
ducing the cross product 

Tae xy —-) der sin on (5-5) 
where fi is a unit vector directed into the page in Fig. 5-1. In addition, the 
force between the two elements in Fig. 5-1 is an attractive force if both cur- 
rents are positive, and the cross product J d@ x fi then has the proper direc- 
tion for the force dF on the element J dé. We are thus led to assume the vector 
form 
Mol dé x (I' dé’ Xr") 
4n pS 
for Eq. (5-4). Because fi and dé are perpendicular, the right-hand side of Eq. 
(5-6) has the correct magnitude; by its construction, it also has the correct 
direction. 

At this point, we are confident only that Eq. (5-6) gives the correct force 
between two infinite parallel wires. We cannot even be confident that Eq. 
(5-6) is the only vector expression that reduces correctly in that special case. 
Further, because of the experimental impossibility of isolating individual 
current elements, we cannot subject Eq. (5-6) for the force between current 
elements to the sort of direct experimental test that can be given to Coulomb’s 
law for the force between charge elements. Nonetheless, we now adopt Eq. 
(5-6) for the force of interaction between two current elements arbitrarily 
positioned and arbitrarily oriented in space, fully realizing (1) that this law 
has been postulated and (2) that its experimental support is found by exam- 


dF = (5-6) 
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Fig. 5-2. Coordinates and vectors 
| used in expressing the magnetic 
force between two arbitrary current 
dl loops. 

ining how satisfactorily its integral predicts the forces between physical cir- 
cuits. 

An expression for determining the magnetic induction field from knowl- 
edge of its sources emerges if we integrate Eq. (5-6) over a portion I’ of the 
unprimed circuit in Fig. 5-2 and over the entire primed circuit. We then find 
that the force F on I is given by 


F=| rat x (Me f Pat G2) | (5-7) 


Pe, 


where r” has been replaced by its equivalent r — r’ (Fig. 5-2). Comparison 
of Eq. (5-7) with Eq. (3-25) now leads us to interpret the primed circuit as the 
source of a magnetic induction field given by 


I'd’ xa—r') 
B(r) eee) s 
Although it is very much an abstraction, it is convenient at times to suppose 
that the differential element /’ d@’ at r’ makes a differential contribution 


fig! dh Ge) 


dB = 
P 4n jr —r'[> 


(5-9) 
to the field at r. Equivalently, when the currents in a distribution not guided 
by wires are steady (i.e., when V-J = 0 [Eq. (2-47)], which implies that the 
lines of J close on themselves [Section 2-3], which in turn implies that the 
current distribution can be regarded as a superposition of current loops), 
then Eqs. (5-8) and (5-9) can be written in terms of current densities by mak- 
ing the replacement I’ d@’ —> J(r’) dv’ (P2-7). Thus, we obtain from Eq.(5-8), 
for example, that the magnetic induction established by a steady current 
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distribution having current density J(r) is given by 

Bir) = 42 | He a (5-10) 
where, as usual, r and r’ represent the field and source points, respectively. 
Equations (5-8)-(5-10) are all forms of the Biot-Savart law, which not only 
determines the magnetic induction field of given steady sources but also re- 
lates the field to the sources even when neither is known explicitly. Equation 
(5-10) should be compared with the expression for the electric field obtained 
by setting dq’ = p(r’) dv’ in Eq. (4-7). Equation (5-10) is more complicated 
because the sources of the magnetic induction field (currents) are vectors, 
while the sources of the electric field (charges) are scalars. 


Fig. 5-3. The magnetic induction 
field of a long, straight, current- 
carrying wire: (a) a convenient 
choice of coordinates and (b) the 
field lines in a plane perpendicular to 
the wire. In part (b), the current 
comes out of the page at the origin. (b) 
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We shall illustrate the Biot-Savart law by calculating the magnetic induc- 
tion of a long straight wire carrying a current 7’ along the z axis toward 
z= -+oo [Fig. 5-3(a)]. In cylindrical coordinates, we have that 


A 


r=2i4+zk or =Z’k dé! =dz'k 
(eet =a) det ok 
fer |= [ne + @ — 2)" 
Vd x@—r')=l'ndz'd 
Substitution of these quantities into Eq. (5-8) then gives 


z Vn dz’ ilo 
Bo= Fe] aeee ep = on ae 


Thus, the magnetic induction of a long wire is directed everywhere in the 
b direction, i.e., in circles centered on the wire, and varies in magnitude 
inversely as the distance of the observation point from the wire. The field 
lines for this field are shown in Fig. 5-3(b). Equation (5-11), of course, includes 
the right-hand rule: If the thumb of the right hand points in the direction of 
the current and the palm faces the wire, the fingers curl around the current 
in the direction of the field. 

The field lines established by a few other selected sources are shown in 
Fig. 5-4. The primary data for plotting these fields were obtained by numerical 
integration of the Biot-Savart law (P5-31). 


Fig. 5-4. (Shown on the following 2 pages.) The magnetic induction 
field produced by several selected current distributions. Each dis- 
tribution consists of one or more circu/ar current loops, all carrying 
currents of the same strength. The plane of each loop is perpen- 
dicular to the page and intersects the page in the dashed line; the 
current in each loop goes into the page at the point marked x and 
comes out of the page at the point marked -. Part (a) shows the 
field of a single loop (magnetic dipole) and should be compared 
with the field of an electric dipole shown in Fig. 4-5. In regions 
remote from the dipole the two fields are very similar; marked 
differences are apparent in regions near to and “inside of” the 
dipoles. Part (b) shows the field of a Helmholtz coil, in which the 
separation of the two constituent current loops is equal to the radius 
of the loops (P5-4). Part (c) shows the field of a magnetic quadrupole 
(two parallel loops with opposite currents) and part (d) shows the 
field of two loops with parallel axes but lying in the same plane. 
The dashed field line in part (d) is included to show more detail 
of the field in the region between the loops but should be omitted 
when assessing the field strength from the spacing of the field lines. 
In all cases, field lines in the immediate vicinity of each wire are not 
shown because of their closeness to one another. 


Je. 
GO 
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PROBLEMS 


P5-1. Describe a charge distribution having zero charge density but 
nonzero current density, thereby showing how it is possible for magnetic 
induction fields to exist in the absence of electric fields. 

P5-2. A rigid object within which the charge density is nonzero moves with 
velocity v but does not rotate. Show that the magnetic induction B and the 
electric field E established by this distribution are related by B = pwyé€,¥ X E 
Hint: Use Eq. (5-10) and note that J = pv. (Strictly, this result is valid only 
if v < speed of light.) 

P5-3. A rectangular loop carrying current /’ is placed near a long straight 
wire lying in the plane of the loop and carrying current J (Fig. P5-3). Find 
the net force on the loop. Is the loop attracted to or repelled from the straight 
wire? 


Figure P5-3 


P5-4. (a) A circular current loop of radius a lies in the x-y plane with its 
center at the origin. Using the Biot-Savart law, show that the magnetic induc- 
tion at a point on the z axis is given by 

B(O, 0, z) =a = (22 + ay 
where m is the magnetic dipole moment of the loop [Eq. (3-35)]. Obtain a 
careful graph of B,/B, versus z/a, where By is the field at z = 0. (b) The 
configuration known as a Helmholtz coil consists of two identical loops of 
radius a located with their centers on the z axis and with their planes in the 
planes z = —4aand z = 4a, each carrying the same current (magnitude and 
direction). Find an expression for the field produced on the z axis by such an 
arrangement; plot a careful graph of B,/B, versus z/a, where By is the field 
at z = 0; and determine how far from the origin one can go along the z ax1S 
before the field has fallen to 90°% of its value at the origin. (c) Compare the 
two graphs and comment on the differences. Hints: (1) The contribution of 
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each loop in part (b) can be obtained by a simple transformation of the result 
in part (a). (2) Use a desk calculator or a computer. 

P5-5. The circulation of an electron in an atomic orbit constitutes a cur- 
rent loop. If the orbit has radius a and the electron (charge —q,) circulates 
with speed v, determine the resulting current, find the magnetic dipole mo- 
ment [Eq. (3-35)] of the orbiting electron, and find the magnetic induction 
field at the center of the orbit. Using values for the hydrogen atom, estimate 
the electron magnetic moment and the field at the nucleus numerically. Hint: 
Use the result of P5-4(a). Part of the hyperfine interaction between a nucleus 
and its orbital electrons is mediated by this magnetic induction field. 

P5-6. A circular current loop of radius a lies in the x-y plane with its 
center at the origin and carries a current 7’ counterclockwise as viewed from 
a point on the positive z axis. (a) Starting with the Biot-Savart law, show 
that 

_ pol'a (" zcosd'i+ (a — xcos ¢’)k , 
ee = De I | ate “ Spee = ae on ae 


where ¢’ is the angle between the x axis and a point on the loop. (b) Verify 
that this result reduces correctly to the result in P5-4 when x = 0. (c) Expand 
the integrand in powers of a/r, where r2 = x2 + z?, and show that, when the 
observation point is remote from the loop, 


_ _Ho “PP — 
1108) = Farm ff — m] 
where m is the magnetic dipole moment [Eq. (3-35)] of the current loop and 
f is a unit vector directed toward the point of observation from the center 
of the loop. Hint: Let 6 be the angle between the z axis and the direction of 
observation. Then z =r cos @ and x =r sin@. 


5-2 
The Magnetic Flux Law 


Just as Coulomb’s law gave rise to Gauss’s law and the restricted 
Faraday law for static electric fields, the Biot-Savart law gives rise to the 
magnetic flux law and Ampere’s circuital law for static magnetic induction 
fields. Statement of the flux law, which is the topic of this section, involves 
the concept of the flux ®,, of the magnetic induction across a surface ¥, 
where, by definition, 


— B . - 
o,, { _B-dS (212) 
Statements similar to those made following Eq. (4-14) apply also to Ban(5-12), 


The mks unit of magnetic flux is the weber (Wb), and the older name—Wb/m?2 
—for the mks unit of B is thus consistent with Eq. (5-12), 
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Seeking a statement analogous to Gauss’s law, we shall now examine the 
flux of a static magnetic induction out of an arbitrary closed surface. Using 
the divergence theorem, we can write this flux as a volume integral, i.e., 


} B-dS— [ V-Bdv (5-13) 


where V is the volume bounded by Y. With B given by Eq. (5-10), however, 
V-Bcan be evaluated ; we find that 


.B— Lov. Bi ae 
V-B=?V faeyx 2 dv 


= 


= —#2 | J(r)- Peer « 


= #2 | 30) |V x v7 =| dv’ (5-14) 


where the second equation is obtained from the first by (1) reversing the order 
of differentiation with respect to the components of r and integration on the 
components of r’ and (2) applying Eq. (C-12), and the third equation is 
obtained from the second by using Eq. (4-45). Since, however, the curl of any 
gradient is zero [Eq. (C-17)], we find from Eq. (5-14) that 


V-B=0 (5-15) 


and then from Eq. (5-13) that 
p B-dS =0 (5-16) 
oe 


where & is arbitrary. Equations (5-15) and (5-16) are equivalent (P5-8); they 
state the magnetic flux law in differential and integral form, respectively. 
When B is static, this law is a direct consequence of the Biot-Savart law. In 
fact, the flux law carries over to nonstatic fields without change of form. 
That extension, however, can be made only on the basis of experimental 
observations beyond those supporting the Biot-Savart law. In that extension, 
therefore, the magnetic flux law becomes something more than a mere re- 
statement of a portion of the Biot-Savart law. A: fuller treatment of time- 
dependent fields is postponed until Chapter 6. 

Equation (5-16) can be given an illuminating physical interpretation. 
The electric analog of Eq. (5-16) is Gauss’s law, 


| Eds = 2 | pd (5-17) 
y Eo Vv 


That is, the net flux of E out of a closed surface is proportional to the sum of 
all the point electric charges inside the surface. To date, however, no one has 
succeeded in isolating a corresponding magnetic point charge. If we were 
not aware of electric charge, we would put a zero on the right-hand side of 
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Eq. (5-17). Since in effect we are not aware of magnetic charge, we put a 
zero on the right-hand side of the magnetic analog of Eq. (5-17), 1.e., of Eq. 
(5-16). Thus, Eq. (5-16) can be viewed as a mathematical statement that mag- 
netic monopoles are not needed to account for any known experimental 
results. Equivalently, Eq. (5-15) requires the lines of the magnetic induction to 
close on themselves (Section 2-3), starting or stopping of these lines occurring 
only on (the unneeded) magnetic charges. Should someone someday success- 
fully isolate a magnetic charge, Eqs. (5-15) and (5-16) would require modifica- 
tion to incorporate these new results. 


PROBLEMS 


P5-7. Calculate the flux of the magnetic induction produced by the long 
straight wire across the plane surface bounded by the rectangular loop in 
Fig. P5-3. 

P5-8. Show that Eq. (5-15) can be derived from Eq. (5-16) and vice versa, 
thus verifying the equivalence of these two expressions. Hint: To obtain Eq. 
(5-15) from Eq. (5-16), let 2 become small and apply Eq. (2-25). 


5-3 
Ampere’s Circuital Law 


The second basic magnetostatic law that follows as a consequence 
of the Biot-Savart law involves the line integral of the magnetic induction 
field about an arbitrary closed path I. Using Stokes’ theorem, we can write 
this line integral as a surface integral, i.e, 


$ B-dé = {.v x B-dS (5-18) 


where I’ bounds the (open) surface 2. With B given by Eq. (5-10), however, 
V x Bcan be evaluated; we find that 


Vx B= Bev x { aer) x a2) a 


[Peele 
= — 0 | 3@’) (i ; rr) dv’ 
+ #2 | 90°). Vv] -—4 at dv! (5-19) 


where V has been taken under the integral sign, the resulting triple product 
has been expanded using Eq. (C-16), and finally the operator V, which at this 
point acts only on functions of the combination r — r’, has been replaced by 
the operator —V’, where V’ differentiates with respect to the components 
of r’. Next, we use Eq. (C-26) to rewrite the second integral in Eq. (5-19), 
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finding that 


fe 
[ieee a 


Lu ' 
ser 4 ae): -dS (5-20) 


Here the third integral extends over the surface bounding the region in which 
J(r’) differs from zero. On this surface, however, J(r’)-dS’—essentially the 
normal component of J(r’)—is necessarily zero, for otherwise current would 
be flowing out of the region. Thus, the third integral in Eq. (5-20) has the 
value zero.' But for the steady currents to which the Biot-Savart law applies, 
V-J is also zero [Eq. (2-47)] and the second integral in Eq. (5-20) makes no 
contribution. Finally, differentiation shows that V’-[(r — r’)/Ir — r’|3}] = 0 
except whenr’ = r. Thus, the remaining integral in Eq. (5-20) can be reduced 
to an integral over a small volume AV’ surrounding the point r, i.e., 


V’- I(r’) do’ 


ox pa J(e)(V «aE ) a! 5-21 
4) ae OW [RFP aoe 
Now if we choose AV" sufficiently small that J(r’) varies insignificantly 
throughout AV’, then J(r’) can be evaluated at the central point r and taken 
outside the integral. The remaining integral can then be rewritten as a surface 
integral by using the divergence theorem; we find that 
sell he : 
a ie) Ea ds (5-22) 
where J(r) has been written simply J and the minus sign in front of Eq. (5-21) 
has been absorbed by reversing the terms in the numerator of the integrand. 
Now, the replacements r’ — r, r — r,, dS’ — dS in Eq. (5-22) convert the 
integral into the integral evaluated at Eq. (2-37). Since r lies inside the surface 
of integration, the integral in Eq. (5-22) has the value 4z and we finally find 
that 
Veo B— 7,J (5-23) 


and then from Eq. (5-18) that 
b B-dé = Ho | J-dS (5-24) 
Ie 2 


where the surface & is avy surface bounded by the curve I’, T is arbitrary, and 
the usual right-hand rule relates the direction in which I is traversed to the 
direction assigned to dS. Equations (5-23) and (5-24) are equivalent (Why? 


1In fact, some current distributions extending to infinity can be permitted without 
changing this conclusion. In particular, currents such as those carried from minus infinity 
to plus infinity by infinitely long wires are allowed. See P5-9. 
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Compare P5-8); they state Ampere’s circuital law in differential and integral 
form, respectively. In words, Eq. (5-24) states that the line integral of B 
about a closed path is equal to yy times the current flowing across any surface 
bounded by that path. In contrast to the magnetic flux law, Ampere’s circuital 
law is valid only for static magnetic induction fields. We shall develop the 
necessary modifications in Chapter 6, noting now only that this later general- 
ization of Ampere’s law rests on additional experimental observations and 
is therefore more than merely a consequence of the Biot-Savart law. 

As an example of the application of both the circuital law and the flux 
law, we shall evaluate the magnetic induction established by an infinitely 
long, cylindrical wire of radius a having its axis coincident with the z axis 
and carrying a total current J uniformly distributed over its cross section 
with current density (I/na2)k (Fig. 5-5). As with the line charge treated in 
Section 4-2, we here apply symmetry to simplify the most general field at 
the point r, viz., 


Br) = By(2, 6, z)% + B,(2, o, 26 + BAr, 6, z)k (25) 


in cylindrical coordinates. The present distribution shares invariance to rota- 
tion about the z axis and invariance to translation along the z axis with the 
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Fig. 5-5. Surfaces and paths for the severai integrals involved in 
determining the magnetic induction field of a long straight wire of 
non-zero radius. 
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line charge, and the three components in Eq. (5-25) must therefore be inde- 
pendent of ¢ and z. But the current distribution is not invariant to reflection 
in the x-y plane, so the remaining conclusions concerning the symmetries 
of the field of a line charge do not apply to the current. Symmetry supports 
the reduction 

B(r) = Br(r)% + Br)$ + B.r)k (5-26) 
which is applicable whether 1 <a or 2 > a, but (as presented here) goes no 
further. Additional information about these components, however, can be 
obtained by applying the two basic laws to suitable surfaces or curves. Apply 
the flux law, for example, to the surface bounded by a cylinder of radius 2 
and height /: and two planes, as shown in Fig. 5-5. Only B, contributes to 
the flux across the upper and lower plane surfaces, but B, is independent 
of z and the flux entering at the lower surface is therefore exactly equal to the 
flux leaving at the upper surface; the two surfaces together make no net 
contribution to § BedS. The cylindrical portion of the surface, however, 
contributes an amount 272/B,(2), since the component of B normal to the 
cylindrical surface is everywhere B, and By has the same value at every point 
on the surface. Thus, 


$ B-dS = 220hB,(2) 62) 


for this surface. Since the flux law requires ¢ B-dS = 0, we conclude that 
B, = 0 and hence that 

B(r) = B,(2)6 + B.(2)k (5-28) 
Now, apply the circuital law to a path coming in along the x axis to x = 2, 
going up parallel to the z axis to x = 2, z = d, and then returning to infinity 
along the line z = d in the x-z plane. Finally, regard the path to be closed 
at infinity. No current crosses the surface bounded by this path, even if the 
path extends to a point inside the wire. Thus, the circuital law requires that 
§ B-dé = 0. Assuming that |B|— 0 at large distances from the wire? and 
taking B as in Eq. (5-28), we determine for this path that 


p B-dé — B(x) d (5-29) 


which will be zero only if B, = 0. Thus, B is finally reduced to 
Br) = B,(2)6 (5-30) 


To determine B, more explicitly, we apply the circuital law again, this time 
to a circle of radius 2 lying in the x-y plane with its center at the origin. On 


2This statement follows from the Biot-Savart law, but it also is part of our general 
expectation about the relationship between any field and its source, namely that the effect 
of a (localized) source must become less strong as the observation point becomes more 
remote, The difficulty in applying this general expectation to specific cases lies in deciding 
whether a specific source is sufficiently localized. For the infinite wire in the present con- 
text, this assumption proves to be realistic. It would not apply to the electric field of a 
two-dimensionally infinite sheet [Eq. (4-13)). 
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this circle d@ — » d@ $ and, with attention to the proper relationship between 
the direction of traversal of the path and the direction assigned the surface, 
dS = ' dv' do’ kK. Thus, for this path, 
an A A 
$ B-dé = i BAr)b-v db & = 2nrBr) (5-31) 
0 
and 


ny 2 
v an 1(=) ba 
[sas= | »! av’ | dp’ = a (5-32) 
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A graph of B,(2) versus 2, plotted in the dimensionless form By|(uol/27a) 
versus 2/a, is shown in Fig. 5-6. Note that this result in the region outside 
the wire is identical with Eq. (5-11) for a wire of zero radius. 


and the circuital law gives 


(5-33) 


1.0 


Falls off as 
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Fig. 5-6. Bg versus » for the magnetic induction field of a long 
straight wire of non-zero radius. 


PROBLEMS 


P5-9. Let the source distribution for Eq. (5-20) be an infinitely long 
straight wire carrying current J along the z axis from z = —oo toz = +00, 
Regard the surface integral in Eq. (5-20) to extend over a cylindrical surface 
of finite length surrounding the wire and then let the ends of the cylinder 


recede to --co. Show that the surface integral approaches the value zero in 
that limit. 
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P5-10. A coaxial cable consists of a center wire of radius a and a coaxial 
cylindrical shell of radius b, b > a. Suppose that the center wire of a long 
straight coaxial cable carries a current J along the z axis toward z = +00 
and that the shell carries the same current in the opposite direction. Assuming 
that the current in the wire is uniformly distributed over the wire, find the 
magnetic induction field as a function of distance 2 from the axis of the cable 
and draw a graph of the azimuthal component of the field versus 2. 

P5-11. A simple solenoid is made by winding a wire many times around 
a (nonmagnetic) cylindrical core, the resulting coil looking like a very tight 
coil spring. Consider an (idealized) infinitely long solenoid of circular cross 
section (radius a) wound with 7 turns of wire per unit length, the wire carrying 
current /. Let the coil be wound tightly enough so that effects arising from 
the pitch of the windings can be ignored. (a) Use the flux law and symmetry 
to show that the resulting field has no (cylindrical) radial component. (b) Use 
the circuital law and symmetry to show that the resulting field has no azimu- 
thal component. (c) Use the circuital law to show that the axial component 
of the resulting field is zero outside and son/ inside the solenoid and argue 
that the field is uniform across the cross section of the solenoid. (d) From the 
sign conventions built into the basic laws, verify the right-hand rule relating 
the direction of the current around the solenoid to the direction of the field. 
(Fingers around the solenoid in the direction of the current; thumb in the 
direction of the field.) 

P5-12. A solenoid (P5-11) of finite length and radius a is wound with a 
total of N turns of a wire carrying current / and is then bent so that its two 
ends meet, forming a toroid (doughnut) with central radius b, b > a. Let 
the axis of the toroid coincide with the z axis and let its median plane lie in 
the x-y plane. Show that the magnetic induction inside the toroid is given 
by — (uN1/2n2)b and show that the flux ®,, of this field across the plane 
surface bounded by a single turn of the coil is given by 


_ KoNla Palace 
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Optional: Use numerical integration (e.g., Simpson’s rule) on a computer to 
explore ®,, as a function of b/a. 


5-4 

The Magnetic Vector Potential 

An expression for a magnetic analog of the electrostatic potential 
can be derived by applying an argument similar to that following Eq. (4-45) 
to the Biot-Savart law. Substituting the identity, Eq. (4-45), into Eq. (5-8), 
for example, we obtain 


Br) = He #2 6 (V7) x I de’ (5-34) 
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Since I’ dé’ does not depend onr, however, it is constant in so far as the deriv- 
atives in V are concerned. Using Eq. (C-8) with ® = 1/|r —r’|and Q=J' dé’, 
we can therefore write the integrand in Eq. (5-34) as V x (®Q). Finally, since 
V does not act on the variables of integration, we can interchange the order 
of differentiation and integration to find that 


B(r) — V x (us a i) (5-35) 


A similar argument applied to Eq. (5-10) gives 
B(r) = V x ie | ey 2 ao’ (5-36) 


for a source distribution described by the current density J(r). From either 
form, we infer that the magnetic induction field can be derived from the curl 
of another vector field, 

BaVxXA (5-37) 
where A is called the (magnetic) vector potential. From Eqs. (5-35) and (5-36), 
however, we can conclude only that 


A) = #2 ey aes = + WO) (5-38) 
= Lo Jr’ ) eeu is 


where W(r) is an arbitrary vector field satisfying V x W = O0—a restriction 
that is considerably less severe than the corresponding restriction on the func- 
tion y in Eq. (4-47). Since any field with zero curl can always be expressed 
as a gradient [item (3) in Section 2-5], the condition V x W = 0 will be 
satisfied if (and only if) W = VA but imposes no constraint on the scalar 
field 2. Thus Eqs. (5-35)-(5-37) together define A no more explicitly than the 
equations 


AG) = #2 iS ae = + VAC) - (5-40) 
_— Ho J(r’) tia 
es se fe, Dd’ + VA) (5-41) 


where A is arbitrary; whatever the value of A, V x A will give the correct 
B-field. Equations (5-40) and (5-41) not only provide for a calculation of A 
directly from known sources but also express a relationship between (a static) 
A and its sources even when the sources are not explicitly known. Equation 
(5-41) should be compared with the electrostatic analog, Eq. (4-50). 


3The existence of A might also have been inferred from the flux law, V-B = 0, by 
applying the theorem in item (4) of Section 2-5. Since the flux law is valid for time-dependent 
fields, this route to Eq. (5-37) demonstrates the existence of A more generally than the route 
adopted above. It does not, however, provide an expression for calculating A directly from 
its sources. 
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In consequence of Eqs. (5-40) and (5-41), the difference between two equiv- 
alent vector potentials A, and A,, distinguished by the choices 2, and 4, for 
A, is given by 


hy =a, = IG, — Ap) aA eM (5-42) 


where A = A, — 4, is arbitrary, since 2, and 1, are themselves independently 
arbitrary. This transformation from one vector potential to a second equiv- 
alent vector potential is called a gauge transformation, and the fact that addi- 
tion of an arbitrary gradient to the vector potential does not change the 
corresponding B-field is referred to as the gauge invariance of B; each vector 
potential by itself is said to be in a (particular) gauge. Now the vector poten- 
tial can be chosen not only so that B= V x A but also so that V-A has any 
chosen value whatever. We prove this property by noting first that Eq. (5-42) 
gives 

V-A, =V-A, + VA (5-43) 


Thus if we have a vector potential A, in hand and V-A, does not have the 
desired value, we first find A by solving 


WA =—V-A, +d (5-44) 


where d = d(r) is the desired divergence, and then find an equivalent vector 
potential A, from Eq. (5-42). By its construction, A, will then have the de- 
sired divergence. In summary, gauge invariance of B corresponds to the 
freedom to select V-A arbitrarily. When treating static fields, V- Ais common- 
ly set equal to zero; we shall later see that other choices are more suitable 
for time-dependent fields. 

A differential equation relating A and J when both are static can be 
obtained by substituting Eq. (5-37) into Eq. (5-23) and then using Eq. (C-19); 
we find that 


VO A VIVA) VA = pd (5-45) 


Thus, choosing the so-called Coulomb gauge, in which V-A = 0, we find 
finally that 
V7A = —fJd (5-46) 


which should be compared to the electrostatic analog, Eq. (4-51). 

The interrelationships we have now developed among the current density, 
the magnetic induction, and the vector potential are summarized in Table 
5-1. The entries in this table should be compared with those in Table 4-1. 

To illustrate the application of some of the relationships developed in 
this section, we shall calculate the magnetic induction produced by an arbi- 
trary current loop at a point remote from the loop. We first evaluate the vec- 
tor potential, which we take to be given by Eq. (5-40) with 4 = 0. When |r| 
=r>|r’|=~/" for all r’ within the region of integration (i.e., far from the 
loop), we can expand the denominator in powers of r’/r and keep only the 
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TABLE 5-1 Interrelationships Among Steady J and Static Band A 


Find 
Given J B A 


Jr’) Xr —r’) alee J(r’) 
J = fo [Mey x ee) see se dy’ ca 
B xv xB = See P5-30 
0 
A pail ya ke Voc A = 
Ho 


aprovided A is in Coulomb gauge, for which V-A = 0. 


first two terms; we find that 
= Hol’ '. Ho 
Se | Ree 


where we have recognized that d@’ in Eq. (5-40) in fact stands for an increment 
in r’, which can equally well be denoted by dr’. Now # dr’ is a vector from 
the start of the path to the end and is zero for a closed path. Thus, only the 
second term in Eq. (5-47) contributes. This term can be evaluated by applying 
Eq. (C-20) followed by Eq. (C-15) with all derivatives acting on the primed 
variables and r being a constant; we find that 


§ (r-1') dr’ = i dS! x Vi(r-r’) 


(5-47) 


=| as’ xr (5-48) 


the last form following because (r-V’)r’ = r and V’ x r’ = 0. Substituting 
Eq. (5-48) into the second term of Eq. (5-47) and omitting the (vanishing) 
first term, we have that 


_ _Ho , , _ #omM xr : 
f([ as) xr em (5-49) 


where m is the dipole moment of the current loop, which has already appeared 
in a different context in Eq. (3-35). Direct evaluation of V x A then gives 


= 7 Bam-f)t — ml] (5-50) 


- aS [2 cos 6? + sin 66] (Ga) 


the second form applying in spherical coordinates when m = mk (Pa=19)) 
The far field of a magnetic dipole thus has exactly the same form as the far 
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field of an electric dipole [compare Eqs. (5-50) and (5-51) with Eqs. (4-10) 
and (4-11)], but the similarity does not extend to the near fields. 

Although the vector potential A is important to many theoretical develop- 
ments, it is less useful in practical problems than the scalar potential V. 
Part of the utility of V, for example, arises because the electrostatic field E 
is often easily determined by first evaluating V from a scalar integral (Eah 
(4-49)] over known sources and then evaluating E = —VV. The correspond- 
ing procedure for determining the magnetostatic field B—namely evaluate 
A from a vector integral [Eq. (5-40) or (5-41)] over known sources and then 
evaluate B= V x A—is only occasionally easier than determining B direct- 
ly from the Biot-Savart law. Not only is the curl of a vector more difficult 
to evaluate than the gradient of a scalar, but the integrals for A are often 
more difficult than those for V, particularly because A must be known over 
a broader region of space than V. To be more specific, if we seek only 
E0,0,z), then it is sufficient to know V(0,0,z) in order to obtain 
EO, 0, z) = —dV(0, 0, z)/dz. If, however, we seek B,(0,0,z) we must 
know A,(x, y,z) and A,(x, y, z), for only then can we calculate (V x A), 
= 0A,/dx — 0A,/dy correctly at the point (0,0,z). Said another way, 
symmetries constraining E can be exploited to yield a useful V, but symme- 
tries constraining B cannot be so easily exploited to yield a useful A. 

A second part of the utility of V arises because its physical interpretation 
is very immediate and hence intuitive: gV gives the energy of a charge q in 
the field V; 4 | pV dv gives the energy required to assemble the distribution 
p that is the source of V. Although A has physical interpretations—it plays 
a role in determining the energy required to establish a current distribution; 
A and also V have effects on the phase of quantum wave functions—these 
interpretations are less immediate and less intuitive than those of V. It is 
therefore natural to think of Vas a “real” field—whatever that means—and 
to think of A more as a mathematical tool, even though such a classification 
in fact misrepresents particularly the quantum significance of A.* 


PROBLEMS 


P5-13. A portion of a circuit carrying current J lies along the z axis in the 
region a<z<b. Let Jflowfrom z = a towardz = b. Use Eq. (5-40) with 
A = Oto calculate the contribution of this portion of the circuit to the vector 
potential at an arbitrary point r. Don’t be afraid of integral tables. Optional: 
Let a = —b and use a computer to obtain a graph of A,/({19//4z) versus 
r/b, where 2 is the distance from the wire to an observation point in the x-y 
plane. 


4For a discussion of the “reality” of A, see, for example, R. P. Feynman, R. B. Leighton, 
and M. Sands, The Feynman Lectures on Physics (Addison-Wesley Publishing Company, 
Inc., Reading, Mass., 1964), Volume II, Lecture 15. 
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P5-14. By setting up and evaluating Eq. (5-40) with 2 = 0, find the vector 
potential established at a point on the axis and a distance z from the center 
of a circular loop of radius a carrying current 7. How much of the magnetic 
induction field can be correctly found from the curl of this potential? Explain 
your answer fully. 

P5-15. Show that A as given by Eq. (5-41) with 2 = 0 has zero diver- 
gence. Assume that the currents are confined to a finite region of space. Hint: 
Remember that Eq. (5-41) applies only for steady currents, for which V- J = 0. 

P5-16. Let B = B,k with B, constant. (a) Show that A, = 4B x rand 
= Byxj are both acceptable vector potentials. (b) Find a function A such 
that A, = A, + VA. (c) Show that both A, and A, have zero divergence, 
thereby demonstrating that V x A = Band V-A = O together do not neces- 
sarily define A uniquely. 

P5-17. Find a vector potential for the field of a long straight wire. Hints: 
(1) Assume A = A,(u)k and require V x A to give the field in Eq. (5-11). (2) 
See Eq. (0-63). 

P5-18. (a) Use Stokes’ theorem to show that § A-d@ = | B-dS, where 
B = V * A. (b) An infinitely long solenoid of radius a with n turns per unit 
length of a wire carrying current / produces the field B = wont k whenz <a 
and B = 0 when 2 > a (P5-11). Here, k is a unit vector parallel to the axis 
of the solenoid. Assume a vector potential having only a $-component, and 
use part (a) to find this vector potential. (c) Verify that V x A = B both 
inside and outside the solenoid. See Eq. (0-63). (d) Ponder what it means for 
there to exist a vector potential outside the solenoid where there is o field. 

PS-19. Derive Eqs. (5-50) and (5-51) for the field of a magnetic dipole 
by evaluating the curl of the corresponding vector potential, Eq. (5-49). 


5-5 
Energy in the Static Magnetic Induction Field 


Paralleling our development of electrostatics, we should at this point 
discuss energy storage in a static magnetic induction field. Unfortunately, 
we can develop that topic most naturally only after we are able to calculate 
the work required to establish a current, and that calculation in turn requires 
the (general) Faraday law of induction, which we shall develop in Section 
6-1. The best we can do at this point is obtain the correct result by a plausi- 
bility argument based on the analogous electrostatic expressions. Beginning 
with Eq. (4-61), we replace p with J, V with A, and the product pV with the 
dot product J-A. The result for the work W required to establish the steady 
current distribution J is 


W=4 [I-A dv (5-52) 


where A is the vector potential established by J and the integral extends over 
all space. Using Eqs. (5-23), (C-12), and (5-37) and the divergence theorem, 
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we find alternatively that 


I 
W = =— | (V Xx B)-Adv 
am lk 


l : I } 
= == || 2 2) = —— A xX B)-dS 
al 2 Lo a ) 


1 
256 
where & is a large spherical surface that ultimately recedes to infinity, in 
which limit (if J is localized) | A| cc r~?,|B| cc r73—see Eqs. (5-49) and (5-50) 
—and |dS| < r?. Thus, A x B-dS « r73 and the above integral over & 
approaches zero. From Eq. (5-53) we infer that a magnetic energy density 


B? dv (5-53) 


B? 
he = Di (5-54) 
should be assigned to a region of space where the magnetic induction is B. 
We stress, however, that Eq. (5-52), which is correct only for static fields, and 
Eq. (5-53), which turns out to be correct more generally, have not yet been 
rigorously derived. 


PROBLEMS 


P5-20. Let a toroidal coil be made by winding N turns on a core whose 
cross section is a rectangle of height / and width w and then bending the 
core into a “doughnut” with inside radius a and outside radius a + w. If the 
coil carries current /, show that the energy W stored in the coil is given by 


W = #on2I°h €n (—*) 
4n a 


P5-21. The energy stored in a static magnetic induction field as given by 
Eq. (5-53) is obviously gauge-invariant. Show that Eq. (5-52) is also gauge- 
invariant, i.e., that 4 { J-A, dv = 4 { J-A, dv, where A, and A, are related 
by Eq. (5-42), and state any assumptions in your proof. Hint: Remember 
that V-J== Oior steady currents. 


5-6 

The Multipole Expansion of the Magnetic 

Vector Potential 

A multipole expansion of the magnetic vector potential established 
by a current loop can be obtained by substituting Eq. (4-69) into Eq. (5-40) 
with 2 = 0; we find that 


AG) beh rae +E + as Bes [Bxix) — dy(0')*1 + --- | (5-55) 
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The first two terms are identical with those in Eq. (5-47); Eq. (5-49) expresses 
their value in terms of the magnetic dipole moment 


m = ie iS = kor x I’ dé! (5-56) 


as defined in Eqs. (3-35) and (3-36). To express the third term more compact- 
ly, we introduce the nine-component quantity 


Qi?) = = > Bxtx — blr PW de! (5-57) 
each component of which is a vector. We then have from Eq. (5-55) that 
= HE Ho Oo 5. 

A(r) = dnp eee — y yO ee (5-58) 


from which the corresponding field can be derived by evaluating V x A. We 
make three further observations: (1) If the source consists of several current 
loops, the corresponding values of m and Q{” are merely sums of the values 
for each loop separately (Why ?); (2) when the currents are steady (V-J = 0), 
a general current distribution can be thought of as a superposition of current 
loops and Eq. (5-58) applies with 


m= 4 | r’ X J(r’) dv’ (5-59) 


Qi?) = =| (3x'x', — 6,(r’)]J(r’) dv’ (5-60) 


and (3) the quantity Q{” introduced here is not the conventional magnetic 
quadrupole moment tensor, which is defined in terms of convenient (but 
fictitious) magnetic monopoles (see Section 11-4) and has nine scalar compo- 
nents. 


PROBLEMS 


P5-22. A current distribution consists of two parallel circular current 
loops of radius a, one located parallel to the x-y plane with its center at 
(0, 0, —4b) and carrying current J clockwise as viewed from a point on the 
positive z axis and the other with its center at (0, 0, 4b) and carrying current 
I counterclockwise. (a) Show that this distribution has zero magnetic dipole 
moment. (b) Calculate the nine vector components of Q/”’. (c) Write out the 
quadrupole term in the vector potential using spherical coordinates (Table 
0-1) and calculate the corresponding magnetic induction. Optional: Evaluate 
this field by writing a superposition of two terms, each obtained from Eq. 
(5-50), and expanding in powers of 8/r. 

P5-23. Starting from Eq. (5-41), derive Eq. (5-58) in which m and Q{”? 
are defined by Eqs. (5-59) and (5-60). 
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Supplementary Problems 


P5-24. When I is a closed path, Eq. (5-7) gives the force between two 
complete circuits. Show that this force satisfies Newton’s third law. Hint: 
Use Eq. (C-1) and note that one of the resulting (closed) integrals involves 
an exact differential and hence has the value zero. 

P5-25. (a) Using the result in P5-4, show that the field at (0, 0, z) on the 
axis of a solenoid (P5-11) of radius a is given by 


L/2 , 
B(O, 0, z) = zgum | Pee eet ar 

on a (ae zy? 
where n is the number of turns per unit length, m is the magnetic moment 
of a single turn, L is the length of the solenoid, and the axis of the solenoid 
coincides with the z axis. (b) Calculate the field B,, when L = co and reex- 
press the above equation in the dimensionless form B/B., = ---. (c) Using 
a computer, evaluate this integral numerically to study B,(0, 0, z)/B.. as a 
function of z/a for several values of L/a. For each case examined, determine 
how far from the center you can go before the field has changed by 1 %. Under 
what circumstances, can the field at the center be calculated to 1°% by assum- 
ing the solenoid to be infinitely long? 

P5-26. In a region of space where J is zero, V < Bis also zero and B can 
be derived from a magnetic scalar potential V™, defined so that B= 
—UVV™. (a) Show that V“” satisfies Laplace’s equation, V7V" = 0. (b) 
Given the field and potential of an electric dipole, Eqs. (4-10) and (4-44), 
and the field of a magnetic dipole, Eq. (5-50), infer the corresponding mag- 
netic scalar potential. (c) Find a magnetic scalar potential from which the 
field outside an infinitely long wire, Eq. (5-11), can be derived and explain 
why your result is not a single-valued function of position. (d) Find a magnet- 
ic scalar potential from which the field on the axis of a circular current loop 
as given in P5-4 can be derived. 

P5-27. A magnetic dipole with moment m = mk, fie O isilecatcal at 
the origin and produces a field given by Eq. (5-50). A circular loop of radius 
a and carrying current J’ is placed with its center at (0, 0, 5) and its plane 
parallel to the x-y plane. (a) Calculate the force between the dipole and the 
current loop, first exactly and then in the limit b>> a; express the force in 
terms of the dipole moment m’ = m'k of the loop (and other relevant para- 
meters); and note how this force depends on b and on the sign of m’. (b) 
Sketch a graph of the exact force versus b. For what value of 5 is the force a 
maximum? This dipole-dipole interaction, explored in part here and some- 
what more fully for the electric case in P4-52, is important in determining 
many molecular, atomic, and nuclear properties. 

P5-28. Since B= V x A, Stokes’ theorem apparently combines with 
the flux law to give ¢ B-dS = $V x A-dS = $ A-dé@ = 0. The final two 
parts of this equation, however, constitute the condition for deriving A from 
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a scalar via A = Vd. But then B = V x Vd = 0 identically. All B-fields 
therefore vanish! Find the fallacy. This puzzler was presented by G. Arfken, 
Am.J. Phys, 27, 526 (1959). 

P5-29. The force on a volume V of a current distribution J placed in a 


magnetic induction B is given by | J X B dv [Eq. (-21)]. This force can 
ly 

also be expressed in terms of a magnetic pressure, p,,(t). (a) Show that the force 

on V is given in terms of p,,(r) by =p Pm 4S where X bounds V and dS is 


an outward normal. (b) Use Eq. (C-21) to write the surface integral as a 
volume integral and infer that Vp,, = —J x B. (c) Assuming that J = J(a)k 
and that B = B(2)¢ in cylindrical coordinates, use the circuital law to show 
that 


XY 
BG) = a | n(n) dv 
0 
(d) Show that 


= = B*(2) B*(1 9) 1 ae , 
Palit) — P(e) = GO) — Fa) 1 [: On 


2/Lo 2Lo 

where 2, is an arbitrary reference point. Hint: Differentiate the result in part 
(c) with respect to 2, solve for J(7) in terms of B(2), evaluate J x B, and set 
the result equal to —Vp,, = —(dp,,/d2)%. (e) Determine and sketch a graph 
of p,,(v) as a function of 2 for the field of a long wire of finite radius, Eq. 
(5-33). Choose %) = 0 and set p,,(0) = 0. 

P5-30. One expression determining A directly from B is obtained by 
substituting J = V x B/y, into the expression determining A from J. From 
this expression, show that 

ho i | BO) x aE ao’ 
and state any assumptions made in your development. Optional: Seek an 
expression determining A from B that does not involve the function 1/|r — r’| 
or some power of it. Compare —{ E-dr for determining V from E. 

P5-31. The magnetic induction produced at the point (x, y, 0) by a cir- 
cular current loop of radius a lying in the y-z plane with its center at the origin 
and carrying a current i counterclockwise as viewed from a point on the 
positive x axis 1s given by 


GLa | meices ‘j + (a — ycos¢’)i j 

a) = or: I. [eo ae vee ae Day eT thy 

where @’ is the angle between the positive y axis and a point on the loop. 
(Compare P5-6.) (a) Express this integral in dimensionless form by intro- 
ducing X = x/ay, Y = y/ay, A = a/ay, I = i/i,, and b = B/B,, where a, and 
iy are convenient values for length and current and By = pyi,/2a, is the field 
at the center of a loop of radius a, carrying current i). (b) Write a program 
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for an available computer to evaluate 5, and 6, numerically. Assume that 
the current /, the radius A, and the position Y, Y are specified as input. (c) 
Test your program by evaluating b at several points on the x axis and com- 
paring the results with the analytic result b(X, 0,0) = 1A?i/(A? + X%)3/2, 
(Compare P5-4.) (d) Explore the field at representative points in the x-y plane 
off the axis of the loop. For example, examine b(0, Y, 0) as a function of Y. 
Note: An alternative strategy for calculating the field of a loop numerically 
has been discussed by J. R. Merrill, Am. J. Phys. 39, 791 (1971). Optional: (1) 
Modify your program to compute the field produced in the x-y plane by sev- 
eral loops, all of whose axes coincide with the x axis. Let the current, radius, 
and location on the x axis of each loop be specified as input. Use this program 
to study the field of the Helmholtz coil (two loops separated by their common 
radius and carrying the same current), the solenoid (many—say 10—closely 
spaced loops), and other configurations of your choosing. (2) Use one (or 
both) of the programs here written in a program similar to that of Fig. 
P4-56 to print out (or plot) points on the field lines of the magnetic induction 
in the x-y plane and study several configurations of loops. Can you invent a 
procedure to assure that field lines are drawn with the correct spacing? (3) 
Use one (or both) of these programs as part of a program based on Fig. 3-1 
or 3-2 to print out (or plot) points on the trajectory of a particle moving in 
the field of one or more loops. (4) Write a program to compute the field 
established in the x-y plane by two loops of radius a located in the y-z plane 
with their centers at (0, d, 0) and (0, —d, 0), d > a, and study the resulting 
field by printing its values or by printing (or plotting) points on selected 
field lines. 

P5-32. Show that the vector potential A(r) established by a current dis- 
tribution described by a surface current density j(r) (see P2-25) is given by 

_ Ho jr) 
A(r) | ow] dS 

where © is the surface in which the current flows and dS’ is the (scalar) area 
of an element of the surface. 
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The Electromagnetic Field 
Produced by Time-Dependent 
Charge Distributions: 
Maxwell’s Equations 

in Vacuum 


In this chapter, we shall develop relationships among time-depen- 
dent charge and current distributions and the resulting time-dependent fields. 
We have already defined these more general fields, E(r, #) and B(r, 4), in Chap- 
ter 3, essentially by the Lorentz force 


F, = q(E + v x B) (6-1) 
on a charge g moving in the fields with velocity v. Further, we have developed 
the equation of continuity 


pa-ds=—| Pav A (6-2) 


in Chapter 2 in a fully time-dependent form. In Chapters 4 and 5, however, 
we restricted our attention to the static electric fields of fixed charges and to 
the static magnetic induction fields of steady currents, finding (1) that the 
static E-field has nonzero divergence and zero cur/ and satisfies Gauss’s law 


peas=2 | pav es (6-3) 
€o Eo 
and the restricted Faraday law 

pE-dé =0 VxXE=0 (6-4) 


(2) that the static B-field has zero divergence and nonzero curl and satisfies 
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the flux law 

B-dS = 0 V-B=0 (6-5) 
and Ampere’s circuital law 

$ B-dé 2 { J-dS Vx B=4pn,J (6-6) 


and (3) that the static E-field and the static B-field are entirely independent. 
(Neither field occurs in the equations satisfied by the other.) In the first three 
sections of this chapter, we shall examine the applicability of Eqs. (6-3)-(6-6) 
to time-dependent fields, obtaining Maxwell’s equations for these fields and 
finding qualitatively (1) that the time-dependent E- and B-fields are interde- 
pendent and must therefore be thought of together as a single electromagnetic 
field, (2) that Eqs. (6-4) and (6-6) each require an additional term, and (3) 
that Eqs. (6-3) and (6-5) carry over to time-dependent fields with no change in 
form.' In the remaining sections of the chapter, we shall develop a few very 
general consequences of Maxwell’s equations. Except for a few problems, 
actual solution of these equations is postponed to later chapters. 


6-1 
Electromagnetic Induction: Faraday’s Law? 


The additional term needed to extend Eq. (6-4) to time-dependent 
fields was discovered early in the nineteenth century on the basis of direct 
experimental evidence acquired independently by Faraday in England and by 
Henry in the United States. Qualitatively, the phenomenon of electromagnet- 
ic induction discovered by these men associates an induced e/ectric field with 
a changing magnetic induction field. This connection and some of its conse- 
quences are the subjects of this section. 


ELECTROMOTIVE FORCE 


The basic law extending Eq. (6-4) to time dependent fields is stated in terms 
of a quantity known as the electromotive force (emf) or the electromotance. 
To define this quantity, we imagine the following physical situation: In some 
region of space R, let there exist general time-dependent electric and magnet- 


i Absence of a change in form does not mean that there is no change in substance. These 
two equations look the same for both time-independent and time-dependent fields, but 
that identity in appearance can be accepted only after the more general equations have 
been subjected to experimental tests with time-dependent fields. 

2Faraday’s law is perhaps the most difficult of the basic laws of electromagnetism to 
introduce. Several of the common approaches are compared in P. J. Scanlon, R.N. 
Henrikson, and J. R. Allen, Am. J. Phys. 37, 698 (1969). The reader may wish to compare 
the approach here adopted with that in R. P. Feynman, R. B. Leighton, and M. Sands, 
The Feynman Lectures on Physics (Addison-Wesley Publishing Company, Inc., Reading, 
Mass., 1964), Volume II, Lectures 16 and 17, with that in E. M. Purcell, Electricity and 
Magnetism (McGraw-Hill Book Company, New York, 1965), Chapter 7, or with that in 
other available texts on the subject. 
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Fig. 6-1. Positions of an arbitrary moving path at times ¢ (solid) 
and ¢ + At (dashed). The electric and magnetic induction fields in 
the vicinity of the path are not shown. 


ic fields E(r, t) and B(r, t). Further, select a closed path [—perhaps but not 
necessarily defined by a wire—lying wholly in R and let that path (or portions 
of it) be moving—perhaps distorting—in some arbitrary way so that at time 
t the point r on the path is moving with velocity v(r, 2). Finally, if there is a 
wire defining the path, include in E and B the contribution of any charge 
and current distributions on the wire and allow for the possibility of batteries 
in the wire, temperature differences, and perhaps other external influences. 
The positions of the path at times ¢and ¢ + At are shown in Fig. 6-1. Now, 
consider a test charge of strength g at an arbitrary point on the path and 
moving with the path. This test charge experiences a total force f,(r, t) con- 
sisting not only of electromagnetic forces but also of effective (nonelectro- 
magnetic) forces from chemical effects in the batteries, thermal effects in 
the wire, etc. (The test charge is assumed to be at rest relative to its point 
on the path so that resistive forces arising from collisions of the test charge 
with the microscopic constituents of the wire do not arise.) The emf &(f) 
about the selected path at time ¢ is now defined as the work done by f,(r, 2) 
on a unit charge moved once around the path, i.e., 


é(t) = } e0 -de (6-7) 


= p [E(r, ) + v(r, ) X B(r, D]-dé 
r 
os oa 4 effective chemical forces- dé 
Tr 


4. = 4 effective thermal forces-d@ + --- (6-8) 
r 
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Although the definition of & is very similar to the integral giving a (static) 
potential difference AV about a closed path and both quantities are measured 
in volts, & and AV are physically very different; & is in general not equal to 
zero and hence arises from nonconservative force fields while AV is necessari- 
ly always zero and corresponds to a conservative force field. 

Despite the abstractness of the definition in Eq. (6-7), & is a measurable 
quantity, for it is related in a simple way to the current produced in a con- 
ducting wire that follows the selected path.? Thus, the dependence of & on 
various parameters can be studied experimentally in order to formulate a 
law (or laws) determining & from these parameters. In the present context, 
we are interested in the results of such experimental studies when batteries, 
temperature differences, and the like are not present. We therefore omit the 
chemical and thermal emf’s from Eq. (6-8) and denote the term of interest 
by ce. 


_—— p (E -- v x B)-dé (6-9) 
ir 
where the arguments r and f have been suppressed. 


MOTIONAL EMF 


Under some circumstances, our previous theoretical framework permits a 
rewriting of Eq. (6-9) in a useful alternative form. Consider first a conducting 
rod of length ¢ that is moving through a uniform magnetic induction field. 
Before the rod is set into motion, the mobile electrons in the rod are uniformly 
distributed and the electrons are neutralized by the immobile positive ions 
that make up the rest of the conductor. On no portion of the rod is there an 
excess charge of either sign. When the rod is set into motion in the external 
field, the charges—both positive and negative—experience forces, and the elec- 
trons, which are free to move, respond by drifting away from their positions 
in the stationary rod. A charge imbalance Is therefore established in the rod. 
This imbalance in turn produces an electric field both inside and outside 
the rod, and the charges in the rod now experience forces from this induced 
electric field as well as from the original magnetic induction. Ultimately, an 
equilibrium charge distribution 1s reached when sufficient charge separation 
has occurred so that the electric and magnetic forces on the electrons exactly 
cancel. All (macroscopic) motion of the electrons then ceases.* The resulting 
equilibrium charge distribution is shown in Fig. 6-2. 

Let us now evaluate the integral in Eq. (6-9) counterclockwise about the 
path shown in Fig. 6-3. We assume that, at every instant of time, the E-field 
throughout the region containing the path is the static field appropriate to the 
instantaneous position of the rod; i.e., we assume that the E-field follows 


3& = IR, where / is the current and R the resistance of the wire; see Chapter 9. 

4The time required for this equilibrium to be established depends on properties of the 
conductor (see Chapter 9) but is not of concern here. For a perfect conductor, the equilib- 
rium is established instantaneously. 
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cook 


7 &) 


t Y Fig. 6-2. A conducting rod mov- 
ing at right angles to a constant 
magnetic induction field. Once a 
steady state has been reached, one 
end of the rod will be positively 
charged and the other end will be 
—— negatively charged. 


Position of rod 
at time ¢ + At 


Direction of 
evaluation 
of line integral 


~~—" Position of rod 
at time ¢ 


Fig. 6-3. An imagined path for the evaluation of a line integral. 
The portion of the path lying inside the moving rod moves with 
the rod; the remainder of the path is at rest. 


changes in the position of the rod instantly. Since we shall later find that 
electromagnetic fields follow changes in théir sources only after a delay 
determined by the speed of light and the distance from the source, our as- 
sumption here in effect requires that the speed of the rod be small compared 
to that of light and that the path not extend too far from the rod. When E 
can be regarded as static, however, § E-dé = 0. Further, since v is zero every- 
where except in the rod, Eq. (6-9), which now gives what is called a motional 
emf, reduces to 
upper end 

ea he (v x B)-dé = vBe (6-10) 
where the final evaluation follows because v and B are constant and mutually 
perpendicular at all points on the rod and vy x B is parallel to d@. Now, 
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however, we note that 


dt Ato At 
ea CO : 
= ie ae cea) 


where ®,,(t) is the flux of B across the surface bounded by the path TF at time 
t. The difference ®,,(¢ + At) — @,,(z) is then just the flux across the area added 
to the path in time Ar and is negative because the added flux goes into the 
page in Fig. 6-3 while the positive direction defined by our counterclockwise 
traversal of the path is out of the page. Equations (6-10) and (6-11) together 
finally yield that 


emot __ __ ao, ee 
oe 7, (6-12) 


which by its development is valid only when (1) the rod moves slowly enough 
and (2) the change in flux comes about by motion of the rod in a static B- 
field. In words, the motional emf about the path in this situation is the nega- 
tive rate of change of the magnetic flux across a surface bounded by the path. 

The result in Eq. (6-12) for a niotional emf can also be derived when the 
path moves in a more arbitrary way and the B-field is not uniform (but still 
static). We continue to assume that E is static, which means in particular 
that any conductors along the path must move slowly. With that assumption, 
§ E-dé = 0 for the more general path of Fig. 6-1, and Eq. (6-9) gives 


Gmot = $ (v x B)-dé (6-13) 
T 


which is nonzero only if at least a portion of the path has a nonzero velocity. 
On the other hand, the rate of change of flux across a surface bounded by the 
path in Fig. 6-1 is given by 


d® als 
i es Jee NAS 6-14 
ap ue ee cae 


where the path has been broken into segments A@,, r; is a point on the ith 
segment, and AS, is the area added when the ith segment moves a distance 
v(r;, t) At to its position at time ¢-+ Art (Fig. 6-4). Since v(r,, 1) Ar x A®; 
agrees both in magnitude and direction with AS, (the direction of AS; must 
agree with the positive direction determined by applying the right-hand rule 
to the path at t + As), we can rewrite Eq. (6-14) as 


OE ee rere x Ag, 6-15 
ap jim Ay 2 Bir) Ivirs At x A€;] (6-15) 


= YB), ) x A4] (6-16) 
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v(r,, f) 


Fig. 6-4. Coordinates and vectors 
for a general evaluation of a mo- 
5 tional emf. 


In the limit as |A@,| —> 0 for all 7, Eq. (6-16) becomes 


wT | B-(v X dé) = —4 (v x B)-dé (6-17) 
dt = rE 
where the final form involves exchanging the dot and cross in the previous 
form (PO-7) and then reversing the order of the factors in the resulting cross 
product. By comparing Eqs. (6-13) and (6-17), however, we find that Eq. 
(6-12) in fact gives the motional emf under more general circumstances than 
its initial derivation implied, but even this more general development still 
restricts Eq. (6-12) to motional emf. 

Although the minus sign in Eq. (6-12) has apparently been required merely 
to preserve certain sign conventions, the fact that a minus sign rather than a 
plus sign is needed expresses a physically significant aspect of motional emf’s. 
The direction assigned to d@ in evaluating &™°' defines the direction in which 
an induced current would flow if the path is replaced by a conducting wire 
and @@t > 0. (Why?) Under those circumstances, the induced current pro- 
duces a magnetic induction field whose flux contributes positively to the flux 
across the surface bounded by the path. (Imagine a positive or counterclock- 
wise current in the path of Fig. 6-3. What is the direction of the resulting 
B-field over the surface bounded by the path?) If, however, &™°' > 0, Eq. 
(6-12) requires that d®,,/dt < 0. Thus, a negative change in the flux induces 
a current whose magnetic induction contributes positively to the flux. The 
minus sign in Eq. (6-12) in effect states that the induced emf brought about by 
a change in magnetic flux is always of such direction as to oppose the change in 
flux; it is the mathematical expression of what is called Lenz’s Jaw. 


FARADAY'S LAW OF ELECTROMAGNETIC INDUCTION 


In the previous paragraphs, we have seen that an induced emf is generated 
if a path moves or distorts to encompass a different total magnetic flux. But 
the flux encompassed by a path also changes when the magnetic induction 
is time-dependent and the path itself remains stationary. These new circum- 
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stances occur, for example, when a current loop or bar magnet is moved 
toward or away from a fixed path in space. The observations of Faraday and 
Henry were that a time-dependent magnetic flux also induces an emf about a 
given path and, further, that Eq. (6-12), derived for motional emf, actually 
applies as well when the changing flux comes about through a time-dependent 
magnetic induction. Experimental evidence beyond any introduced earlier in 
this book thus supports the Faraday law of electromagnetic induction, which 
we can write either as 


ao, : 
or, using Eqs. (6-9) and (5-12), as 
¢ (E+ ¥ x B)-dé = al B-dS (6-19) 
Tr dt a5, 


where & is any surface bounded by I. The minus sign expressing Lenz’s law 
is still present and the fields may now have a general dependence on time. 
Further, Eq. (6-19) incorporates both motional emf’s and emf’s induced 
about fixed paths by time-dependent B-fields. We stress again that Eqs. (6-18) 
and (6-19) cannot be accepted solely on the basis of their agreement with the 
results obtained for motional emf. The law of induction has other aspects and 
these must be subjected to careful experimental test before accepting the law. 
This law cannot be derived from principles presented earlier in this book; it 
is inherently an experimental law and takes its justification from the agree- 
ment of its predictions with experimental observation. 

We now rewrite Eq. (6-19) in a form that compares more directly with 
Eq. (6-4). Since both B and the surface of integration in Eq. (6-19) may de- 
pend on time, the total time derivative of the flux in general has two contribu- 
tions; symbolically, 

S _BedS — |? iS } (v x B)-dé (6-20) 
where the first term expresses the rate of change of flux arising from the ex- 
plicit time dependence of B and the second term—obtained directly from Eq. 
(6-17)—gives the rate of change of flux arising from the motion of the bound- 
aries of the surface of integration. Substituting Eq. (6-20) into Eq. (6-19), 
we find finally that 


4 E-dé = —| UE as (6-21) 
. EOP 


terms involving y X B having canceled. This form of Faraday’s law is the 
preferred form for theoretical purposes. It reduces more obviously than Eq. 
(6-19) to Eq. (6-4) when B is static and can thus be viewed as the generaliza- 
tion of Eq. (6-4) to time-dependent fields. In words, Eq. (6-21) states that a 
time-dependent magnetic induction field is accompanied by an induced, noncon- 
servative electric field. 
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Of all the basic laws of electromagnetism, Faraday’s law is perhaps of 
greatest practical import, for this law expresses the essential physics of trans- 
formers and electric generators which in turn are crucial to the technological 
society we take so much for granted. To examine these applications here, 
however, would take us far afield; we relegate some elementary aspects to 
the problems and the rest of that subject to other books. 


PROBLEMS 


P6-1. In our derivation of Eq. (6-12) for motional emf, we restricted both 
Eand B to be static. Subsequently, we set f E-d@ = 0 and clearly utilized the 
assumption of a static E-field. Where did we utilize the assumption of a static 
B-field ? 

P6-2. Convince yourself that the expression substituted for AS, in going 
from Eq. (6-14) to Eq. (6-15) indeed has the correct direction for all possible 
values of v(r;, ¢), not just for the direction we happen to have drawn in Fig. 
6-4. 

P6-3. A rectangular conducting loop of mass m falls under gravity across 
the poles of a permanent magnet producing a constant field B out of the page 
(Fig. P6-3). Let the field extend over a region of width w. Find the terminal 
velocity v that the loop acquires before falling out of the region occupied by 
the field. Hint: Let the loop have resistance R and accept the relationship 
& = IR between the induced emf @ and the current / in the loop. 


Region within 
which B comes 


Vv Figure P6-3 


P6-4. A conducting disc of radius R rotates at constant angular speed @ 
about its axis, which is parallel to a constant magnetic induction B. Calculate 
the motional emf induced in a path running along a radius from the center 
to the rim of the disc and then closing along a stationary path lying outside 
the disc. This device is called a Faraday disc dynamo. 

P6-5. A conducting circular loop of area A is arranged so that it can be 
rotated at constant angular speed w about a diameter. (a) Let the axis of rota- 
tion be perpendicular to a constant magnetic induction B. Determine the 
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induced emf as a function of time. What could you do to increase the max- 
imum emf without changing @? This device is a simple generator. (b) Let the 
orientation of the axis be adjustable and suppose that you can display the 
induced emf as a function of time on an oscilloscope. Describe a means by 
which this device could be used to measure both the magnitude and the direc- 
tion of an unknown field. This device is now called a search coil. 

P6-6. A magnetic dipole has moment m(fk and is located at the origin. 
Let the dipole moment be increasing (dm/dt > 0). Determine the direction 
of the emf induced about a circular path oriented as described in each of the 
following situations: (a) plane perpendicular to the z axis, the center at 
(0; 0; b), & > 0; (b) in the x-y plane, the center at (0, 6, 0); and (c) plane 
perpendicular to the y axis, the center at (0, 5, 0). 

P6-7. A long straight wire carries a current /(r) as shown in Fig. P5-3. 
(a) Determine (exactly) the magnitude and direction of the emf induced about 
the rectangular loop shown in the figure. Hint: The flux across the loop was 
calculated in P5-7. (b) Suppose the current in the straight wire changes with 
time as illustrated in Fig. P6-7, where / > 0 means a current in the positive 


Hi 


Figure P6-7 


direction indicated in Fig. P5-3. Sketch a qualitative graph of the current in 
the rectangular loop as a function of time, making sure that the direction of 
PhatcUibrent Is clean 

P6-8. A conducting ring is placed on top of a solenoid (P5-11) that has 
its axis vertical. When the current is turned on in the solenoid, the ring flies 
into the air. Explain this phenomenon for yourself and then read the discus- 
sion given by E. J. Churchill and J. D. Noble, Am. J. Phys. 39, 285 (1971). 

P6-9. A uniform, time-dependent magnetic induction B = = B(t)k exists 
in space. Determine the emf induced about a fixed circular path of radius 2 
lying in the x-y plane with its center at the origin and then, assuming that the 
induced electric field E is tangent to the path at each point (x, ») on the path, 
show that 

v dB» 5 dB 


ed a 

Characteristics of this field are further a in P6-36. 
P6-10. In a betatron an evacuated toroidal doughnut, inside of which 
moves a beam of electrons, is placed between the poles of a large electro- 


ai — <j) 
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Fig. 6-5. Loop carrying a current 
i(t) in a magnetic induction field. The 
field is established partly by the cur- 


VDI EO rent in the loop and partly by other 
currents that are not shown. The 
\\ signs indicate the direction of the 
induced emf when the magnetic flux 
i(t) increases out of the paper. 


magnet. As the magnetic induction field is increased, an emf is induced about 
the doughnut and the electrons are accelerated. Simultaneously, the same 
changing field provides the centripetal force necessary to keep the electron 
in its circular orbit. Show that the field at the orbit must at all times be one- 
half the (space) average of the field over the surface bounded by the orbit 
if the electrons are to remain in an orbit of fixed radius. 


ENERGY IN THE STATIC MAGNETIC INDUCTION FIELD 


The law of induction now makes possible a rigorous justification of Eq. (5-52) 
for the energy required to establish a steady current distribution. We ask 
first for the work required to establish a steady current / in a closed circuit. 
Although the circuit can be of arbitrary shape, it is convenient to think of it 
as a simple loop, such as that shown in Fig. 6-5. Let the current in this loop 
at time ¢ be i(t), where i() increases from 0 to J in some time interval 0 << t < 
T. Further, let the (magnetic) flux ®,,(¢) across the loop originate in part from 
the current in the loop and in part from other changing currents that are 
external to the loop. Finally, adopt the (consistent) conventions that i(t) > 0 
means a counterclockwise current and ©®,,(t) > 0 means a flux out of the 
page. Figure 6-5 shows the direction of the induced emf & when d@/dt > 0 
(and hence & = —|é’|). In the situation described, the current / is flowing 
against the induced emf and whatever agent is maintaining the current must 
therefore be doing positive work on the charges as they move around the loop. 
In particular, if a charge AQ is carried around the loop at a time when the 
emf is &, the amount of work AW done on the charge is given by 


AW = —& AQ (6-22) 


(The minus sign must be inserted explicitly to assure that AW will be positive 
when AQ is positive and & is intrinsically negative.) If the charge transport 
represented by AQ takes place in a small time interval Ar, division of Eq. 
(6-22) by Ar and passage to the limit Ar -~- 0 yields the expression 


MANO) (6-23) 


BOS 


for the instantaneous power output P(s) of the agent maintaining the current. 
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Thus, the total energy W required to establish the current / is given by 


qe ae T d® ®,(T) 
=| Pdt=—| Sidi = | i— dt =| id®,, (6-24) 
0 0 0 dt D,(0) 


where the last two forms are obtained by using Faraday’s law. 

We next ask for the work required to establish steady currents simulta- 
neously in each of several nearby loops. Let the current at time ¢ in the rth loop 
be i,(t), where i,(0) = 0 and i,(T) = J,, and let the flux across the rth loop be 
®,,,,(t). Then, summing the work required for each loop separately, we obtain 
for the total work W, the expression 


fe 
as | i, on dt (6-25) 
ef 0 


Now, the flux across the rth loop 1s the sum of independent contributions from 
all of the loops, inc/uding the rth, i.e., 


®,, = 5 { (B at rth loop due to sth loop)-dS (6-26) 


rth loop 


From the Biot-Savart law, however, the B-field at the rth loop due to the 
current 7, in the sth loop is directly proportional to i,. This same propor- 
tionality therefore applies also to the contribution of the sth loop to the flux 
across the rth loop. Further, since we assume that all the loops are fixed in 
space, the entire time dependence of this contribution to the flux is contained 
in i,. We can therefore display the time dependence of ®,,, explicitly and fully 
by writing Eq. (6-26) in the form 


P(t) = 2 M,.i(2) (6-27) 


where M,, is a constant determined by the shape, size, and relative positions 
of loops r and s but independent of the current in either loop; it is called the 
mutual inductance of the rth loop with respect to the sth loop whenr ~ s and 
the self-inductance of the rth loop when r = s, and M,, = M,, (P6-13). The 
mks unit of inductance is the henry (H), which may be alternatively expressed 
as a Wb/A or asa V-sec/A. Now, Eq. (6-27) yields not only the more explicit 
definition 


hye. : 
i — aia (6-28) 
for M,, but also, on substitution into Eq. (6-25), yields the result 
ed 
w= | Bee (6-29) 
75 g at 


Let us now build up the currents in such a way that at time ¢ the current in 
each loop is some fixed fraction of its final value, i.e., so that i,(t) = a(t)/, 
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with a(t) independent of r and «(0) = 0, a(7) = 1. Then, Eq. (6-29) gives 
i 
We Me, a(t), 47, dt 
faye 0 


1 
=D Milt, | ode 
Tas 0 


a SE Ee (6-30) 
2 Orn. (6-31) 


where Eq. (6-31) follows from Eq. (6-30) on substitution of Eq. (6-27) with 
t = T; ®,,, in Eq. (6-31) thus denotes the final steady flux across the rth loop. 

Finally, we transform Eq. (6-31) into a form more suited for calculating 
the energy required to establish a current distribution described by the 
steady current density J. Such a distribution can be regarded as a superposi- 
tion of many current loops. Thus, in terms of the vector potential A, we find 
from Eq. (6-31) that 


We= 4301] B-dS 


rth loop 


=4016 Ade (see P5-18) 


rth loop 


1 


= J-Adv (see P2-7) 


iF Pe. occupied by rth loop 


— -Ad 6-32 
2 oe distribution : ¢ ( ) 
and we have supplied the justification both for Eq. (5-52) and for the develop- 
ment in Section 5-5. 


PROBLEMS 


P6-11. Obtain an integral—probably multiple—for the self-inductance 
L of an isolated circular current loop of radius a. Hint: The field of the loop 
is given in sufficient generality in PS-6. Optional: Express the result so that 
the integral is a pure number and then evaluate the integral by whatever 
means you can. 

P6-12. Calculate the mutual inductance M of the arrangement in Fig. 
R523, 

P6-13. Show that the mutual inductance M,, of two current loops is 


given by 
=H} ¢ deedls 
Je =a 


and hence that M,, = M,,. Hint: See P5-18. 


6-1 Electromagnetic Induction: Faraday’s Law 169 


P6-14. In developing Eqs. (6-30) and (6- 31) from Eq. (6-29), we selected 
a general but still not entirely arbitrary way to build up the currents to their 
final values. To what extent (if any) does the final result depend on that selec- 
tion? Explain your answer fully. 

P6-15. A coil is made by winding N turns of wire on a frame of nonmag- 
netic material. The frame consists of a portion of a hollow cylinder of inner 
radius a, Outer radius b, and height / (Fig. P6- 15). A current / flows through 


Vi i 


Figure P6-15 


the wire. Assume that the magnetic induction B is confined to the region 
interior to this frame and that at every point in this region B is directed tan- 
gent to a circle through that point, which circle has its center on the axis 
of the frame. (a) Use the circuital law to determine the magnitude of the 
magnetic induction field at all points inside the frame. (b) Determine exactly 
the magnetic flux crossing a surface bounded by a single turn of the windings. 
(c) Show that the self-inductance of the arrangement is given by 


L= Pony (ne 
2n a 


Note specifically the dependence on the square of N; doubling the number 
of turns quadruples the self-inductance. (d) Determine the limit of the self- 
inductance when w <a, where w = b — a is the thickness of the frame, 
and note the appearance of the area wh of the cross section of the frame. 
Hint: When € <1, €n (1 + ©) = €. (e) The energy required to establish a 
current J in this coil was calculated in P5-20 by integrating the magnetic 
energy density over the volume of the coil. By a direct transformation of that 
result, show that this energy is given by 4L/?, in agreement with Eq. (6-30). 
(f) A second winding of NV’ turns of wire is now wound on the frame pictured 
in this problem. Calculate the mutual inductance M between the two coils. 
This arrangement of two coils is a crude transformer. 
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6-2 
A Contradiction and its Resolution: 
Displacement Current 


The second of the two terms needed to extend Eqs. (6-3)-(6-6) to 
time-dependent fields was predicted theoretically in the 1860’s by Maxwell 
but was not confirmed experimentally until some 20 years later. Qualitatively, 
this term associates an induced magnetic induction field with a changing elec- 
tric field, a connection that we shall explore in this section. 

We shall begin by demonstrating that the basic equations in their present 
form [Eqs. (6-1), (6-2), (6-3), (6-5), (6-6), and (6-21)] are inconsistent. Specifi- 
cally Eq. (6-6), whose divergence necessarily requires V-J = 0 (Why?), 
contradicts Eq. (6-2) unless dp/dt happens to be zero. To set the stage for 
the subsequent development, however, we elect to demonstrate this contra- 
diction also by an argument based on the integral form of the laws. Consider, 


then, b J-dS over some closed surface Z. Let an arbitrary closed curve T be 
23 
scribed on Z and denote the two portions into which this curve divides the 


surface by X, and Z, (Fig. 6-6). With dS chosen always to be the outward 
normal on X, Eq. (6-6) now gives 


uo | J-dS=4d Bede: i | JedS=6 Bed€ (6-33) 
Z1 IDS Ze Te? 


where I’, and I, are the curves bounding &, and X,, respectively, and each 

is traversed in the proper sense to agree with the conventions implicit in Eq. 

(6-6). Although I’, and I, pass through the same points in space, they are 

traversed in opposite directions. Thus B-dé = —$ B-dé and, on adding 
Ts 


ipa 
the two parts of Eq. (6-33), we find that Eq. (6-6) yields ¢ J-dS = 0, contra- 
dicting this time the integral form of Eq. (6-2) unless dp/dt = 0. 


vA 
Z 


Fig. 6-6. A closed surface divided 
into two open surfaces by the curve 
i I, 
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A fruitful way to approach the contradiction between Eq. (6-2) and Eq. 
(6-6) is to examine symmetries that one might expect to be present in the 
equations. Basing our intuition on terms already present, we might expect a 
generalization of the basic equations to have the appearance 


fEas—2 | par (6-34) 
Eo 
ce magnetic charge 
} ates | ( density ) = (es) 
ap — p | (magnetic ne) mobs 2 
fe d= 8 | ( aes dS | dS (6-36) 
| B-ae ie [sa +r fF Tas (6-37) 


where «, B, and y are as yet undetermined constants. We have already con- 
firmed the correctness of the terms not multiplied by an undetermined 
constant. Of the remaining three terms, two—those multiplied by a and B— 
describe effects that would be attributed to isolated (perhaps microscopic) mag- 
netic monopoles. To date, however, no experiments have given any suggestion 
that isolated magnetic monopoles can be found in nature. Although it would 
be an interesting exercise to keep these terms and explore their consequences 
(perhaps predicting an experiment that would detect magnetic monopoles), 
we nonetheless elect to set « = £8 = 0, not so much because these terms are 
known to be incorrect as because no experiments to date require them for 
an adequate accounting. Should some future experiment reveal magnetic 
monopoles, the terms are easily reinstated. 

With the proper choice of the constant y, however, Eq. (6-37) no longer 
contradicts Eq. (6-2). By the same arguments invoked in the sentences fol- 
lowing Eq. (6-33), we find from Eq. (6-37) that 


pa. +25 bE ers) = (6-38) 


Substituting from Eq. (6-34), however, we find that 


: Jed 4 £ Den = (6-39) 
0 


which agrees with Eq. (6-2) provided we set y = o€o. Thus, if we replace 


Eq. (6-6) with, 
} Bde = 1, {G+ | cot) as (6-40) 


the contradiction is resolved. In effect we have identified in €,0E/d¢ a new 
current density, called the displacement current density, and we have predicted 
theoretically that this new current density must be added to the current den- 
sity J arising from macroscopic charge transport. We shall call Eq. (6-40) the 
generalized circuital law. 
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PROBLEMS 


P6-16. A current / flows along a wire toward one of two parallel con- 
ducting plates and away from the second (Fig. P6-16). As a result a charge 
Q(t) accumulates on the first plate and a charge — Q(f) on the second, and a 
time-dependent electric field is established between the plates. For this situa- 
tion, the surface integral on the right in Eq. (6-40) may in particular be evalu- 
ated either over the mouth of the “sack” shown or over the sack itself. 
Further, the two surface integrals must have the same value. (Why?) (a) 
Neglect fringing and show that in fact the right-hand side of Eq. (6-40) indeed 
does have the same value for both surfaces. Assume that the bottom of the 
sack is parallel to the plates. (b) Qualitatively, what factor would preserve 
the identity of the two surface integrals if the sack intersected the plate and 
the displacement current across its bottom were therefore reduced ? 


E 
—a fe 
— 
1 
Figure P6-16 


P6-17. A point sample of uranium located at the origin radiates (charged) 
alpha particles uniformly in all directions, thus generating a radial current 
density given by J(r, t) = [/(t)/4ar7]?, where /(¢) is the current crossing a 
sphere of radius r with its center at the uranium. Let Q(r) be the total charge 
on the uranium at time ¢. (a) Use the equation of continuity to show that 
I = —dQ/dt. (b) Use symmetry and the flux law to show that this current 
distribution produces wo magnetic induction field. (c) Assuming that the 
electric field follows changes in the charge distribution instantaneously, use 
symmetry and Gauss’s law to find E(r, r). (d) Show explicitly that Eq. (6-37) 
is correct for this case only if y = f49€9. Hints: (1) Apply Eq. (6-37) to a path 
bounding a portion ofa spherical surface of radius r. (2) Note that the integral 
{ #-dS/r? need not be explicitly evaluated in order to obtain the desired con- 
clusion. (e) Identify any approximations or tacit assumptions made in this 
problem. 


6-3 
Maxwell's Equations 


With the addition of the term involving the displacement current, 
we have at last completed the development of the basic equations satisfied by 
the (time-dependent) electromagnetic field. Although these equations, called 
Maxwell's equations, have emerged from an examination of experimental 
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evidence and thus are grounded in experiment, they have been tested in such 
a wide variety of situations that we tend to regard them theoretically as 
irrefutable postulates that require no further experimental verification. In 
this regard, we must be cautious, for phenomena presently unknown could 
well require modification of these equations in the future. 

Maxwell’s equations have two useful forms. In their integral form, which 
has been our primary concern so far, these equations are 


(1) Gauss’s law, Eq. (6-34): 


fEas=L| pao (6-41) 
Eo 
(2) The magnetic flux law, Eq. (6-35) with « = 0: 


$ B-dS = 0 (6-42) 
(3) Faraday’s law of induction, Eq. (6-36) with B = 0: 
} Ede seen ( OB © Fc (6-43) 
Ot 
(4) The generalized circuital law, Eq. (6-37) with y = py€: 
| Bde =i | J-dS + Lo€o ie -dS (6-44) 


Throughout these equations, the various surfaces and curves are arbitrary, 
subject only to the convention relating the direction of d@ to that of dS in Eqs. 
(6-43) and (6-44) by the right-hand rule. 

Despite the generality of Eqs. (6-41)-(6-44), they are not particularly suited 
to the direct calculation of fields except when the sources p and J are known 
and exhibit considerable symmetry. Further awkwardness arises because 
each integral involves a field, a charge density, or a current density at every 
point on some curve, surface, or volume. The key to a reformulation that 
eliminates these objections is to allow the arbitrary curves, surfaces, and 
volumes in Eqs. (6-41)-(6-44) to become indefinitely small. The argument 
transforming Eqs. (6-41) and (6-42) is therefore the same as that presented 
in Eqs. (4-27)-(4-29) except that we now must regard time as a parameter 
that remains fixed throughout the argument; we find that Eq. (6-41) becomes 


| 


V-E= real (Gauss’s law) (6-45) 
0 
and that Eq. (6-42) becomes 
V-B=O0 (magnetic flux law) (6-46) 


Equations (6-43) and (6-44) are transformed to differential form by applying 
the relationship in Eq. (0-61) and by regarding the integrand in the surface 
integral to be constant over the (now small) surface AS. From Eq. (6-43) 
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TABLE 6-1 Maxwell’s Equations in mks Units 


me 2 Ex _2 
yea Em > ‘Oy €0 
V-B —0 ob: a OB, eB: =n 
x hy 
GE,  OEy _ a 
oy Oz ot 
Dae OE, OE, OBy 
Veo ~ OE i ox “Ot. 
dF) Fy _ OB: 
Ox oy “OL 
OB. By sf dE 
“Oy Oz HoJx + Ho€o or 
: dE OB, OB: dE, 
Wea 00 a ae Poe Hody + Hoo 
OBy By _ ier 
Ge pe ee ae 


we find that V x E-AS ~ —(0B/dr)-AS. Since AS is arbitrary, this expres- 
sion in turn implies that 


VX E= 2 (Faraday’s law) (6-47) 


A similar argument applied to Eq. (6-44) yields 


Ve ia (generalized circuital law) (6-48) 


dE 
€or 
and we have completed the transformation of Eqs. (6-41)-(6-44) to their 
differential form. The resulting equations are summarized in Table 6-1 both in 
vector form, which is independent of any particular coordinate system, and 
in the form satisfied by the Cartesian components of the fields. In contrast 
to the integral form, the differential form of Maxwell’s equations relates 
aspects of the fields at single points in space-time to the sources at that same 
point in space-time. The calculational difficulties associated with integrals 
over extended regions of space have therefore been replaced by whatever 
problems are.associated with solving coupled partial differential equations. 
In particular, suitable boundary and initial conditions must be specified to 
supplement the differential equations. We shall see in subsequent chapters, 
however, not only that the necessary boundary and initial conditions are often 
easy to obtain but also that partial differential equations are often easily 
solved by at least one of several well-developed techniques, even when the 
sources p and J are not fully known until after the fields have been found. 
In the remainder of this book, uses of the differential form of Maxwell’s 
equations will predominate over uses of the integral form. These equations 
admit an immense variety of solutions, some of which we shall explore in the 
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problems and in later chapters. In the remainder of this chapter, we shall 
treat energy and momentum in a general electromagnetic field and examine 
two useful reformulations of Maxwell’s equations. 


PROBLEMS 


P6-18. Stokes’ theorem and the divergence theorem can be used to con- 
vert Maxwell’s equations to differential form. Stokes’ theorem, for example, 
applied to Eq. (6-43), gives 


pede = | (vx B)-ds ——| Bas 


Since this equation must be correct for an arbitrary path, it must also be 
correct for an arbitrary surface, which can be the case only if the integrands 
are equal at every point in space, and we infer Eq. (6-47). Derive the rest of 
Maxwell’s equations by similar arguments. 

P6-19. Show that the solutions to Maxwell’s equations satisfy the prin- 
ciple of superposition. Hint: Let the field E,, B, satisfy the equations with 
sources p, and J, and let E,, B, satisfy the equations with sources p, and 
J,. Then show that the field E, + E,, B, + B, satisfies the equations with 
sources p, + p,and J, + J. 

P6-20. Let p and J be zero. Then show that Maxwell’s equations are 
invariant to the transformation 


BE’ = Boos 6  Bsind 
Ho 


B’ = —e€,Esin @ + Bcos@ 


where @ is an arbitrary constant angle. Note particularly the form of this 
transformation when @ = 4z—in a sense, the fields E and B can be inter- 
changed! Hint: Let E, B satisfy Maxwell’s equations and show that E’, B’ 
do also. 

P6-21. Starting with Maxwell’s equations, show that there exist in a re- 
gion free of charges and currents no static solutions for E or B that depend 
on only one Cartesian coordinate. 

P6-22. The electrostatic field in some region of space has everywhere the 
same direction, say the z direction. Show that E cannot depend on either 
x or y. If there is no charge in this region of space, show that E must be a 
constant field. 

P6-23. Derive the equation of continuity in differential form directly 
from Maxwell’s equations in differential form. 

P6-24. Starting with the Lorentz force and Maxwell’s equations in differ- 
ential form, derive Coulomb’s law. 

P6-25. Starting with the differential form of Maxwell’s equations, let 
B = B(t)k and derive the result in P6-9 for an associated electric field. Care- 


176 Electromagnetic Field Produced by Time-Dependent Charge Distributions 


fully enumerate any assumptions made. Is it possible for p and/or J to be 
zero? If not, what must they be? 


6-4 

Energy in the Electromagnetic Field 

Maxwell’s equations can be manipulated to obtain a relationship 
that can be interpreted as a statement of energy balance. We begin by sub- 
tracting the dot product of Eq. (6-47) with B from the dot product of Eq. 
(6-48) with E, obtaining 


EF? 7a 
E.(V x B) — B-(V X E)= p,J-E + oS (2 4 =) (6-49) 


2 
We next invoke Eq. (C-12) to find the differential statement 
ae BY) yey S(e + FI : 
Vv (ExT )= FE +5(5% = (6-50) 


which is equivalent to the integral statement 
B 0 Ege ee 
= px B).as—| sed +{ (s +) do 6-51 
f. ( Ho v s at j,\ 2 [Lo Coy 


obtained by integrating Eq. (6-50) over a fixed volume V and using the diver- 
gence theorem to express the left-hand side as an integral over the surface 
x bounding V. 

We now seek a physical interpretation of the terms in Eq. (6-51). In accor- 
dance with Eq. (3-39), { J-E dv is the rate at which the field does work on the 
particles composing the current in V. We have also seen [Eqs. (4-64) and 
(5-53)] that the integral over V in the final term of Eq. (6-51) gives the energy 
stored in the fields when the fields are static. Consistent with these properties, 
we now simply assign an energy density 

Neg oes 

2 2 [Lo 

to the time-dependent field as well. With that assignment, Eq. (6-51) has the 
semiverbal ge oak 


(6-52) 


—$ ( E xt | ay Cs at which mechanical energy 
of particles increases ) 


$e (on at which energy stored 
in fields increases 


a Ce at which total a 


in V increases (6-53) 


Now, in the absence of explicit sources of energy within V, an increase in the 
total energy in V can come about only if energy flows into V over the surface 


6-4 Energy in the Electromagnetic Field 177 


x. We are thus led to interpret the surface integral in Eq. (6-53) as the rate 
at which energy flows into V from the space outside V. Verbally, and without 
the minus sign, we thus have that 


baw __ (rate at which energy flows out of 
7 (E ‘ ma 22 & across the bounding surface a) Cay 
The vector 
Sa (6-55) 
Ho 
that appears in Eq. (6-54) is called the Poynting vector; its direction is the 
direction in which the electromagnetic fields E and B are transporting energy 
and its magnitude is the rate at which energy is transported across a surface 
of unit area oriented perpendicular to the direction of energy flow. It is often 
stated that the only suitable interpretation of Eq. (6-54) is that the integral of 
the Poynting vector over a closed surface E represents energy transported 
out of the volume bounded by £. In this view, the interpretation of § as itself 
representing a point-by-point energy flow is regarded as a convenient fiction 
leading to inconsistencies if taken too literally.*> Whether $ does or does not 
represent a point-by-point energy flow remains a matter for debate.® 
Although we cannot be sure either that the interpretations given in the 
previous paragraphs are the only possible interpretations or that Eqs. (6-50) 
and (6-51) are the only expressions that are both consistent with Maxwell’s 
equations and interpretable as expressions of energy balance,’ these equations 
and the above interpretation are pleasing in their simplicity and experimentally 
adequate to all tests made of them to date. We therefore accept the interpre- 
tation not so much because of any inevitability we might like it to have as 
because of its suitability. In accepting that interpretation, we not only have 
allowed for general time-dependent fields to store energy but also have attrib- 
uted to these fields a capacity to transport energy through space. 


PROBLEM 


P6-26. A straight cylindrical metal wire of radius b carries a current J 
along the z axis in response to the application of an electric field E = Ek to 
points inside the wire. Determine the direction and magnitude of the Poynting 
vector at the surface of the wire, integrate the normal component of the 


5See, for example, J. R. Reitz and F. J. Milford, Foundations of Electromagnetic Theory 
(Addison-Wesley Publishing Company, Inc., Reading, Mass., 1967), Second Edition, p. 
299: D.R. Corson and P. Lorrain, Introduction to Electromagnetic Fields and Waves 
(W. H. Freeman and Company, Publishers, San Francisco, 1962), pp. 321ff.; and other 
books on electricity and magnetism. 

6See W. H. Furry, Am. J. Phys. 37, 621 (1969) and the references given there. 

7See R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures on Physics 
(Addison-Wesley Publishing Co., Reading, Massachusetts, 1964) Vol. II, Lecture 27. 
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Poynting vector over a segment of the wire of length L, and compare your 
result with the Joule heat produced in this segment. Now, ponder what it 
means for the energy dissipated in the wire to enter from the space outside 
the wire rather than to propagate along the wire. Hint: The Joule heat in a 
wire is given by IV, where V is the potential difference between the two ends 
of the wire. 


6-5 
Momentum in the Electromagnetic Field 


Maxwell’s equations can also be manipulated to obtaina relationship — 
that can be interpreted as a statement of momentum balance. Suppose that 
we have a system of charges and currents distributed in space and that the 
electromagnetic field established by this system is E, B. The fields, of course, 
satisfy Maxwell’s equations. The force F on the system of charges and cur- 
rents, which is also the time rate of change of the (mechanical) momentum 
P of the system, is then given by 


p= GP | (pe +I x Bay (6-56) 


where the integral extends over the volume containing the distribution, 
which is equivalent to extending over all space, since p and J are zero outside 
the distribution. We now use Maxwell’s equations to rewrite Eq. (6-56). 
First, substitute for p and J from Eqs. (6-45) and (6-48) to find that 


dP : _ th _ ,_ OF 
GF = | [Gov BE+ LW xB) xB eS x Bl av (6-57) 
Next, we seek an expression in which the time derivative under the integral 


can be removed from the integral. We write 


[aja [ema [ea 


= 4, | Bx Bav+ [Ex (Vx Ede (6-58) 
where the second form follows partly on substitution from Eq. (6-47) and 
partly because the integrals extend over fixed volumes so that 0/dt can be 
taken outside the integral and then written as a total derivative. Then we 


substitute Eq. (6-58) into Eq. (6-57) and rearrange the terms to obtain that 


S (P+ | eof x Bar) = [[e(V-BE — ek x (Wx 


—5-B x (W x B) |ae (6-59) 


Finally, because the integral under the time derivative appears on the same 
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footing as the mechanical momentum P, it is appropriate to make the identifi- 
cation 

momentum in 

(He neld E, B) = | Ex Bao 8) 


and to interpret the quantity 
C=] Gk xB (6-61) 


as a momentum density associated with the electromagnetic field. From Eq. 
(6-55) it is apparent that G and S are here related by 


G = €o{loS (6-62) 
but this relationship applies on/y to fields in vacuum. When matter is intro- 
duced (Chapter 12), Maxwell’s equations assume a slightly different form and 
a significantly different degree of difficulty. The momentum density and the 
Poynting vector are then not even determined from the same pair of fields. 


6-6 
A Reformulation: Maxwell's Equations 
for the Potentials 


The existence of scalar and vector potentials for the general time- 
dependent field and also equations satisfied by these potentials can be inferred 
directly from Maxwell’s equations without reference to previous develop- 
ments. We first note that the flux law, Eq. (6-46), implies the existence of a 
vector potential A in terms of which 


B= vos (6-63) 


[See item (4) in Section 2-5.] Since mixed second partial derivatives can be 
evaluated in either order, Faraday’s law, Eq. (6-47), then becomes 


vx (E+ St) =0 (6-64) 
which implies the existence of a scalar potential V, in terms of which 
0A _yy__, pe _vyy _ 9A ; 


[See item (3) in Section 2-5.] Note that Eqs. (6-63) and (6-65) reduce correctly 
to their static counterparts, Eqs. (5-37) and (4-38), when the potentials are 
static. The most interesting aspect of the time-dependent expressions is the 
appearance of A in the equation giving E. 

The phenomenon of gauge invariance carries over from static to time- 
dependent potentials. Certainly, B as given by Eq. (6-63) is unchanged if an 
arbitrary gradient is added to A; i.e, B is invariant to the transformation 


A, =A,+VA (6-66) 
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where A now may have both spatial and temporal dependence. The electric 
field E as given by Eq. (6-65) will be invariant to this change in A, however, 
only if the transformation in A is accompanied by a transformation in V 
chosen so that 


= 0A, _ _yy, _ 9A, 2 
WV, — os VV, a (6-67) 
Substituting for A, from Eq. (6-66), we find that 
A A 
-W, = —w, -vVA—y, =v, - 4 (6-68) 


except for a possible arbitrary constant. Thus, the time-dependent electro- 
magnetic field E, B is unchanged when the vector and scalar potentials are 
simultaneously transformed by Eqs. (6-66) and (6-68), where A is arbitrary, 
and this transformation is therefore a natural generalization of the gauge 
transformation introduced in Section 5-4. Here as there, one consequence 
of the gauge invariance of the fields is the arbitrariness of V-A, which can be 
given any value that we find convenient (P6-27). 

Two of Maxwell’s equations—the homogeneous pair, Eqs. (6-46) and 
(6-47)—are automatically satisfied when the fields are expressed in terms 
of the potentials. (Why?) The remaining two—the inhomogeneous pair, 
Eqs. (6-45) and (6-48)—-generate differential equations whose solutions deter- 
mine the potentials. Combined with Eq. (6-65), for example, Eq. (6-45) yields 


i 3 
Ty aE (6-69) 


where the Laplacian, V? = V-V, is introduced initially in Section 2-5. Simi- 
larly, substituting Eqs. (6-63) and (6-65) into Eq. (6-48) and using Eq. (C-19) 
to reexpress V < (V X A), we find after rearranging terms that 


j ie Wi OV 
V? — to€osa)A = —Hod + V(V-A ie Hot ) (6-70) 
Now, we can simplify Eq. (6-70) by imposing the so-called Lorentz condition 
Vonee pa ae = (6-71) 


on the potentials, thereby stipulating the value of V-A and selecting what is 
called a Lorentz gauge for the potentials. In this gauge, Eq. (6-70) becomes 


2 
(V? — woeoSs)A = — Mod (6-72) 
Further, on substituting V-A from Eq. (6-71), we find from Eq. (6-69) that 
0? 
(Vv? B: Hoe oS) [aay é (6-73) 


The similarity of these two equations is part of the reason for imposing the 
Lorentz condition. In Lorentz gauge, the time-dependent potentials both 
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satisfy the so-called inhomogeneous wave equation, which we shall examine 
more fully in Chapter 14. When A and V are time-independent, Eqs. (6-72) 
and (6-73) reduce to Poisson's equation, 

V7A = —y,J VV = == (6-74) 


0 


or, when J and p are zero, to Laplace’s equation, 
VA =o V7) = 0 (6-75) 
both of which we shall study more fully in Chapter 8. 


PROBLEMS 


P6-27. Show that the arbitrariness of the gauge function relating two 
equivalent magnetic vector potentials means that the divergence of the vector 
potential is also arbitrary. Hint: See Section 5-4. 

P6-28. Let A, and V, be potentials in Lorentz gauge. Further, let the 
potentials A, and V, be obtained from A, and V, by a gauge transformation. 
Show that A, and V, are also potentials in Lorentz gauge provided only that 
the gauge function satisfies the homogeneous wave equation. Comment on 
the uniqueness of the Lorentz gauge potentials. 

P6-29. (a) Using the Poisson equation in spherical coordinates, find the 
electrostatic potential established by the charge distribution p(r) = py, 
4200) — Ue eb) Find the electric ficldaainis: ()) Symmetry rules 
out a dependence on the coordinates 0 and ¢. (Why?) (2) Solve the problem 
in the two domains r < a and r > a. The potential and its first derivative 
must be continuous everywhere, in particular at r = a, and the potential must 
be finite everywhere, in particular at r = 0. (Why?) (3) For definiteness, set 
the arbitrary constant so that V(co) = 0. 

P6-30. An infinite conducting plate in the plane z = 0 is maintained at 
potential zero and a similar plate in the plane z = d is maintained at poten- 
tial V,. There is no charge between the plates. (a) Use symmetry to show that 
the potential can depend only on z. (b) Solve the relevant form of Laplace’s 
equation and impose the conditions at z = 0 and z = d to show that V = 
V.z/d. (c) Find the electric field in the region between the plates. (d) Find the 
charge density on each plate. Hint: See Eq. (4-26). 

P6-31. Following the pattern illustrated more fully in P6-30, use Laplace’s 
equation and suitable boundary conditions to find the potential, field, and 
all relevant charge densities in the region between two infinitely long coaxial 
conducting cylinders, the inner of radius a being at potential V, and the outer 
of radius b being at potential V;. 

P6-32. Following the pattern illustrated more fully in P6-30, use Laplace’s 
equation and suitable boundary conditions to find the potential, field, and all 
relevant charge densities in the region between two concentric spherical 
conducting shells, the inner shell of radius a being at potential V, and the 
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outer of radius b being at potential V,. Express the field in terms of the charge 
on the inner sphere and comment. 


6-7 
Another Reformulation: Decoupling the 
Equations for the Fields 


Maxwell’s equations as summarized in Section 6-3 are first-order 
equations and the equations for E and for B are coupled when the fields are 
time-dependent. At the expense of generating second-order equations, how- 
ever, we can find apparently uncoupled equations for E and for B. For exam- 
ple, we can evaluate the curl of Eq. (6-47) and use Eq. (C-19) to expand 
V x (V X E), finding that 


V(V-E) — VE = aay < B) (6-76) 


We next substitute from Eqs. (6-45) and (6-48) and rearrange the terms to 
obtain the equation 


og? 1 OJ 
Via Uae Sali OR ah S 
(V? — Motos )E = =Ve + Moh, (6-77) 
A similar argument, beginning with the curl of Eq. (6-48), yields 
(v? f o€ooa)B Ee I : (6-78) 


Neither of these equations is particularly simple except when p and J are zero. 
Further, the act of differentiating Maxwell’s equations in general introduces 
extraneous solutions—just as squaring an algebraic equation introduces 
extraneous solutions—and any solution obtained for Eqs. (6-77) and (6-78) 
must always be verified by substitution into the original first-order Maxwell 
equations. In that substitution, additional constraints relating constants 
and sometimes functions in the solution for E to similar entities in the solution 
for B will usually emerge. Thus the apparent separation of E from B in Eqs. 
(6-77) and (6-78) is illusory, as it must be since E and B are inextricably inter- 
twined when they depend on time. Even so, we shall find that Eqs. (6-77) and 
(6-78) often can be exploited to advantage in solving some problems. 


PROBLEM 
P6-33. Evaluate the curl of Eq. (6-48) and derive Eq. (6-78). 


Supplementary Problems 


P6-34. In a sense, Maxwell’s equations are not entirely independent of 
one another. Show from Faraday’s law that d(V-B)/dr = 0 and hence show 
that, if V-B ever was zero at some time in the past, it must still be zero. Can 
you find any other interconnections of this sort? 
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P6-35. Imagine magnetic monopoles to be found. Maxwell’s equations 
would then have the form 


| OB 
V-E=— Vx E=—- + 

a oe Ot | BS 
V-B= app Y <b ieee + Lod 


where a and f are constants and p,, and J,, are the density of magnetic poles 
and the magnetic pole current density. (a) Derive an equation of continuity 
involving p,, and J,,, and note that it is entirely separate from the equation 
involving p and J. (b) Find an equation analogous to the energy equation, 
Eq. (6-50), and interpret its terms physically. (c) Do there exist potentials 
from which these fields can be derived? Why or why not? If they exist, ex- 
press the equations in terms of them. 

P6-36. The uniform but time-dependent field B = B()k is invariant to 
arbitrary translation and hence does not define any origin. Thus, we might 
equally well have centered the loop in P6-9 at (x9, v,) rather than at the ori- 
gin, and we would then have obtained 


1 dB ie 2 

EG) — ap apy = yh a 
1 dB a“ 
— aa all 


Show explicitly that p E-dé = —d®,,/dt, where T’ is any path in the x-y 
Tr 


plane—not necessarily a circle centered at (%o, yo). In particular, since I 
may be a circle centered at the origin, this problem shows that Faraday’s 
law can be satisfied for that path without having E everywhere tangent to the 
path. Optional: Use analog or digital methods (Section 3-2) to explore the 
trajectories of particles moving in the electromagnetic field of this problem. 
[See K. Shen, E. D. Alton, and H. C. S. Hsuan, Am. J. Phys. 38, 1133 (1970), 
and D. M. Cook, Am. J. Phys. 40, 210 (1972).] 
P6-37. (a) Show that 
OR: 


[((V-Q)Q — Q x (V X Q)]; = Pare 


where 

Ri; = 00; = 40°6,; 
and 6,, = 1 if i= and is zero otherwise. Hint: The notation of PO-28 may 
be useful. (b) Show that the ith component of the right-hand side of Eq. 
(6-59) can be expressed as a surface integral 


3 § T,; dS; 


where dS; is a component of the vector dS, provided T;,; is suitably identified. 
T,, is known as the Maxwell stress tensor, the terminology hanging over from 
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the days when the electromagnetic field was viewed as a distortion or stress 
in an elastic, mechanical ether. 

P6-38. Show that in a region free of charges and currents Maxwell’s 
equations are all satisfied if the fields are derived from a single potential Q by 


E=—Vv x 2 B=Vx (Vx Q) 
and Q satisfies 
2 OO = 0 
(Vv = Ho€osr)Q = 


P6-39. Let the plate at z = 0 in P6-30 be the cathode of a simple vacuum 
diode and the plate at z = d be the anode. The cathode emits electrons into 
the region between the plates and the Poisson equation d*V/dz* = — p(z)/€o, 
where p(z) is the charge density at the coordinate z between the plates, 
replaces the Laplace equation. We still require V(0) = 0 and V(d) = V4, 
but the basic equation cannot be solved until more is known about p(z). 
Assume that the electrons start from rest at the cathode. (a) Show that 
p(z) = J(z)/v(z) = J(z)./m/2eV(z), where J(z) and v(z) are the current density 
and electron velocity at the coordinate z between the plates and —e and m 
are the charge and mass of the electron. (b) Assuming that charge is conserved 
and that a steady state has been reached between the plates, argue that J(z) 
in fact cannot depend on z and hence obtain an equation for V(z) that in- 
volves only one unknown function. (c) Show that for steady current flow, 
dV/dz = 0 at z = 0. (d) Solve the equation obtained in part (b) subject to 
all boundary conditions and derive Child’s law that the current in this simple 
diode is proportional to the three-halves power of the anode to cathode 
potential. (¢) Comment on the physical limitations of Child’s law and sketch 
a graph of the expected current-voltage characteristics of this simple diode, 
taking into account whatever limitations you have pointed out. Can you 
infer the meaning of the phrase space-charge-limited from knowledge that 
the phrase is used to describe the current in the region to which Child’s law 
applies? This derivation is presented in some detail in Appendix 8 of K. R. 
Spangenberg, Fundamentals of Electron Devices (McGraw-Hill Book Com- 
pany, New York, 1957). A treatment of the analogous problem in cylindri- 
cal coordinates is given by Ll. G. Chambers, Am. J. Phys. 36, 911 (1968). 


Interlude: 
A Change of View 


Although we must yet consider numerous applications and at least 
one important generalization, the essential theory of the electromagnetic 
field is now complete.! At this point in this book a marked change in point of 
view occurs. Initially the electric and magnetic induction fields were intro- 
duced in Chapter 3 to separate the interaction between a source distribution 
and a test distribution into two parts, and our initial motivation for examining 
the fields lay in a desire to treat the general interaction between two arbitrary 
distributions. Within this limited context, the fields were merely a useful 
contrivance invented specifically to simplify the study of that interaction. As 
the properties of the fields were further articulated in Chapters 4-6, however, 
the fields gradually acquired a broader significance. We assigned an energy 
content and attributed to the fields a capacity to transport this energy through 
space, and we assigned a momentum content and attributed to the fields a 
capacity to transport this momentum through space. With each additional 
attribute, the fields became more and more real in themselves and less and 
less a mere contrivance introduced for the sake of a limited initial concern. 
In the rest of this book, our interest remains focused on examining the prop- 
erties of the fields in various circumstances and on determining the fields 
from their sources, but the motivation underlying that focus has changed 


1It is suggested that the reader hold Chapters 1-6 between his thumb and index finger 
and note the compactness of that theory. 
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froma desire to study the fields so that we can determine forces of interaction 
to a desire to study the fields because they have become real physical entities 
in their own right. Before proceeding to the remainder of this book, the 
reader may find it valuable to review the evolution of this change in viewpoint 
by studying again the upper portion of the flow chart following the Preface 
and by working the following problem. 


PROBLEM 


Starting with Coulomb’s law and the analogous expression for the force per 
unit length on one of two parallel, current-carrying wires, repeat the essentials 
of the development in Chapters 3-6 to obtain the differential form of Max- 
well’s equations in Gaussian units, namely 


V-E=4ap vob =0 


1 oB 
ic on 
Along the way, obtain also expressions in Gaussian units for (a) the electro- 
static field established by a given charge distribution, (b) the electrostatic 
- potential established by a given charge distribution, (c) the law of Biot- 
Savart, and (d) the magnetic vector potential established by a given steady 
current distribution. Then, arguing from Maxwell’s equations, find expres- 
sions in Gaussian units for (e) the energy density in an electromagnetic field, 
(f) the Poynting vector, (g) the momentum density in an electromagnetic 
field, (h) Poisson’s equation for the static scalar potential and the analogous 
equation for the static vector potential, and (i) the wave equation for the 
time-dependent electric field in vacuum. In writing a solution to this exercise, 
stress particularly the logical development. Make it clear where definitions 
are made, where reference is made to experimental results, where mathema- 
tical identities are used, etc. Describe each calculation briefly, but abbreviate 
the presentation of mathematical details as much as is consistent with clarity 
and use theorems such as the divergence theorem without proof. Note: The 
reader who 1s particularly interested in electromagnetic units is referred to 
several articles by R. T. Birge [Am. J. Phys. 2, 41 (1934); 3, 102 (1935); and 
3, 171 (£935)] and to the Appendix on Units and Dimensions in J. D. Jackson, 
Classical Electrodynamics (John Wiley & Sons, Inc., New York, 1962). 


VxE=— 7 ihe ep 
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Ina region free of charges and currents (p = Oand J = 0), Maxwell’s 
equations reduce to 


na yd CG 
V-B=0 7 vole ae (7-3), (7-4) 


The solutions to these equations can be at least partially classified by exam- 
ining their dependence on the three Cartesian coordinates (x, y, z) and on the 
time ¢. Constant fields, which depend on none of these variables, obviously 
satisfy Eqs. (7-1)-(7-4), for every term in those equations contains a deriva- 
tive. There are no solutions depending only on one of the four variables 
(x, y, Z, t). If, for example, we assume a solution in which E and B both 
depend only on ¢, we cannot satisfy either Eq. (7-2) or (7-4), for the left-hand 
side would be zero and the right-hand side would be nonzero. That no solu- 
tions depending only on x or on y or on z can exist was proved in P6-21. 
Solutions depending on two or more of the four variables (x, y, z, 7) are less 
trivial. We postpone a detailed examination of some of these solutions to 
Chapters 8 and 14, confining our attention in this chapter to solutions that 
depend on f¢ and essentially on one Cartesian coordinate, which we initially 
take to be z. Further, we shall examine only some of the simpler solutions, 
for Eqs. (7-1)-(7-4) are linear and homogeneous and we can therefore super- 
pose any number of simpler solutions to generate more complicated solutions. 
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7-1 
Elementary Fields Depending on z and t; 
Plane Electromagnetic Waves 


The essential features of solutions depending on (r, ¢) can be illustrat- 
ed by considering solutions depending on (z, t). Suppose then that 


E= E(z,)i -+ Ez, 0} + EAz, Ok 
B= Bz, 1)i + B(z,0j + Bz, Ok 


where hereafter we shall leave the arguments (z, 4) understood. For this 
electromagnetic field, Eqs. (7-1)-(7-4) reduce to 


(7-5) 


7 ae a: — 0 => E, = constant (7-6) 
es 0 oa. = 0 ==> B, = constant (7-7) 
ae Z OB, Ee a afore (7-8) 


(See Table 6-1.) Since by superposition we can readily add a constant field to 
our solution at any time, we can take EF, and B, to be zero without serious 
loss. 

Equations (7-8) and (7-9) are more interesting than Eqs. (7-6) and (7-7), 
although even here there is a separation: Equation (7-8) involves £, and B, 
while Eq. (7-9) involves E, and B,. Apart from an arbitrary constant field, 
the most general solution in the form of Eq. (7-5) therefore consists of two 
parts, the first a solution of Eq. (7-8) having only £, and B, nonzero and the 
second a solution of Eq. (7-9) having only E,, and B, nonzero. We shall con- 
sider in detail only the second part, for which 


E= Ez, di B= Bz, dj (7-10) 
and F, and B, satisfy Eq. (7-9). If the first member of Eq. (7-9) is differentiated 


with respect to z and the second with respect to ¢ and then the equality of the 
two mixed second partial derivatives is recognized, we find that 


Oe O7 EB, 
Gz? Mofo ayz VERN) 
By a similar argument, we find also that 


0*B, OB, 
“gz? — Hof o-Fp2 ve) 


Thus, the two components F,, and B, both satisfy the one-dimensional wave 
equation. Since our initial objective is not to find the most general solution 
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but merely to find a solution, let us try the function 

E,(z, t) = Ex. cos (kz — at + 9) (7-13) 
where the amplitude E,,, the wave number x (in m~'), the angular frequency 
q@ (in radian/sec), and the phase ¢ are constants to be determined. By direct 


substitution, we find that this function satisfies Eq. (7-11) only if « and @ 
are related by 


Oy HEce (7-14) 
but that E,,,, and either « or @ can be chosen arbitrarily. The function 
B,(z, t) that must accompany Eq. (7-13) is now determined by substituting 
Eq. (7-13) into the first member of Eq. (7-9); we find that 


= = KE, sin (xz — at + $) (7-15) 


which, on integration with respect to ¢, gives 


Biz, ) = ee xo cos (xz — wt + 6) + a(z) (7-16) 


where g(z) is an arbitrary function of z (but cannot depend on ¢). Requiring 
that Eqs. (7-16) and (7-13) satisfy the second member of Eq. (7-9) gives 
dg/dz = 0, whence g(z) must in fact be constant. Since we can always add a 
constant solution by superposition, we take g = 0. One solution of Eq. (7-9) 
therefore is 


E = E,) cos (kz — wt + $)i 


1 (7-17) 


K S 
= — t- —= — E 
B wp bx £08 (xz — ot+ $)j an x 


where k = xk and is known as the propagation vector. The two parts of Eq. 
(7-17) are inseparable: If the E-field is present, the B-field must be present, 
and vice versa. Note, in particular, that a B-field in the y direction is associ- 
ated with an E-field in the x direction. 

More general solutions to the original equations can be obtained by 
superposing Eq. (7-17) with other solutions of the same form but having 
different values for E,., 6, and « or by superposing Eq. (7-17) with solutions 
to Eq. (7-8), which are found in P7-2 to have the form 


E = E,, cos (Kz — Or + ©)j 


l (7-18) 


a — Ey, cos (Kz — Of + @)i = GK x E 
where K = Kk and K = Q./5€,. In Eq. (7-18), Ey, ®, and K are arbitrary 
and independent of E,,, ¢, and x in Eq. (7-17). We shall treat these super- 
positions more fully in Sections 7-3 and 7-4. 

We next examine the general properties of the solution expressed in Eq. 
(7-17). Graphs of E,, versus z for the three times tf = 0, ¢ = a/2@, and t= 
z/@ are shown in Fig. 7-1. Apparently, E, can be described as a sinusoidal 
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Fig. 7-1. £,(z, 0) versus z for several values of ¢. 


wave propagating in the positive z direction, a suggestion that is confirmed 
by the appearance of the combination z — (@/x)t when E, is written in the 
form 


eM = (ees “w(z = 21) a o| (7-19) 


From this form, we conclude that the wave propagates with the (constant) 
speed 

(ee Sl il 
K v/ Leo€o 
[see Eq. (7-14) and compare also P1-8], which—with sufficient knowledge of 
the properties of the wave equation—we could have inferred directly from the 
coefficient “€,) in Eqs. (7-11) and (7-12). Further, because of the periodicity 
of the cosine function, the value of cos (---) in Eq. (7-19) is not changed if 
Kz is changed by 2z or (equivalently) if z is changed by 


c= 


(7-20) 


y— 2k 


- (22) 


Thus, E, (z, ¢) is the same at z -+ / as it is at z, where z is arbitrary. The para- 
meter A is called the wavelength of the wave and it measures the spatial separa- 
tion between corresponding points on successive cycles of the wave at a given 
time; the mks unit of wavelength is the meter. Similarly (P7-3), the period 
T (in seconds), which is the reciprocal of the (circular) frequency v (in cycles per 
second, called a hertz, Hz), is given by 

1 _2n 


T= — 


=== (22) 


and measures the temporal separation between successive occurrences of 
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Direction of 
propagation 


Fig. 7-2. Fields in a sinusoidal electromagnetic wave. The E-Field 
is parallel to the x axis and to the x-z plane and the B-Field is par- 
allel to the y axis and to the y-z plane. The fields extend to infinity 
in all directions. 


(say) a maximum of the field at a fixed point in space. The magnetic induction 
field B associated with the electric field E in Eq. (7-17) has the same analytic 
form as E but is directed along the y axis. In combination, the two fields con- 
stitute an electromagnetic wave, and the fields in this wave are shown at a 
particular instant of time in Fig. 7-2. 

In brief, Maxwell’s equations predict the existence of electromagnetic 
waves in empty space (p = 0, J = 0). The speed of propagation of these 
waves is independent of frequency and, as given by Eq. (7-20), has the numer- 
ical value 

= (ke 85418 + 0.00002) x 10-2 |[ an x 1-4) 
i” =e a N-m? Ae 
= 2.09 793es= 00000) ie eal0? mm/see (7-23) 


which, within experimental uncertainty, is the speed of light! (See Table 1-1.) 
This unexpected occurrence cannot be explained as a pure coincidence; rather 
we conclude that light is an electromagnetic wave. This prediction, which 
united two previously distinct areas of physics (optics and electromagnetism), 
was first made by Maxwell in 1861. It was not until the 1880’s that electro- 
magnetic waves at frequencies outside of the visible spectrum were first 
detected (by Hertz). 

All of the solutions obtained in this section are referred to as plane waves 
because at every instant of time the surfaces over which the electric field has 
the same value are planes, in this case, perpendicular to the z axis. (The 
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TABLE 7-1 Names in Common Use for Regions of the Electromagnetic 


Spectrum 
Wavelength, A Frequency, v 
(11) Name (7z) 
< = 10710 Gamma rays S ee 3 SC Jue 
<< ee Ore X-rays en OS 
4x 10°7— #1079 Ultraviolet 7x 10!4 _=3 x 10!7 
7 x 10-7 —4 x 10-7 Visible 4x 10!*_ 7x 1014 
= 10°4*—7 x 1077 Infrared =3-x 10!2— 4x 1014 
z= 109 — = 10-4 Microwaves =3 x 108 —=3 x 1012 
= 10° Television z= 3 x 108 
= 102 Radio ae 3 x 110 


magnetic induction field is, of course, also constant over these same planes.) 
The solutions discussed in this section are also said to be monochromatic 
because they are characterized by a definite wave number, which means in 
turn that they are characterized by a definite wavelength and hence by a 
single, well-defined color, where the term color may refer to wavelengths 
outside the visible portion of the electromagnetic spectrum. Names commonly 
applied to various regions of this spectrum are summarized in Table 7-1. 


PROBLEMS 


P7-1. Introduce the variable transformations € = z+ at,y = z—aat 
into the scalar wave equation 
Pu 1 du 
Oz? © a* oF 


and from the result show that u(z, t) = f(z — at) + g(z + ar), where f and 
g are arbitrary functions. Describe qualitatively the essential features of each 
term in this general solution. 

P7-2. Obtain the fields in Eq. (7-18) by applying the arguments in Section 
7-1 to Eq. (7-8). 

P7-3. Present an argument based on the periodicity of the cosine function 
to derive Eq. (7-22) relating T and w. 

P7-4. Show that the relationship @ = xc is equivalent to the more famil- 
iar statement Av = c, where A is the wavelength and v the frequency (in Hz) 
of the wave. Numerically, what is v for visible light, 2 ~ 5000 A? --- for 
microwaves, 2 ~ 10cm? 

P7-5. Use Maxwell’s equations to determine the magnetic induction as- 
sociated with the electric field 


|Doe= Efi cos (Ky — wt) + K sin (xy — cot)] 


where £E, 1s a constant. 
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P7-6. Find the magnetic induction field associated with an electric field 
of the form E = f(z — cf)i. 


7-2 
Energy and Momentum in Plane Waves 


According to the interpretations in Sections 6-4 and 6-5, the elec- 
tromagnetic field given by Eq. (7-17) carries both energy and momentum. We 
shall consider the energy first. For the field in Eq. (7-17), the Poynting vector, 
which gives the rate at which energy is transported by the fields, is given by 


ol Bee 2 {. 

S Wan 1 = TG cos? (kz — wt + o)k (7-24) 
[See Eq. (6-55).] As expected, $ is parallel to the direction of propagation of 
the wave. In addition, $ fluctuates both in space and in time. Since the period 
of microwaves and of waves of shorter wavelength is macroscopically small 
(< =~ 10°® sec), at least in these regions of the electromagnetic spectrum 
typical macroscopic measurements, which extend over many, many cycles of 
the wave, are sensitive not to the rapid fluctuations in the rate of energy 
transport but to the average rate of energy transport over many cycles. 
Although a macroscopic time interval may not contain exactly an integral 
number of cycles, a fraction of a cycle added to a large number of complete 
cycles is insignificant, and we can average over an integral number of cycles. 
Because of the periodicity of Eq. (7-24), however, that average is equivalent 
to the average over a single cycle. Thus, we find at a fixed point in space (fixed 
z) that 


= KE xy 2 = k 
<8» hee <cos? (kz — wt + $)> 
0 
— KE (7-25) 
where < f(t)> denotes the average of f(/) over a single cycle, 
ane . a: : 
TO) — | so ta (7-26) 


and we have recognized that <cos? (---)> = 4 (P7-7). Further, as shown in 
P7-8, the average rate at which energy is transported through space by this 
plane wave is related to the average energy density in the fields in such a way 
as to justify thinking of the energy as moving rigidly through space with the 
wave. 

The momentum transported by the plane wave in Eq. (7-17) leads to anoth- 
er interesting result. From Eq. (6-61), we find that the momentum density in 
this plane wave is 


2 aA 
Cer B= fol Eea cos? (kz — ot + ok (7-27) 
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Absorbing 
surface 
(area A) 


Incident 
wave 


y 


Fig. 7-3. A plane wave incident normally on an absorbing surface. 


Suppose this plane wave is incident on an absorbing surface located at z = 
(Fig. 7-3). Since this surface absorbs momentum from the wave, it experiences 
a force F given by 
p — A(momentum) (7-28) 
At 
where At is the time interval over which the absorption occurs. But the change 
in momentum of the electromagnetic field is equal to the amount of momen- 
tum in the volume of depth c At, since in time Af the radiation in that volume 
is absorbed. If At is small enough, the momentum density at the surface can 
be assumed to be applicable to the entire volume. Thus, in magnitude, 
ol Wecwe a 2 on 2 
PS mal 29 cos? (cot d)| [Ac Ad] (7-29) 
where A is the area of the surface and we have set z = 0. Defining the radia- 
tion pressure p, on the surface by F/A and setting xc/@ = 1| [Eq. (7-20)], we 
find that 
Pr = €oE 7 cos? (wt — ¢) (BS) 


On a macroscopic time scale, however, this instantaneous pressure fluctuates 
rapidly throughout a large portion of the electromagnetic spectrum. Thus, 
we can again connect macroscopic physical observations with an average 
over one cycle, and we find the expression 


CPr> = 4€E xo (Geom 


for the observed radiation pressure. (Remember that <cos?(---)> = 4.) 
Fora field’ £,, = 1 V/m, this pressure 1s 4.403 = Nm oreo On? 
atmospheres. 
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PROBLEMS 


P7-7. Show by direct integration, as in Eq. (7-26), that <cos? (Kz — wt 
+ $)> = 4 when x, z, @, and ¢ are constants. 

P7-8. Consider the wave in Eq. (7-17). (a) Show that <u; = <g>, where 
uz, and wp, are the electric and magnetic energy densities, respectively. (b) 
Show that |<S>| = c[<ag> + <ug>], and interpret this equation physically. 
(c) Express the radiation pressure, Eq. (7-31), in terms of the average energy 
density (upm> = (ue> ++ Cup>. 

P7-9. The light from the sun delivers about 1300 W/m? to the surface of 
the earth. Assume the radiation to be a plane wave described by Eq. (7-17) 
and let it be incident normally on the earth’s surface. (a) Calculate the ampli- 
tude of the electric field in this wave and the resulting radiation pressure on 
the earth’s surface. Hint: Neither of these quantities depends specifically on 
the wavelength of the light; see Eq. (7-20). (b) The energy of a single photon 
of frequency v is Av, where /is Planck’s constant. Assume sunlight to have the 
wavelength 5500 A and calculate the number of photons incident per second 
on a square meter of the earth’s surface. 

P7-10. Let the radiation impinging at normal incidence on a wall be 
reflected rather than absorbed. Determine the radiation pressure on the wall. 

P7-11. (a) Determine the radiation pressure experienced by a perfectly 
reflecting plane surface bathed in monochromatic light whose incident direc- 
tion makes an angle 8 with the normal to the surface. Express your answer 
in terms of the average energy density <uz\,> in the incident wave. (b) Deter- 
mine the pressure experienced by the same surface bathed in monochromatic 
light incident isotropically from all directions on one side of the surface. 
Hint: See F. K. Richtmyer, E. H. Kennard, and T. Lauritsen, Introduction to 
Modern Physics (McGraw-Hill Book Company, New York, 1955), Fifth 
Edition, Chapter 4. 


7-3 
Superposition of Waves of the Same Frequency: 
Polarization and Interference 


The electromagnetic wave is a ¢ransverse wave, which means that the 
oscillating electric and magnetic fields composing the wave are perpendicular 
to the direction of propagation. Since there are two linearly independent 
directions perpendicular to a given direction, there are two distinct plane 
waves with the same direction of propagation. These two waves are said to 
be in different states of polarization, the type of polarization being conven- 
tionally classified by the behavior of the electric field in the wave. A Jinearly 
polarized wave, for example, has an electric field that is always directed 
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parallel to some fixed line in space. The wave in Eq. (7-17) is therefore lin- 
early polarized in the x direction. 

More general states of polarization can be constructed by superposing two 
waves having the same frequency [and hence the same wave number; see Eq. 
(7-14)] but polarized at right angles to one another. The resulting electric 
field, which determines the state of polarization, is obtained by setting K and 
Q in Eq. (7-18) equal to x and @ and then adding the fields to those in Eq. 
(7-17); we find, for example, that 


EP) By cos G6z — ot)i + 9 cos (KZ — wt + ®)j (7-32) 


where, for a simpler discussion, @ has been taken equal to zero. (Only the 
phase difference between the x- and y-components is important.) To determine 
the state of polarization of the wave in Eq. (7-32), we examine the field in the 
planez — 0) where 


B= By cos oti + E ycOs (tot —— ®)j (7-33) 


As a first example, let ® = 0. The two components of the wave are then said 
to be in phase, and 


b= (E,oi +- E,o}) cos wt (7-34) 


Thus, as viewed from a point on the positive z axis, the tip of the electric 

field vector in the x-y plane moves back and forth along a line having the 

direction of the constan; vector 4,, ie Eat. This line makes an angle 6 

satisfying 

Evo 
x0 


with the x axis (Fig. 7-4). The wave described by Eq. (7-32) when ® = 0 is 
a linearly polarized plane wave, polarized in the direction shown. When 
® = 7, the two components of the wave are 180° out of phase, and the com- 
posite wave is also linearly polarized, but in the direction making an angle 
—@ with the x axis (P7-12). 

A more interesting case occurs when the two components of Eq. (7-32) 


(wae) fe) (7-35) 


Fig. 7-4. Direction of the E-field in a 
plane wave linearly polarized at 
an angle @ to the x axis. The E-field 
oscillates in magnitude but is always 
directed one way or the other along 
the line shown. Its maximum ampli- 
tude is given by the vector Exoi + 
Eyol. 
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Fig. 7-5. Successive values of E for 
the elliptically polarized wave of Eq. 
(7-36). The vectors along the x axis 
have magnitude Exo and those along 
the y axis have magnitude Eyo. 


are 90° out of phase, d = 4z. In this case, 
1D 8 eos coti Se leas SINT wt} (7-36) 
More specifically the electric field is given at successive times by 


E(O) = E,oi 


E 7) E30 
E(=) = a i cA) 
Oo x0 


From the successive positions of E shown in Fig. 7-5 we conclude that the 
E-vector rotates counterclockwise as seen from a point on the positive z axis. 
If we eliminate ¢ from the two equations, E,(t) = E,,. cos wt and E,(t) = 


E,, sin wt, we find that 
a Ene : 
Ge) gl! oe 


which is the equation of an ellipse with semiaxes E,, and £,,. Thus, the tip 
of the E-vector in this case traces out an ellipse and the wave is said to be 
left elliptically polarized, the adjective Jeft designating the counterclockwise 
direction of rotation. Sometimes the phrase positive helicity is used to 
describe this direction of the polarization. By similar arguments (P7-13) one 
can show that when ® = 37/2 the electric field rotates clockwise, its tip again 
tracing out an ellipse; the result 1s a right elliptically polarized wave, some- 
times said to have negative helicity. 

lt 22g 22 uben oi 7-35) is ihe equation ot 2 circle andi we haved 
special case of elliptic polarization called circular polarization. A left circu- 
larly polarized wave has an electric field given in the plane z = 0 by 


E = E,,(cos wti + sin eff) (7-39) 
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and a right circularly polarized wave is characterized by an electric field given 
by ; 
E = E,,(cos wti — sin wtj) (7-40) 
The various states of polarization are more easily related to one another 
if we introduce a complex representation for the fields.' Recognizing the 
Euler identity 
e® = cos@ + isin @ (7-41) 
[Eq. (D-17)], we can then replace the fields in Eq. (7-17), for example, with 
the complex fields 


&=6,,e¢° 1, B= = 8.08] (7-42) 


where the complex amplitude &,. 1s defined by 
oma = Bae (7-43) 


Whenever we need to, we can recover the physical fields E and B by taking 
the real part of the complex fields, i.e., 


Ee Ree Re (7-44) 


A similar pair of complex fields can be introduced to represent the physical 
fields in Eq. (7-18). Since the complex fields corresponding to two or more 
physical fields can be added to give the complex field corresponding to the 
superposition of the physical fields [Re (z; + z.) = Rez, + Re z,], we then 
find that the complex electric fields for the basic states of polarization have 
the form 


linearly polarized, x direction: oS E,ie! ees 

linearly polarized, y direction: — E,jet7-2) 

right circularly polarized: oo E,(i 4 if) cee (7-45) 
left circularly polarized: & = E,(i + ij)eiez-o? 


The complex fields in Eq. (7-42) also facilitate examining the effect of 
superposing two or more waves having the same frequency and the same 
polarization but different amplitudes and phases. Let the sth such wave be 
represented by the complex field 

eo — EWeitigi(es—oj 
B®” — KE E'S) eibiei(ez-ot)j (7-46) 
oO 


where E{? is a real number. The complex fields &, ® representing the super- 
position then are 


A 
° 


—— & efn7-29 7, Q= Shee (7-47) 


1The properties of complex numbers are summarized in Appendix D, 
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where 
bn eee (7-48) 


We ask now for the rate at which energy is transported by this combined 
wave. The answer is given by the time average of the Poynting vector (Why ?), 
but we must evaluate this quantity carefully. Its definition involves a product 
of the physical fields, and we cannot multiply the complex fields and then 
extract a real part; we must take the real parts first [ReGie 
(Re 2,)(Re z,)]. Thus, we must proceed as follows: 


(= ae <i) = a Re 8) x (Re ®)) 
= 7,6 + 8) x (B+ B%)> [see Eq. (D-10) 


- iy t x BY + <8 X B*) + (8* x B+ (E* X BY] (7-49 


Now with & and @ in the form of Eq. (7-47), the time dependence of & x 8, 
lies in a factor e~** and <& x ®> = 0. Similarly, &* x ®* involves a factor 
e7F and <&* X ®*»> = 0. The terms & x @* and &* x ®, however, contain 
no explicit time dependence. Each is therefore equal to its own time average 
and we have from Eq. (7-49) that 


] 
SS 8G - s* 2 
? Tint ] 
] ] 
= hele Xe ) = Re(s x G 7-50 
Bie ( ) OE ( ) (7-50) 
[See Eq. (D-10)]. Finally, we obtain 
Cpe 5 2h : 
OD = yr Oe (7-51) 
=| Deve |e (7-52) 
2@!*s 


for the average Poynting vector of the fields in Eq. (7-47). Its magnitude 
depends on the amplitudes and the phases of the component waves but is 
not just the sum of independent contributions from these components—that 
would be given by (x/242,@) 3), [E§°]? (Why ?)—so the individual components 
interact with one another to determine the rate at which energy is transported 
by the total wave. This phenomenon of interference between two or more 
waves that are simultaneously present is a characteristic property of waves 
and is responsible for the useful functioning of such diverse apparatus as 
grating spectrometers and arrays of antennas for radio and television broad- 
casting. 

As a more specific example of the consequences of Eq. (7-52), suppose 
there are NV waves, all having the same amplitude FE‘ = E,. Further, let the 
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Fig. 7-6. Graphs of fy(6) versus 6 for selected values of N (above, 
and on opposite page). Note particularly that the vertical scales are 
different for each graph. 


phase of the sth wave differ from that of the (s — |)st wave by an amount 6 
that is independent of s, so that @, = (s — 1)d if we set d, = 0. In this case, 
Eq. (7-52) becomes 


CBG is 


where fy(6) is defined by 


GS (7-53) 
fu) = | 34 4] (7-54) 


7-3 Superposition of Waves of the Same Frequency 


25 


100 


WD 


fig(5) 50 


25 


201 


Apart from a constant factor, f,(6) gives the rate at which this composite 
wave transports energy, expressing that rate as a function of the phase differ- 
ence 6 between consecutive individual waves. The sum in Eq. (7-54), however, 


can by evaluated analytically. Since 
N 
BOSE ae sao oe A= 6 
2G + ef? Le 
we find that 


N 
ey) PROSE ty te 


s=1 


(7-55) 


(7-56) 
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Thus, on subtracting Eq. (7-56) from Eq. (7-55) and rearranging the result, 
we obtain 
Yi le ee SN Oe) 
Cl) oa — = i(N—1)6/2 Z WaT 
mae =e aaa sin (0/2) et 
where the last form follows after factoring e'%*/? and e’” out of the numera- 
tor and denominator, respectively, and then using the results of PD-12 in 
Appendix D. Finally, on substituting Eq. (7-57) into Eq. (7-54), we find that 


__ sin? (N6/2) : 
f(6) = “sin? (6/2) (7-58) 


Graphs of this function for several values of N are shown in Fig. 7-6. For 
every N the function has principal maxima of height N? when 6 = 2nz, 
where v is an integer, zeros when 6 = 2mz/N, where mis an integer not equal 
toa multiple of N, and secondary maxima at N — 2 points between adjacent 
principal maxima. As N becomes larger, the principal maxima become 
narrower (P7-17) and the secondary maxima become less significant. 

To make the example of the previous paragraph even more meaningful, 
let us place it in a physical context. Suppose we have a linear array of N 
equally spaced sources oscillating in phase and all emitting electromagnetic 
radiation of the same frequency (Fig. 7-7). Further, let each source have the 
same amplitude and suppose each source emits energy equally in all direc- 
tions. Finally, let the emitted radiation be observed on a distant viewing 
screen. Although strictly the sources do not emit plane waves, the radiation 
reaching the point P on the viewing screen from each source can be treated 
approximately as a plane wave propagating along the line from the source to 
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Fig. 7-7. A linear array of sources radiating to a distant viewing 
screen. 
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P. Because of the assumed distance of the viewing screen from the sources, 
however, lines from all of the sources to P are nearly parallel and all waves 
reaching P are therefore coming from essentially the same direction. Further, 
these waves have all traveled essentially the same distance from their respec- 
tive sources, so any attenuation in amplitude will affect all of them nearly 
equally and the separate waves as they arrive at P will have nearly the same 
amplitude. Indeed, again because of the distance from the sources to the 
viewing screen, the amplitude of the individual waves is nearly independent 
of the position of P on the screen. Finally, the phase difference between the 
waves arriving at P from adjacent sources is determined by the difference in 
length between the two paths from P to the sources, a difference of one 
wavelength 4 corresponding to a phase difference of 2x. (Why?) Since 4 is 
typically small, we cannot here ignore the small differences in these paths as 
we have done earlier in the paragraph. When a line from the sources—any 
source will do (Why ?)—to P makes an angle @ with a normal to the line of 
sources, the path difference for waves from adjacent sources is a sin 6, where 
ais the separation of the sources. This path difference corresponds to a phase 
difference 6 given by 


i (2 ! “) == fan iiall (7-59) 


which is the same for any two adjacent sources. Thus, with the various approxi- 
mations made in this paragraph, the situation at P in Fig. 7-7 exactly dupli- 
cates the situation to which Eq. (7-58) applies, provided we identify 6 as in 
Eq. (7-59), and, apart from the distortion of the horizontal scale caused by 
the nonlinear relationship between 6 and @, the graphs in Fig. 7-6 show the 
intensity of the radiation received at P as a function of the position of P on 
the viewing screen. Some additional aspects of these radiation patterns are 
explored in P7-18, P7-19, and P7-33. 


PROBLEMS 


P7-12. Show that when ® = 2, Eq. (7-32) represents the electric field in a 
linearly polarized wave and determine the angle a between the direction of 
polarization and the direction of increasing x. 

P7-13. Show that when ® = 32/2, Eq. (7-32) represents the electric 
field in a right elliptically polarized wave. 

P7-14. Show that for general ®, Eq. (7-32) represents the electric field in 
an elliptically polarized wave and determine the angles that the axes of the 
ellipse make with the direction of increasing ~. 

P7-15. Show that the imaginary part of Eq. (7-42) satisfies Maxwell’s 
equations with p = 0 and J = 0. Thus, we can take either the real or the 
imaginary part of the complex field as a physical field. 

P7-16. Verify the third and fourth members of Eq. (7-45). 
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P7-17. (a) Defining the width A of the principal maximum as the distance 
(in 6) from the peak to the nearest zero, find A in terms of N for the pattern 
given by Eq. (7-58). (b) Estimate the height of the secondary maximum im- 
mediately adjacent to the principal maximum and compare this height to that 
of the principal maximum. Hint: (1) Approximately for what value of 6 does 
this secondary maximum occur? (2) Assume N fairly large. 

P7-18. (a) Show that £,(6) = 4 cos? (6/2) = 2(1 + cos 6). (b) With 6 as 
given by Eq. (7-59), draw polar graphs of f, as a function of @ for a/A = 
.5, 1, 2, and other values if necessary. Consider only —in <0 < 4a. (c) 
Describe in words the effect of changes in a/A on the pattern. 

P7-19. (a) Show that /,(6) = 8(1 -+- cos 6) cos? 6. (b) Obtain a careful 
graph of f, versus 6, find the positions of the two secondary maxima to three 
significant figures, and determine the height of these maxima. Hint: Use a 
desk calculator or computer. (c) With 6 as given by Eq. (7-59), draw polar 
graphs of f, as a function of @ for selected values of a/A and describe in words 
the effect of changes in a/A on the pattern. Consider only —4a < 0< 4a. 
Hint: Again, use a desk calculator or computer. 

P7-20. Suppose a very large number WN of sources contribute waves whose 
amplitudes at the observation point fall off so that E{ = r°-1E%, where 
0 <r <1, and whose phases satisfy ¢, = (s — 1)6. Show from Eq. (7-52) 
that the rate of energy transport is proportional to 


Me= : 


3 (2 en 2 
and examine the latter form as a function of 6 for various r. Can you fit this 
model into a physical context? Hint: Use a computer. 


] — rNeine 


1] — re’? 


7-4 
Superposition of Waves of Different 
Frequencies; Spectral Decomposition 


The complex fields also facilitate a study of superposition when the 
frequencies of the superposed waves are different. We shall consider here 
only the superposition of waves having the same linear polarization. Since 
the solutions expressed in Eq. (7-42) are valid for any &,, and for any x, 
provided @ = xc, we can build more general solutions by superposing these 
simpler solutions for a discrete spectrum of values {8,o(#;), Kp» @;3 
i= 1,2,...}, or, more usefully, by superposing simpler solutions for a con- 
tinuous spectrum of x by integration, specifically 

Bz.) =i] Bolero a (7-60) 


CZ) — 43 | Se a ak (7-61) 
0 
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where @ is a function of x (@ = xc) and &.o(K) is an arbitrary (complex) 
function of the (real) variable x. We shall need also expressions for the 
physical fields. For the physical E-field, we obtain 


E= Reé= 1(€ + &*) 
=H] alice + Bh (eee) a 
= iG [-s ( ) i (xz—cot) d : * i (1z—cot) 
3 coe K je Peale I. &*)(—K)e dk 

— ° - f(z —cot dk 

== 1 [- A()ei7-2) = (7-62) 
where the spectral function A(x), which relates to how much of a particular 
wave number x is present in the general field, is defined by 

N&,o(K), k>0O 
a o(%) 


n&*,(—K), K <0 


This extension of x into the physically meaningless region x < 0 should be 
noted. Mathematically this extension is useful, but it cannot be allowed to 
confuse any subsequent physical interpretations. A similar argument applied 
to Eq. (7-61) gives 


Biz, ) = i | A(rejeloron (7-64) 


(7-63) 


for the physical B-field. The property 

A(k)* = A(—k) (7-65) 
which follows directly from Eq. (7-63), assures that both E(z, t) and B(z, t) 
as given by Eqs. (7-62) and (7-64) will in fact be real (P7-21). Further, the 
spectral function corresponding to a plane wave whose E-field is Known at 
some initial time tf = 0 can now be determined by Fourier inversion of Eq. 
(7-62); we find that 


A(k) = f ¥ E.(z, O)e*™ dz (7-66) 


(See Appendix D.) Since A(x) in Eq. (7-66) is well-defined even if E,(z, 0) = 0 
except in some small range of z, we have now made it possible to express 
general plane waves that may be nonzero only in some finite range of z. 
Further, we have found expressions for calculating the physical fields from 
the spectral function [Eqs. (7-62) and (7-64)] and also for calculating the 
spectral function from the fields [Eq. (7-66)]. The formalism for describing 
these general superpositions is thus complete. 

We shall now illustrate the use of this formalism to calculate the spectral 
distribution of energy in this general, linearly polarized, plane wave. Let us 
first calculate the total energy W transported across a unit surface oriented 
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with its plane perpendicular to the direction of propagation; we find 


pul 


a ps | 
—co oo | Ho 
. i(z—wt) + : 1) pi (K’z—-w't) dk’ 


Now, for the sake of the final result, let us change the sign of x’ and recognize 
Eq. (7-65) to obtain 


Wma | | Se | ee Me O88 


For simplicity in the manipulation, let the origin of the coordinate system be 
taken in the surface across which the energy flux is computed. Then z = 0 
and, since m = xc and w’ = x’c, Eq. (7-68) becomes , 


W = “= | 4 ae |S GE A(re)ACe' View: (7-69) 


where € = ct. Now, let us write this expression in a form to which the Fourier 
integral theorem (Appendix D) can be readily applied: 


=a] Sal [ wem([" Bawres)) — o-70 


In this form, the innermost integral can be one as giving that function 
of € whose Fourier transform is A(x’)*. But then the middle integral expresses 
the Fourier transform of that function. Together, the integrals on x’ and € 
merely produce A(x)*! [See Eqs. (D-30) and (D-31).] Thus, 


Rett ear 
w=7.| l4oorg (7-11) 


To extract a physical interpretation, however, we must remove all reference 
to the unphysical negative wave numbers. From Eq. (7-65) it follows that 
| A(x) |? = | A(—x) |? (Why ?); thus, | A(x) |? is an even function of « and Eq. 
(7-71) may be written alternatively as 

= ; 2 a 

=a | | A(ic) |? dee (7-72) 
from which it is now natural to interpret the integrand as giving the distribu- 
tion u(x) of energy over all wave numbers, 


uk) = — 5 | Al)? (7-73) 


In essence, the function u(x) ey the reading of a spectral analyzer at 
wave number « when a wave defined by the spectral function A(x) is incident 
on the instrument. The transformation of Eq. (7-73) into expressions for the 
distribution of energy over frequency @ and over wavelength 4 is the topic 
of P7-23. 
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PROBLEMS 


P7-21. Verify that the condition A(«)* = A(—x) assures that the fields 
given by Eqs. (7-62) and (7-64) will be real. 

P7-22. (a) Suppose E(0, ¢) is known. Find an expression for A(x). (b) Let 
E(QO, t) = E,i, —T <t <T, and E(0, t) = 0 outside that time interval. Find 
A(x) and u(x) and sketch a graph of the latter as a function of x. (c) Show 
that the width of A(x) in & is inversely proportional to T. This property is 
very closely related to the Heisenberg uncertainty relations in quantum 
mechanics. Optional; Find and describe the B-field associated with the 
E-field in part (b). Hint: In terms of the signum function sgn(@) defined by 
sgn(«) = l,a > 0; = 0, « = 0; = —1, a < 0, note the integral 


| dx = m1 sgn(a) 


7 


P7-23. Starting with Eq. (7-72), obtain an expression giving the distribu- 
tion of energy (a) in frequency @ and (b) in wavelength 4. 


7-5 
Plane Waves in Three Dimensions 


A three-dimensional plane wave solution to Maxwell’s equations can 

be inferred from the one-dimensional solution already obtained. Instead of a 
coordinate z, which measures the displacement of the general point r from 
the x-y plane, we should have a coordinate measuring the displacement of the 
point r from some more general plane whose normal vector is, say, fi. Thus, 
we expect that z, which is equivalent to k-r, should be replaced by fi-r, and 
further that the vector fi (as did k before) should coincide with the direction 
of propagation of the wave. We are thus led to guess a more general solution 
of the form 

E77) — Ee 2? 

@(r, t) = Beit) 
where E, and B, will be assumed real and k = xii. It is shown in P7-25 that 
the fields in Eq. (7-74) in fact do satisfy Maxwell’s equations when p = 0 and 
J = 0 provided that 


(7-74) 


kh, — 0=—— x | E, 
kB, = 0—— K |) B, 


D =e (7-75) 
I 
B, — Fs x E, 
Furthermore, the time average of the Poynting vector is given by 
FE? 
Ss a= 7-76 
(8) = gto (1-16) 


208 Plane Electromagnetic Waves in Vacuum 


confirming our intuition that « gives the direction of propagation of the wave. 
Consistent with Eq. (7-75), we can think of the plane wave propagating in 
three dimensions to be defined as follows: 


(1) Specify k, i.e., the direction of propagation and the wave number, arbi- 
trarily. 

(2) Specify E, arbitrarily, subject only to the constraint that E, be perpendicu- 
lar to K. 

(3) B, and @ are then determined by Eq. (7-75). 


Plane waves in three dimensions are discussed in much greater detail in 
Chapter 13. 


PROBLEMS 


P7-24. Obtain expressions for the (complex) electric and magnetic in- 
duction fields in a plane wave that is (a) linearly polarized in the y direction 
and propagating in the positive x direction, (b) linearly polarized in the z 
direction and propagating in a direction parallel to the x-y plane at an angle 
@ to the positive x axis, and (c) right circularly polarized and propagating in 
the positive x direction. 

P7-25. Because Maxwell’s equations are linear in the fields, the entire 
complex field can be required to satisfy the equations with the assurance that 
the real part alone then necessarily satisfies the equations by itself. (a) Sub- 
stitute Eq. (7-74) into Maxwell’s equations with p = 0 and J = 0 and derive 
the conditions expressed in Eq. (7-75). (b) Obtain Eq. (7-76) for the time- 
averaged Poynting vector of the fields in Eq. (7-74). Caution: The real parts 
of the complex fields must be taken before evaluating the cross product E x 


B. (Why ?) 
P7-26. For the wave in Eq. (7-74), show that 
I 1 
S$» = ~<— Re (&* x GB) = ~— Re(& X &* 
(8) = p Re (8* x @) = 7 Re (8 x Bt) 
— £0 Regt. eel ok 
(wey = PRe(E*-8) Cus) = G- Re (B*-B) 


where S, up, and ug are the Poynting vector, the electric energy density, and 
the magnetic energy density, respectively. 


Supplementary Problems 


P7-27. Find the most general solution to the scalar wave equation 


1 du 
a? of? 


in spherical coordinates if the solution is known to depend only on r and t. 


Vu = 
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Hints: (1) Use V? as given by Eq. (2-53). (2) Make the variable transformation 
u(r, t) = f(r, O/r. (3) See P7-1. 
P7-28. Show that the wave equation 


O71 pel ou 

OP care 
is invariant to the Lorentz transformation z’ = y(z — v1), t’ = y[t — (v/c?)z], 
where y = ,/1 — (v/c)? and v is the speed of the primed coordinate system 
relative to the unprimed system. That is, show that a function u(z, t) satisfying 
the above equation also satisfies 


Ou 


1 o7u 
dz’ er gt"? 
where z’ and t’ are determined from z and ¢ by the Lorentz transformation. 

P7-29. For the plane wave in Eq. (7-17), find a suitable Lorentz gauge 
vector potential A when the scalar potential is taken to be zero. 

P7-30. In experiments on nuclear magnetic resonance (nmr), the sample 
is often placed in a region free of charges and currents and subjected to a 
magnetic induction field of the form 

B(t) = Bk + bi cos Mot — bj sin Wot 
where B,, 6, and @, are constants. (a) Describe this field in words. (b) Show 
that there exists no electric field E that can be added to B so as to produce a 
pair of fields satisfying Maxwell’s equations and explain how the physicist 
doing experimental nmr obtains the specified field. 

P7-31. Calculate the force experienced by a perfectly reflecting sphere of 
radius a placed in the path of a linearly polarized, plane, monochromatic 
electromagnetic wave. Hints: (1) Recall that the angle of incidence equals the 
angle of reflection, where both are measured with respect to the normal to 
the surface at the point of incidence. (2) See P7-11. 

P7-32. If the common factors in Eq. (7-45) are ignored, we can make the 
correspondences 


I wave linearly polarized in the x direction 
0 and propagating in the z direction 


hmie> 


wave linearly polarized in the y direction 
and propagating in the z direction 


a 
=. © 
ee 

>» 


right circularly polarized wave 
propagating in the z direction 


1 A aA 
( | <=> i-—ij< 
—i 

left circularly polarized wave 
propagating in the z direction 


1 5 8 

( f <— i+ij<— 
i 

These two-dimensional vectors, and others like them, are called Jones vectors. 

Within this representation, many optical devices can be put in correspon- 


dence with a two-by-two Jones matrix. The Jones vector corresponding to 


210 Plane Electromagnetic Waves in Vacuum 


the output of such a device is then obtained by multiplying the Jones vector 
corresponding to the input by the Jones matrix of the device. (a) Show that 
the Jones vector representing a wave linearly polarized in the x direction is a 
linear combination of the Jones vectors representing the two states of circular 
polarization. (b) Find the Jones vector representing light linearly polarized 
at an angle « to the x axis. (c) An optical device is represented by the Jones 
matrix 


( cos@ sin 4) 


—sing cos¢ 


Describe the effect of this device on an incident plane wave linearly polarized 
in a direction making an angle @ with respect to the positive x axis. This so- 
called Jones calculus is developed in some detail in G. R. Fowles, Introduction 
to Modern Optics (Holt, Rinehart and Winston, Inc., New York, 1968), 
Chapter Z: 

P7-33. Relax the assumption that the sources in Fig. 7-7 are equally 
spaced and in phase, letting the sth source be located more generally at y, on 
the y axis. Further, let the sth source have an intrinsic phase «,. (a) Using the 
same approximations as in the text, show that the phase of the sth contribu- 
tion to the amplitude at P is given by ¢, = xy, sin @ + «,, where the phase 
reference is a (possibly imaginary) source at y = 0. (b) Write a program that 
accepts the number of sources N, the emitted wavelength J, the positions y,, 
the intrinsic phases «,, and the amplitudes FE‘ as input and then computes 
and prints out the square magnitude in Eq. (7-52) for a specified range of 0. 
(c) Use this program on an available computer to obtain a polar graph of 
intensity versus angle for the combination of two sources for which E{)) = 
I,y, =A, a, =O and EY = 1, y, = —A, a, = 42a. Optional: (1) Examine 
other arrays of sources of your choice. (2) Modify the technique to allow for 
positioning the sources in a plane but not necessarily on a line and use the 
resulting program to examine intensity versus angle for several such arrays. 

P7-34. In our discussion of interference, we tacitly assumed that the 
interfering waves were coherent, which means that the phase difference 
between any two individual waves remained constant so that at a particular 
point the two waves were, for example, a/ways in phase or a/ways 147° out 
of phase or something similar. If the phase difference between any two indi- 
vidual waves changes rapidly and randomly on the time scale of a macroscopic 
observation, any interference will be washed out because the waves are as 
much in phase as out of phase during the observation. In the latter case, which 
typically arises when the waves are derived from independent sources rather 
than by splitting the wave from a single source, the waves are said to be 
incoherent. Mathematically, the superposition of incoherent waves can be 
represented by averaging Eq. (7-52) over assumed random and independent 
fluctuations of all d,. Recognizing that such an average of e'*, where « varies 
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randomly, is zero, show that Eq. (7-52) reduces to the sum of independent 
contributions from each wave when the waves are incoherent. 
P7-35. In this problem, we shall explore a simple numerical technique 
for solving the wave equation 
O7u 


lou 
eee a 

SUDJECE tothe conditions “(0 7) — wl, 1 — 0) u(z, 0) = f(z), and v(z, 0) — 
0, where a is a constant and f(z) is a known function of z. [Think of a string 
stretched between z = 0 and z = L and released from rest with an initial 
displacement given by f(z).] We begin by superposing a rectangular grid on 
the domain 0 < z << L,0 <1 < oo of the problem (Fig. P7-35). Let the lines 
of the grid be separated by Az and Ar in the two coordinate directions, where 
both Az and Ar can be chosen as small as necessary. We now interpret solving 
this problem numerically to mean obtaining values for wu at all intersections 
on this grid. To facilitate writing subsequent equations, let z, = i Az, i= 


0, 1,2, ---; t; =jAt,7 =O, 1,2, ---; and u, , = uz, t,). (a) Approximate 
the derivatives in the above differential equation and show that 
Mp pe = OUs+1,j te U;—1,4) Se A OU; 5 — te pas (1) 


where a = a?(Ar)?/(Az)?. Hint: Show first that d?f(€)/dé? = [f(é + Aé) — 
2f(€) + f(€ — AE)]/(AE)*. (b) Equation (1) permits a direct calculation of w 
at points on the line t = r,,, provided values are known on the two previous 
lines t = t, and ¢t = t,_,. (Why?) To get started, we therefore need the values 
u; and u; , for all i. The initial condition on uw gives uv, = f(z;). We obtain 


ben 


Figure P7-35 
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u,, by introducing temporarily the values uv; ,. Then u,(z,, 0) = (u,1 — 


u; +12 At). Thus, the initial condition on wu, requires that uv; , = u;,,. Now, 
set j = 0 in Eq. (1) and show that 
Le = 5[0(u;+1,0 ape ea Al O)U;,o] (2) 


Thus, we calculate wv, , from the initial condition on u, then calculate uv, , from 
Eq. (2), and then use Eq. (1) to obtain u; ,, u;3,--- in succession, (c) Write a 
program to implement this algorithm on an available computer. Assume that 
L, a, Az, and At are provided as input. (d) Use your program to find the 
solution at several successive times when L = 10cm, a = .5 cm/sec, Az = 
1 cm, At = | sec, and in consistent units f(z) = z(10 — z)/25. Try also some 
other cases of your choosing. Note, however, that this method is unstable 
(and hence unsatisfactory) unless « < 1. Optional: (1) Modify your program 
to print w, ; only for every Nth value of /, thus permitting smaller time steps 
without generating excessive output. (2) Develop a means to extend this 
method to cases where u,(z, 0) = g(z) 4 0. 

P7-36. The linearly polarized electromagnetic wave given by Eq. (7-42) is 
incident on an electron that, in the absence of the external field, undergoes 
damped harmonic motion about a nominal equilibrium position, say the 
origin. Let the spring constant be k and the damping constant be Bb. (a) Show 
that the force arising on the electron from the B-field in the wave is smaller 
than the force from the E-field by a factor v/c, where v is the electron speed, 
and hence argue that, when v/c < 1, the equation of motion of the electron is 


me as 

ire 
where mm and —q are the mass of and the charge on the electron, respectively, 
and &,, —> E,,, has been taken to be real. Note that we have tacitly introduced 
a complex position x whose real part expresses the physical displacement of 
the electron along the x axis. (b) Assume that x(t) = x) exp (—iq@f) and find 
a solution of Eq. (1) for x as a function of f. (c) Discuss this solution, paying 
particular attention to the dependence of its amplitude and phase on the 
frequency of the incident wave. Note: The calculation in this problem is the 
first step in a classical calculation of the scattering of light by a bound elec- 
tron. 


aE doe kx = —gE,.e (1) 


s: 
Potential Theory 


In Eq. (6-75), we found that, in a region where the charge and current 
densities are zero, both the scalar electrostatic potential and the components 
of the vector magnetostatic potential satisfy Laplace’s equation, 


V0 (8-1) 


where the Laplacian operator V? in different coordinate systems is given in 
Eqs. (2-51)-(2-53). The body of knowledge relating to methods for solving 
Eq. (8-1) and to properties of the resulting solutions is known as potential 
theory and is the topic of this chapter. We shall illustrate the general theory 
exclusively with problems in electrostatics, but the theory itself can be applied 
wherever Laplace’s equation appears. Such diverse areas of physics as steady- 
State heat flow, static deflections of elastic membranes, and irrotational 
fluid flow can thus be studied by the methods here treated. In Sections 8-1 
and 8-2, we shall discuss how problems involving Laplace’s equation must 
be formulated in order to be unambiguous and completely stated. In the 
next six sections, we shall examine various direct and indirect methods for 
finding solutions to these problems. Finally, we shall devote a section to 
Poisson’s equation, obtained by replacing the right-hand side of Eq. (8-1) 
with a nonzero inhomogeneity. We shall leave a consideration of the equa- 
tions satisfied by the time-dependent potentials to Chapter 14. 
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8-1 
Boundary Conditions 


No problem involving a differential equation is fully stated unless 
the equation is supplemented with conditions that stipulate the behavior of 
the solution at the boundaries of the region in which a solution is sought. 
One common boundary condition imposed on the electrostatic potential 
specifies the value of the potential at all points on the boundary and is called 
a Dirichlet boundary condition. If the boundary happens to be defined by the 
surface of a conductor (which is an equipotential surface when the field is 
static), then the potential must assume a constant value on the boundary. 
Sometimes it is sufficient to insist merely that the conductor be an equipoten- 
tial, leaving the specific value of its potential to be determined as part of the 
problem. 

A different boundary condition is imposed on a solution to Laplace’s 
equation when the charge density o at points on a conducting boundary is 
known. We found in P4-19 that this charge density is given by 


Ce AU tence (8-2) 


where fi is a unit vector normal to the boundary and directed into the volume 
in which the solution to Laplace’s equation is sought, and 0V/dn = &-VV 
is the normal derivative of V. Equation (8-2) is meaningful only when evalu- 
ated at points on the boundary. When a is known initially, Eq. (8-2) deter- 
mines values that must be imposed on the normal derivative of the solution 
at the boundary. Conditions imposed on the normal derivative are called 
Neumann boundary conditions. In reverse, Eq. (8-2) can be used to determine 
charge densities on a conducting surface if the potential has been found by 
other means. 

Other types of boundary conditions are more involved. Mixed boundary 
conditions specify values on the boundary for the combination aV + 
b dV/dn, where a and b do not depend on V but may vary from point to point 
on the boundary. Asymptotic boundary conditions require V or perhaps some- 
thing determined from V to approach some given limiting form as the field 
point is moved to infinity. In most cases V and its first derivatives must be 
everywhere finite, and this requirement sometimes plays the role of a bound- 
ary condition. Finally, when we extend our formalism to include matter 
(Chapters 9-13), internal boundaries appear at the interface between two 
different kinds of matter (or between matter and vacuum), and we shall need 
to develop boundary conditions relating the fields and potentials on one 
side of the interface to those on the other side of the interface. 

We shall define two additional terms: (1) A boundary value problem is any 
problem whose statement involves a differential equation and associated 
boundary conditions, and (2) a homogeneous boundary condition is a bound- 
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ary condition that requires some linear combination of V and dV/dn, e.g., 
V, OV/dn, or aV + b OV/dn, to be (or approach) zero on the boundary. 


8-2 
Superposition and Uniqueness 


In this section we shall describe two important general properties 
of solutions to Laplace’s equation. The first property is stated in the theorem 
of superposition, whose proof we leave to P8-1: If V, and V, satisfy Laplace’s 
equation, then V = aV, + bV,, where aand bare constants, also satisfies the 
equation. At a point P on the boundary, V(P) = aV,(P) + bV,(P). Thus, V 
will not in general satisfy the same boundary conditions as V, and V,. A 
sufficient (but not necessary) condition to assure that V will satisfy the same 
boundary conditions as V, and V, is that homogeneous conditions of the 
same type be imposed on V, and V,. 

A second important property of solutions to Laplace’s equation is 
contained in the uniqueness theorem: The solution to Laplace’s equation subject 
to Dirichlet boundary conditions is unique; the solution to Laplace’s equation 
subject to Neumann boundary conditions is unique to within an additive constant. 
To prove this theorem, we assume two solutions V, and V’, to a particular 
boundary value problem and then show that at worst the solutions can differ 
by an additive constant. Suppose then that 


Vv2V, =0 VV, =0 (3) 


is some region R and that V, and V, both satisfy either the Dirichlet condi- 
tions 


an): Vo f(r); f/f given (8-4) 
or the Neumann conditions 
VV, -f = g(), VV: = g(r); g given (8-5) 
at points r on the boundary of R. Then the function V = V, — V, satisfies 
ele = 10) (8-6) 
subject either to 
(= 1i) (8-7) 
or to 
VV -i = 0 (8-8) 
on the boundary. From Eq. (8-6) and Eq. (C-11), we now find that 
V-VVY) =|WYP+V VV =(|VVP (8-9) 


Thus, upon integrating Eq. (8-9) over the volume of the region R and using 
the divergence theorem, we obtain finally that 


p VVV-dS = —$ VVV-AldS| = fiver dv (8-10) 
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where the minus sign appears because dS has the direction of the outward 
normal to the surface bounding R while fi in Eq. (8-8) was tacitly taken to 
point inward. Whether Eq. (8-7) or Eq. (8-8) applies, however, the surface 
integral in Eq. (8-10) is zero, and we find that 


fivve dy = 0 (8-11) 


Since the integrand in Eq. (8-11) is necessarily nonnegative, the integral can 


be zero only if 
VWV=0 (8-12) 


at all points in R. Finally, we conclude from Eq. (8-12) that 
V = constant ——> 1, — constant (8-13) 


since V = V, — V,. [See Eq. (4-48) and the associated text.] Equation (8-13) 
establishes the uniqueness theorem for Neumann conditions; the theorem 
is established for Dirichlet conditions by noting that the condition V, = V, 
on the boundary requires the constant in Eq. (8-13) to be zero. 

The assurance that the solution to a completely stated problem is unique 
is especially important to some methods of solving electrostatic problems. 
Sometimes we are forced to guess a solution and then show that this solution 
satisfies Laplace’s equation and the associated boundary conditions. Without 
uniqueness, we could never be sure that such a guessed solution was the only 
solution. Furthermore, the uniqueness theorem helps us to understand the 
nature of the boundary conditions that must specified in order that a problem 
in electrostatics be well stated. 


PROBLEMS 


P8-1. Prove the theorem of superposition. Hint: Assume V, and V, 
satisfy Laplace’s equation and show that aV, + bV,, where a and b are con- 
stants, also satisfies the equation. 

P8-2. (a) Prove that the solution to Laplace’s equation is unique if the 
solution is required to have a specified value over part of the boundary and a 
specified normal derivative over the remainder of the boundary. (b) A solu- 
tion to the two-dimensional Laplace equation 

Pe Ue 
Meg xt -E ae 
is desired in the interior of the square |x| <a, | »|< a. On the boundary, 
the solution is required to assume the values shown in Fig. P8-2(a). (1) Show 
that the solution is invariant to reflection in the x axis and also in the y axis. 
(2) Show that the solution to the problem in Fig. P8-2(b) is identical with the 
solution in the first quadrant to the problem in Fig. P8-2(a). 


0 
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Figure P8-2 


P8-3. In the presence of any static external field the entire volume occu- 
pied by a solid conductor of arbitrary shape is an equipotential (Section 
4-4), and the (constant) potential V in this region then satisfies V7V = 0 
subject to the requirement that V be constant on the surface of the conductor. 
Show that this same mathematical statement applies if the solid conductor is 
replaced by a thin conducting shell enclosing the same region of space and 
then use the uniqueness theorem in an argument showing that the region 
enclosed by the she// is field-free. The phenomenon of this problem makes 
possible the electrostatic shielding of a region of space by enclosing it in a 
conducting shell. Indeed, a conducting shell made of screen wire is often 
adequate. 
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P8-4. Show that maximum and minimum values of the solution to V7V 
= 0can occur only on the boundaries of the region R to which the solution 
applies. Hint: Assume a maximum or minimum in V at the point P in the 
interior of R. What would the electric field look like in the vicinity of P? 
Now review P4-13. 


8-3 
One-Dimensional Problems 


For some problems, symmetry arguments (or perhaps other argu- 
ments) can demonstrate that the electrostatic potential depends only on one 
of the three coordinates in the relevant coordinate system. Such a problem 
is essentially a one-dimensional problem, and stipulation of the boundary 
conditions reduces, for example, to specification of the value of V at two 
values of the one coordinate on which V depends. A potential depending 
only on the Cartesian coordinate x satisfies 


av 
Ap ee = ee (8-14) 
while a potential depending only on the cylindrical variable 2 satisfies 
ld). ale = 2 5 
= al Te) =O Va atna+d (8-15) 
and a potential depending only on the spherical coordinate r satisfies 
ld (alae _ - 
aa f-)=0—V=4 +b (8-16) 


In each solution, the constants a and b are determined by the boundary 
conditions. Verification of these solutions is left to the reader. (See also 
P6-30, P6-31, and P6-32.) 


8-4 
Two-Dimensional Problems by 
Separation of Variables 


Two-dimensional problems, in which dependence on only one of 
the three spatial variables can be ruled out ab initio, are more interesting. 
The most common of these are problems in Cartesian coordinates that involve 
only x and y, problems in cylindrical coordinates that involve only 2 and ¢, 
problems in cylindrical coordinates that involve only 2 and z, and problems 
in spherical coordinates that involve only r and @. The treatment in this sec- 
tion is illustrative rather than exhaustive. 

In Cartesian coordinates, Laplace’s equation in the two variables x and y 
assumes the form 
OV «07 0 


a a Cal) 
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[See Eq. (2-51).] Without having any initial assurance that it will work, we 
adopt the method of separation of variables and try a solution of the form 


V(x, y) = X(*)YV) (8-18) 
i.e., a product of functions of each variable separately. If the function in Eq. 
(8-18) is to satisfy Eq. (8-17), the functions X¥(x) and Y(y) must satisfy the 
condition 

eda ed 

X dx? Y dy? 
obtained by substituting Eq. (8-18) into Eq. (8-17). In Eq. (8-19), however, 
the two independent variables x and y have been separated, each side of Eq. 
(8-19) depending on only one of these variables. Since variation of x, for 
example, cannot change the value of the side depending on y, the side depend- 
ing on x must in fact be a constant. A similar conclusion applies to the side 
depending on y. Thus, we can extract the two ordinary differential equations 


(8-19) 


eee CS aa s 
rae" yaz——k 0) 
dX nm PY 7 ; 


from Eq. (8-19). These two equations are coupled only because the same 
separation constant k appears in both equations. The solution of Eq. (8-21) 
is now immediate, viz., 


x = Ae*— Be-™, Y = A’sin Ay + B’ cos Ay (8-22) 


where 2 = ./k. Finally, on substitution of Eq. (8-22) into Eq. (8-18), we find 
that 


V(x, y) = (Ae** + Beo*)(A4’ sin Ay + B' cos Ly) (8-23) 


where the subscript 2 has been added as a reminder of the dependence on a 
parameter that can assume any value whatever (including complex values) 
without destroying the basic property that Eq. (8-23) is a solution of Eq. 
(8-17). Our tentative assumption of a solution in product form has thus 
yielded not just a single solution but an entire family of solutions. 

A more explicit evaluation of the integration constants A, A’, B and B’ 
and of the separation constant 4 appearing in Eq. (8-23) requires a more 
specific problem, for these constants are determined by the boundary condi- 
tions. Sometimes the boundary conditions can be satisfied by a single value of 
A. More often several values of J are consistent with a portion of the bound- 
ary conditions and several “product” solutions corresponding to different 
values of A must be superposed to find a solution fitting the rest of the bound- 
ary conditions. Suppose, for example, that a solution to Laplace’s equation 
is sought in the region interior to the rectangle of Fig. 8-1 and that V is to 
assume the indicated values on the edges of this rectangle. Consider the 
three homogeneous boundary conditions first; we find that V,(x, 0) = 0, 


220 Potential Theory 


Fig. 8-1. Region in which a solution 
to Laplace’s equation is sought. The 
boundary conditions to be imposed 
V=0 on the solution are shown. 


which implies B’ = 0, and that V,(0, y) = 0, which implies A = —B. Thus, 
Eq. (8-23) reduces to! 
V(x, y) = A” sinh Ax sin Ay (8-24) 


The remaining homogeneous boundary condition requires that V,(x, b) = 0, 
which requires in turn that sin 26 = 0 and hence that 1b = nz, with na posi- 
tive integer. We have therefore found a countable infinity of solutions 
Gey) asin i sin — tr — Nee (8-25) 
all of which are consistent with the three homogeneous boundary conditions. 
A more general solution V(x, y) is now obtained by superposing these simpler 
solutions; we find that 
Fo) — Sy A,, sinh a ee (8-26) 
which clearly satisfies the three homogeneous boundary conditions and which 
will satisfy the final (nhomogeneous) boundary condition if 
Via,y)=V, => A, sinh = sin T= (8-27) 
This series, however, is the Fourier sine series expansion for the constant V, 
over the interval 0 < y < b. (See PD-15 in Appendix D.) Hence, the con- 
stant 4, sinh (nza/b) must match the coefficients in that Fourier series. Once 
these constants have been found (P8-5), Eq. (8-26) expresses a solution to 
Laplace’s equation subject to the given boundary conditions. By uniqueness, 
this series therefore expresses the solution to the problem. 


For solutions that depend only on % and ¢ in cylindrical coordinates, 
Laplace’s equation assumes the form 


i 0 /.dv\ ime 
aoe oe ipa C2) 


[See Eq. (2-52).] If we employ the method of separation of variables and fur- 


'The function sinh Ax is defined to be 4(e4+* — e-4*), We may also need cosh Ax = 
Bee oe), 
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ther insist that the solutions be periodic in $ with period 27, we find ulti- 
mately—see P8-7—that the most general solution can be expressed as the 
infinite series 


Va, b)—sa,tn be y v(a, cosnd + b, sin ng) 


of Sy uc, cos nd + d, sin nd) (8-29) 


n> no 


conditions. The requirement of periodicity imposed on this solution restricts 
its utility to problems in which the full angular range 0 < $ < 27 is assumed; 
modifications will be necessary if the solution need not have the periodicity 
required of Eq. (8-29). Further, if the origin happens to be in the domain of 
the problem, the constants c, and d, for all 7 and also the constant a, must 
be zero to suppress terms that diverge at 2 = 0. Note finally that Eq. (8-29) 
with all constants except a, equal to zero reduces to the potential of a line 
charge (P4-18). 

For solutions that depend only on 2 and z in cylindrical coordinates, 
Laplace’s equation assumes the form 

2 
Doan) eee (6-30) 

[see Eq. (2-52)] and, again using the method of separation of variables, we 
find ultimately that a basic product solution has the form 


V (a, z) = [Ae* + Be-*)[CJ, (Ar) + DY,(A2)] (8-31) 


where 4 is a separation constant that may assume any value (including com- 
plex values); A, B, C, and D are integration constants; and J,(x) and Y,(x) 
are two conventionally defined, linearly independent solutions to the zeroth 
order Bessel equation, 


where the constants dp, bo, 4,, b,, C,, and d, are determined by the boundary 


ee ey 10 (8-32) 


The functions J,(x) and Y,(x) are called the zeroth-order Bessel and Neumann 
functions, respectively, and are shown graphically in Fig. 8-2 for real values 
of x. In most problems, V must approach zero as z — oo so the increasing 
exponential in Eq. (8-31) must be suppressed. Further, if the origin 2 = 0 Is 
included in the domain of the problem, the Neumann function Y, must be 
eliminated because it diverges at 7 = 0, thereby giving an unphysical poten- 
tial. Under these additional conditions, the most general acceptable solution 
in product form is 

Viiea) == Cer 7A) (8-33) 


A possible superposition of these solution is then expressed by the integral 


V(a, 2) = { ; C'(Ae*#IJ (a2) aa (8-34) 
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Fig. 8-2. Jo(x) and Yo(x) versus x. Both functions are oscillatory 
with decaying amplitude as x increases. The first few zeroes of Jo(x) 
occur at x = 2.405, 5.520, 8.654, 11.792, and 14.931. 


where C’(A) would be determined by additional boundary conditions. Equa- 
tion (8-31) is derived in P8-10, and one application of Eq. (8-34) is explored 
in P8-12. 
Consider now solutions depending on the spherical variables r and 9. The 
relevant form of Laplace’s equation is 
ld pol l 3 (si a)= 8-35 
= al Gr) + rene aa (sin 8 ge) = 9 ey) 
[see Eq. (2-53)] and separation of variables by writing V(r, 6) = R(r)O(@) 
leads ultimately to the two equations 


#(n St) RO (8-36) 
—_ (sin 0S) A= t (8-37) 


(See P8-13.) Consider Eq. (8-37) first. The variable transformation x = cos 6 
reduces this equation to the form 


(= yee = a a0 (8-38) 
which is Legendre’s equation. As with every second-order linear differential 
equation, Legendre’s equation has two linearly independent solutions. For 
Eq. (8-38), however, it happens that both of these solutions diverge at x = 
+1(@ = 0, z) unless & has one of the values given by n(n + 1), where n is a 
nonnegative integer. Even when k has one of the specified values, one of the 
two solutions still diverges at x = --1 (@ = 0, ); those solutions that do not 
diverge are the Legendre polynomials, conventionally denoted P,(x). (The 
first few of these polynomials are plotted in Fig. 8-3 and several of their prop- 
erties are summarized in Table 8-1.) Thus, whenever the values 6 = 0 and/or 
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Fig. 8-3. P,(cos @) versus @ for several values of 7. 


TABLE 8-1 Legendre Polynomials and Their Properties 


Po(x) = 1 IPC) = x P2(x) = 48x — 1) 
P3(x) = 4(5x3 — 3x) P4(x) = $5x4 — 30x? + 3) 
Ps(x) = $(63x5 — 70x3 + 15x) 

1 es 
Vina a >» Palxyt 
Pp —x) = (—1)"P(x) 

(n + 1)Paei(x) — Qn + DxPrQ) -+ nPy-1(x) = 0 


d2P dP, 
—. fo n S 
d—x vag 2x ae +nrtn + 1)P, = 0 
(1 = x2) Ee = (Pha — xPa) = (1 + IMGPa — Pasi) 
1 bd 3 eee 
{, PUGSVE AG) be = [ P,(cos 9)P(cos @) sin 9 d@ = rr Onn 


PQ=1 P(—) =(-1¥ 
= 0,000 
Pi(x) = 0 at 18 = 90 Q° } 
eS O57/ =0577 
P2(x) = 0 at {3 = SP asa } 
x = 0.774 0.000 —0.774 
P3(x) = Oat ‘3 = 39.2° 90.0° 140.8° } 

x= 0.861 0.340 —0.340 —0.861 
P4(x) = Oat 6 = Aye ie 109.9° 149,4° } 
x= 0.906 0.538 0.000 —0,538 ae 


Ps(x) = Oat eee 5747 80.07 ime: 155,0° 
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n are included in the domain of the physical problem, we conclude (1) that the 
only solutions to Eq. (8-37) that are finite everywhere in the domain of the 
problem are the Legendre polynomials and (2) that the physically meaningful 
values of the separation constant k are given in terms of a nonnegative integer 
n by n(n + 1). The radial equation then becomes 


Al 2ARN _ in - a 8-39 
4 (« 7) n(n + 1)R, = 0 (8-39) 
which has the solution 
a be 
R, = a,f +- pert (8-40) 


(P8-13). Combining each solution for R, with the corresponding Legendre 
polynomial and superposing these products for all possible values of n, we 
find the sum 


i) 


V(r, 6) = 3 (ayr* + 282) P(cos 8) (8-41) 
which expresses a general solution to Laplace’s equation for the conditions 
assumed in this paragraph. Modifications will be necessary if the values 9 = 0 
and z are actually excluded from the domain of the problem. Further, if the 
origin happens to be in the domain of the problem, 5, must be zero for all 
n to suppress terms that diverge at r = 0. 

Equation (8-41) reduces to several familiar results if the constants are 
given particular values. The constant potential is obtained by setting all 
constants except a, equal to zero; with all constants except b, equal to zero 
and b, = Q/4ne,, Eq. (8-41) reduces to the potential of a point charge; 
setting b, = p/4ze, and all other constants equal to zero produces the poten- 
tial of a point dipole with dipole moment p = pk; the potential of a linear 
quadrupole emerges if all constants except 5, are zero; the potential of a uni- 
form field emerges if only a, is nonzero; and so on. 

As an example of the use of Eq. (8-41) to determine the electrostatic 
potential under given circumstances, let us determine the potential established 
when an uncharged, conducting sphere is placed in a uniform external electric . 
field. If we take the direction of the electric field to define the polar axis so 
that : 

Fe eek (8-42) 


and further if we place the origin at the center of the sphere, the entire prob- 
lem is invariant to rotation about the z axis and the potential therefore can- 
not depend on the spherical coordinate ¢. Several conditions must be satisfied 
by an acceptable solution: (1) In the region far from the sphere, the sphere 
will have little effect on the potential and hence 


V(r, @) a — et COs ee coun) (8-43) 


which is the potential of a uniform field (P4-17); (2) the potential on the 
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surface of the sphere must be constant; (3) the sphere must be uncharged; 
(4) there can be no dependence on 4; (5) the solution must be finite every- 
where, in particular at 9 = 0 and at @ = z; and (6) the potential in the region 
exterior to the sphere must satisfy Laplace’s equation. Conditions (4)-(6) 
restrict the most general potential in the region outside the sphere to be given 
by Eq. (8-41). Equation (8-41) will match Eq. (8-43) at large r, however, only 
if a, = —E, and the rest of the a,’s (including a,) are zero. Thus, the asym- 
ptotic boundary condition reduces the most general solution to 


V(r, 8) = 22 + (22 — Bur) Pi(cos 8) + 32 28 P,(cos 8) (8-44) 


where the terms multiplied by 6, and 5, have been written explicitly. If V is 
to be constant on the sphere, say r = a, we must then require that 


iG O= 2s | (2 Eya) Px(cos aye a P(cos@) (8-45) 
n=2 
bewadependene al Go, wich In tiInmequires that o,— £,4 and o,— 0 for 
n > 2. (Why? Hint: The P,’s are linearly independent.) Thus, Eq. (8-44) 
reduces even further for this problem to 


Vet = “2 i Eo(S 2 1) cos 6 (8-46) 


The condition that the conducting sphere be uncharged now determines the 
remaining constant b,. From Eq. (8-2), we find that the charge density o at 
points on the surface of the sphere is given by 


OV 


o(9) = —e,VV-F} = =e rs 


r=a 


= €, (73 BE aE COS 0) (8-47) 


r=a 


The total charge Q on the sphere is then given by integrating o over the 
sphere, 


2x La 
o- | ods = | | €x(B8 + 34 cos 8) a? sin 8 0 ap 
sphere 0 0 


= 4n€,b, (8-48) 
and will be zero only if b, = 0. Thus, Eq. (8-47) reduces to 
a(@) = 3€,E, cos 9 (8-49) 
and Eq. (8-46) becomes 
Vp =A = “) cos 6 (8-50) 


Further properties of this field are explored in P8-15. 
The method of separation of variables can also be applied to solve prob- 
lems in three dimensions, but the mathematics of such problems in most 
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coordinate systems is considerably more involved than that for two-dimen- 
sional problems. A few examples may be found in P8-37, P8-38, and P8-39. 


PROBLEMS 


P8-5. Complete the solution of the problem in Fig. 8-1 by finding the 
coefficients 4, in Eq. (8-27). Hint: See PD-15 in Appendix D. 

P8-6. Find the electrostatic potential in the interior of a square region 
of side a if two adjacent sides are at zero potential and the other two sides 
are maintained at a potential V,. Hint: Regard the given problem as a super- 
position of two problems, each of which has homogeneous boundary condi- 
tions on three sides of the square. 

P8-7. Find the general solution, Eq. (8-29), for a potential depending on 
the cylindrical coordinates 2 and ¢ by applying separation of variables to 
Eq. (8-28). 

P8-8. An infinitely long, uncharged, conducting cylinder of radius a is 
placed in a uniform external electric field directed perpendicular to the axis 
of the cylinder. Find the resulting electrostatic potential and determine the 
charge density on the surface of the cylinder. Hint: Let the axis of the cylinder 
coincide with the z axis and let the field be in the x direction. 

P8-9, Determine the electrostatic potential in the region interior to a 90° 
conducting wedge if the two straight sides are at zero potential and the 90° arc 
at radius a is maintained at a constant potential V,. 

P8-10. Find the product form, Eq. (8-31), for a potential depending on 
the cylindrical coordinates 2 and z by applying separation of variables to 
Eq. (8-30). 

P8-11. Assume a power series solution of the form }°*., a,x” to the 
zeroth-order Bessel equation, Eq. (8-32), find the conditions imposed on 
the «,’s by Eq. (8-32), and find a solution if y(0) is required to be one. The 
result is a power series representation of J,(x). Can you explain why this 
method does not yield two linearly independent solutions to the zeroth-order 
Bessel equation ? 

P8-12. A circular conducting disc of radius a lies in the x-y plane with its 
center at the origin and is charged to a potential Y,. Find the potential at 
all points in space, find and sketch the charge distribution on the disc as a 
function of 2, and find the total charge Q on the disc. Hints: (1) Use Eq. 
(8-34) and employ the identity 
. ae a< 
i Fo(ax) HBX oy, = : 4 

, ce 


sin7! £ of 


Note the amazingly simple value for this apparently complicated integral. 
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In particular, the integral is constant for a < f. (2) The similar identity 


| 
| lise Vly ine ae JB? = a? pee 
Y 0, ep 
may be useful. See F. Bowman, Jntroduction to Bessel Functions (Dover Pub- 
lications, Inc., New York, 1958), pp. 60-63. 

P8-13. (a) Find the two equations, Eq. (8-36) and (8-37), into which 
Laplace’s equation for a potential depending on the spherical coordinates 
r and @ separates when a solution in product form is assumed. (b) Accepting 
the separation constant k = n(n -+ 1) as determined from the angular equa- 
tion, solve the radial equation to find Eq. (8-40). Hint: Guess a solution R, 
of the form r?. Why might you expect this guess to work? Optional: Assume 
a power series solution of the form S>>_, «,.x"** to Eq. (8-38); find the condi- 
tions that Eq. (8-38) imposes on c and the «,’s; find power series representing 
two basic solutions ©,4, and O,,., defined by @,44(0) = 0, dO,aa(0)/dx = 1 
and ©,,..(0) = 1, dO,,..(0)/dx = 0; show that these series in general diverge at 
x = +1 but that at least one of them terminates (and hence converges) when 
A = n(n + 1); and finally show that the terminating series is proportional to 
the corresponding Legendre polynomial. 

P8-14. Use the recurrence relation in Table 8-1 to obtain P,(x) from P,(x) 
annel JE) 

P8-15. (a) Show that the potentialin Eq. (8-50) is the potential of a dipole 
plus that of the uniform field and infer the dipole moment to assign to the 
conducting sphere. (b) Calculate the dipole moment of the sphere directly 
from the charge distribution of Eq. (8-49) and compare your result with that 
obtained in part (a). (c) Determine the amount of charge Q on the positively 
charged hemisphere of this sphere and calculate the separation s between two 
charges of this magnitude, one positive and the other negative, in order 
that the combination will have the same dipole moment as the actual sphere. 
(d) Calculate the field from the potential and show explicitly that the field 
is perpendicular to the sphere at points on the surface of the sphere. (e) Sketch 
a graph showing the field lines and equipotential surfaces. 

P8-16. Find the potential established when a conducting sphere is 
placed in a uniform electric field if the sphere carries charge Q. Find also the 
charge density on the surface of the sphere. 

P8-17. Consider a circular ring of radius a carrying charge Q distributed 
uniformly about its perimeter and lying in the x-y plane with its center at the 
origin. In spherical coordinates, the potential established by this ring 1s 
independent of ¢, V = V(r, 8) (Why ?), and in particular on the axis (@ = 0), 
V(r, 0) = O/(4ne€, ./a? + r*) [P4-55(b)]. Further, except at points on the 
ring, V2V is zero. (Why ?) (a) Find the first four terms in the binomial expan- 
sion of V(r, 0) in powers of a/r. (b) Show that Eq. (8-41) applies and find the 
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values of the coefficients a, and 6, by requiring Eq. (8-41) to agree with part 
(a) at points on the z axis. The resulting series is a multipole expansion of 
the potential established by the ring and is valid both on and off the z axis. 
Similar techniques can be used to find off-axis values for the potential estab- 
lished by a uniformly charged circular disc (P4-25) and for the magnetic 
scalar potential (P5-26) of a circular current loop, discussed by D. R. Corson 
and P. Lorrain, /atroduction to Electromagnetic Fields and Waves (W. H. 
Freeman and Company, San Francisco, 1962), pp. 207-209. 


8-5 

Two-Dimensional Problems Using Complex 

Variables? 

Another method for solving two-dimensional potential problems 
exploits the properties of what are called analytic functions of a complex 
variable, z = x + ty. Any function f(z) of the variable z is also a (complex) 
function of the real variables x and y and can itself be separated into real and 
imaginary parts, L.e., 

§2)—V Caw Cay) (8-51) 
where V, and V, are both rea/ functions of the real variables x and y. Thus, 
for example, 


f= 2=( +i) = xt —y 4 Ixy 
VX, Ve ae yy (8-52) 
or 1@)—=tnz— tne) — ta td 


= tn Je Hy + itan Z 
=>Vi(x,y)=tn/x?+y?; V(x, y)= bie (8-53) 


and so on. The function f(z) is said to be analytic if V, and V, satisfy the 
Cauchy- Riemann conditions, 


OV, _ ov, OV el 
oe a) os Cod) 
Most reasonable functions, including z" for any (positive or negative) integer 
n, sin z, €n z, e?, products of analytic functions, sums of analytic functions, 
and analytic functions of analytic functions in fact are analytic, except possi- 
bly at isolated points or along particular lines. 

Analytic functions are important to two-dimensional potential theory 
because both the real and imaginary parts of an analytic function automati- 


2The properties of complex numbers are summarized in Appendix D. 
3Do not confuse the complex variable z with the Cartesian coordinate z. 
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cally satisfy Laplace’s equation in two dimensions. We need merely differ- 
entiate one member of Eq. (8-54) with respect to x and the other with respect 
to y, obtaining 
Oe 0 OA, ee 
CS hay Oy? ——s oy Ox 


and then recognize the equality of the two mixed second partial derivatives 
to find that 


(8-55) 


Wea a Oe 
Gees 10)" 
The proof for V’, is similar. Thus, every analytic function contains fwo solu- 


tions to Laplace’s equation. Furthermore, again because of the Cauchy- 
Riemann conditions, 


=0 (8-56) 


‘Via Soi oj). (Sai Mj 
ET Nac er ae) 
_9V,8V, , WV, _ 9 
Ox Ox oy oy 

—_=_=- VV, IL Wi’ (8-57) 
Since the equipotentials of V, are perpendicular to E, = —VV, (Section 
4-4), we conclude from Eq. (8-57) that these equipotentials are also tangent 
to E, = —VV,. Similarly, the equipotentials of V, are tangent to E, = 


—VV,. Thus, not only are V, and V, solutions to Laplace’s equation in two 
dimensions, but also they are conjugate solutions in the sense that the field 
lines of one potential coincide with the equipotentials of the other. It is indeed 
unfortunate that these elegant properties in two dimensions cannot be extend- 
ed to three dimensions. 

We shall now illustrate one way in which the above properties can be 
used effectively. Suppose f(z) = z?. The resulting two potentials are then 
given by Eq. (8-52), and, in particular, the equipotential curves for these two 
potentials satisfy 

eS yy =o a (8-58) 


respectively. Here w and f are constants. In both cases, the equipotentials 
are hyperbolas. In the first case each hyperbola is bisected by the x or y 
axis, and in the second case each has the axes as asymptotes; the equipoten- 
tials for selected values of « and f# are shown in Fig. 8-4(a). Once the equi- 
potentials for a given analytic function are known, we can associate one or 
more physical situations with the potentials. If, for example, the regions 
exterior to the hyperbolas for « = --4 are occupied by conductors maintain- 


4The treatment in this paragraph is patterned after a similar treatment in The Feynman 
Lectures on Physics by R. P. Feynman, R. B. Leighton, and M. Sands (Addison-Wesley 
Publishing Company, Inc., Reading, Mass., 1964), Volume II, Lecture 7, and is used here 
by permission of Addison-Wesley Publishing Company, Inc. 
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Fig. 8-4. Solutions to Laplace’s equation obtained from the analytic 
function /(z) = z?. Part (a) shows the two sets of equipotentials, 
with those for a (8) = constant being shown dashed (solid); part 
(b) (opposite page) shows the fields and equipotentials in a quadru- 
pole lens. 


ed at the potentials given by a, then the hyperbolas for values of « satisfying 
|a| << 4 are the equipotentials in the region R between the conductors, and 
the hyperbolas for various values of # give the field lines in R [Fig. 8-4(b)]. 
The resulting field E, in R is given by 


E, = —VWV, = —2xi + 2yj (8-59) 


and ts linear in both coordinates; it is used in the so-called quadrupole lens 
for focusing beams of charged particles. Because the x and y axes, which 
correspond to # = 0, are at zero potential, the first quadrant in Fig. 8-4(a) 
shows the field lines (values of «) and the equipotentials (values of f) in a 
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90° conducting wedge maintained at zero potential. It is left as an exercise 
for the reader to find still other physical problems described by this set of 
equipotentials. 

The approach described in the above paragraphs in a sense attacks prob- 
lems involving Laplace’s equation by first finding a solution and then seeking 
the problem that it solves. We could assemble a table of such solutions simply 
by exploring several analytic functions. We would find that f(z) = ¢nz relates 
physically to an infinite line charge, f(z) = ./z toa semiinfinite conducting 
plate, and so on. The method, however, is certainly not a general method 
and is made only a little more general by the theory of conformal mapping, 
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which is beyond the scope of this book. (See P8-40.) Thus, although this 
technique is powerful, perhaps even beautiful, when it works, it is not useful 
for all problems or even for all two-dimensional problems. 


PROBLEMS 


P8-18. Verify that the two examples in Eqs. (8-52) and (8-53) satisfy the 
Cauchy-Riemann conditions, Eq. (8-54). 

P8-19. Find the real and imaginary parts of z” in cylindrical coordinates 
and recognize that you have generated some of the terms in Eq. (8-29). Hint: 
Write z in polar form. 

P8-20. Find the charge density on the conductors in the quadrupole 
lens of Fig. 8-4(b) at the points where the conducting surfaces intersect the 
axes. 

P8-21. Explore the equipotentials and field lines arising from f(z) = 
én z. Include an evaluation of the field corresponding to V, and compare 
the result with Eq. (4-25) for the field of a line charge. Describe at least one 
other physical problem that would give rise to these fields. 

P8-22. Explore the equipotentials and field lines arising from f(z) = Ne 
and describe at least one physical problem that would give rise to these fields. 


8-6 
The Method of Images 


Solutions to Laplace’s equation for systems consisting of conductors 
and point charges can sometimes be found by the wiethod of images, which 
works in one, two, and three dimensions. In essence this method involves iden- 
tifying a second system that contains only simple, known charge distributions 
(usually point charges) but that establishes equipotentials on surfaces coin- 
ciding with the conducting surfaces in the first system. The simpler system 1s 
chosen so that its potential can be easily written down. Because of the way 
the simpler distribution is chosen, however, its potential also satisfies the 
boundary conditions appropriate to the original system. Since solutions to 
Laplace’s equation under those conditions are unique, the potential of the 
simpler system is therefore everywhere identical to that of the original system, 
at least in the region outside the conductors (which is the only region of inter- 
est anyway), and we have an immediate solution to the original problem. 
In general, however, the method is successful only if we happen to know a 
simpler system that establishes the necessary equipotentials. There is no sys- 
tematic way to find the simpler system corresponding to an arbitrarily given 
set of equipotentials. The procedure is therefore much like that in the previous 
section: We compile a table of the equipotentials established by various 
simple charge distributions and then refer to this table whenever we think 
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Fig. 8-5. A point charge in front of z 
a grounded, conducting plate. = 


the method of images might be successful. In the remainder of this section, 
we shall develop a few entries for that table. 

Suppose first that the potential established by a point charge g placed in 
front of an infinite plane conducting sheet is desired (Fig. 8-5). Let the con- 
ductor be grounded (i.e., at zero potential). We therefore seek a solution to 
Laplace’s equation subject to the requirements (1) that the potential be zero 
in the y-z plane, (2) that there be a point charge g at (d, 0, 0), and (3) that the 
potential go to zero as x —» co. The domain of the problem is that region 
for which x > 0, exclusive of a small volume surrounding the point charge. 
Now the charge distribution shown in Fig. 8-6 has the right characteristics 
in the region x > 0 and has a zero potential surface in the y-z plane. (Why ?) 
By the uniqueness theorem, the potential for x > 0 in Fig. 8-6 is then the 
same as that in Fig. 8-5 and the potential for the point charge in front of 
the grounded conductor is therefore given by 


8 I I 
CE Th 2) ALTE = eee Roc 
(8-60) 


Fig. 8-6. A distribution of point 
charges equivalent to the charge and 
plate in Fig. 8-5. The equivalence is 
valid only in the region x > 0. 


234 Potential Theory 


Fig. 8-7. Coordinates for evaluating 
the potential established by two point 
x charges. 


where (x, y, z) are the coordinates of the observation point. The first entry in 
our table of images then is the image of a point charge in an infinite, plane 
conductor at zero potential, which image is a charge of opposite sign located 
behind the conductor the same distance as the original charge is in front of 
the conductor. Here as always, image charges will turn out to be located 
inside conductors and these added charges are therefore always in a region of 
space that is not part of the region of interest. 

A second useful set of point charges is shown in Fig. 8-7. The potential 
established by this distribution at a point (r, 8, d) in spherical polar coordi- 
nates is 


q ! q I 
MOO) = tre, Te OR] Ane, |r — | 
ee ie ee | 
Anes /r? + b? — 2rbcos@ | 4n€y ./r? +- d® — 2rd cos 8 
(8-61) 
The surface on which V(r, #, ¢) = 0 therefore satisfies the condition 
: r2 +. 6? — 2rb cos @ 
See oe oa 


which in general expresses a rather complicated relationship between r and @. 
If, however, we introduce a length a defined by 


Dd ap? (8-63) 
and take the charge q’ to have the value 
jay ee : 
iad a (8-64) 


we find that the equation r = a of a sphere of radius a reduces Eq. (8-62) to 
an identity. Thus, for this charge distribution (and actually for any pair of 
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Fig. 8-8. A point charge outside a 
grounded, conducting sphere. x: 


point charges of opposite sign; P8-30) there exists a spherical equipotential 
surface on which the potential is zero. Further, the potential can be changed 
to any other constant value by placing a third charge at the center of the 
sphere. (Why?) This second entry for our table of images can be used, for 
example, to find the potential established when a point charge q is placed a 
distance d from the center of a grounded conducting sphere of radius a (Fig. 
8-8). In the region outside the conducting sphere, the potential is the same 
as that established by gq and its image q’ located at (0, 0, 6), where q’ is given 
by Eq. (8-64) and 6 is given by Eq. (8-63). (See P8-27.) 

A third useful entry for our table of images is the potential of two infinitely 
long, oppositely charged, parallel line charges. The equipotential surfaces 
are cylinders (P8-31). Thus, some potential problems involving line charges 
outside of conducting cylinders are readily solved by the method of images. 


PROBLEMS 


P8-23. (a) Determine the charge density o(y, z) on the plate in Fig. 8-5. 
(b) Calculate the total charge Q on the plate by direct integration over the 
plate and compare the result with the image charge. (c) Calculate the force 
F experienced by the charge q in Fig. 8-5 by integration over the plate and 
observe how the answer could have been more easily obtained using the 
image charge. 

P8-24. Determine the image distribution for an arbitrary static charge 
distribution placed in front of an infinite, grounded, conducting plate. Hint: 
Consider first a distribution consisting of two point charges in front of the 
plate. 

P8-25. Let a grounded conductor occupy all of space except the region for 
which x > 0, y > 0. Find the potential established in that region when a 
point charge q is placed at coordinates (a, b, 0). 
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P8-26. A point charge g is placed midway between two infinite, parallel, 
plane conducting plates, both of which are grounded. Let the the plates be sepa- 
rated by a distance a. Use the method of images to find an infinite series for 
the potential in the region between the plates and examine carefully whether 
this series converges. Interesting discussions and several references may be 
found in papers by J. J. G. Scanio, Am. J. Phys., 41, 415 (1973) and by B. G. 
Dick, Am. J. Phys., 41, 1289 (1973). 

P8-27. (a) Find the potential established by the system in Fig. 8-8 by 
eliminating b and q’ from Eq. (8-61). (b) Show explicitly that V = 0 when 
r =a. (c) Find the charge density o(8) on the surface of the conducting 
sphere, and show by direct integration that the total charge on the sphere 
is equal to q’. Sketch a graph of o(9) versus 8. Optional: Determine the force 
of attraction between the charge g and the sphere by two different methods. 

P8-28. A point charge q is placed a distance 6 from the center of a spher- 
ical cavity of radius a in a grounded conductor, with b < a. Determine the 
potential in the cavity and the charge density on its walls. 

P8-29. Apply the method of images to find the charge density on an un- 
charged conducting sphere placed in a uniform electric field. Hint: Generate 
a uniform field by imagining the sphere between two point charges q and 
—q, each placed a distance L from the center of the sphere on an extension 
of a single diameter. Then, let L — oo, keeping g/L? constant. 

P8-30. Two point charges qg and q’, with g/g’ < 0, are placed a distance 
s apart. Describe a way to determine which charge lies inside the resulting 
spherical equipotential and find the location of the center and the radius of 
that equipotential. 

P8-31. Two infinite line charges lie in the x-y plane parallel to the x axis. 
The line at y = d carries a linear charge density 4 and the line at y = —d 
carries a linear charge density —J. Find an equation for the equipotential 
curves in the y-z plane, show that these curves are circles centered on the 
y axis. Hint: The potential of a single line charge is given in P4-18. Optional: 
Sketch a graph showing these equipotentials for several (positive and negative) 
values of the potential. . 


8-7 
Numerical Solution of Laplace’s Equation® 


We have now explored several techniques for obtaining analytic 
solutions to Laplace’s equation. None of these techniques, however, is per- 
fectly general. Separation of variables works only if the bounding surfaces 


5Much of the material in this section appears also in one of the author’s contributions 
to Computer-Oriented Physics Problems edited by J. W. Robson (Commission on College 
Physics, College Park, Md., 1971) and is used here in slightly revised form by permission 
of the Commission on College Physics. A more detailed treatment may be found, for 
example, in B. Carnahan, H. A. Luther, and J. O. Wilkes, Applied Numerical Methods 
(John Wiley & Sons, Inc., New York, 1969), Chapter 7. 
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coincide with the natural surfaces in a coordinate system in which Laplace’s 
equation is separable and, even when it does work, the method usually 
yields an infinite series whose physical meaning is difficult to visualize; the 
method of complex variables works only in two dimensions and then only if 
we happen (essentially accidentally) to find the right analytic function; and 
the method of images works only when we know a priori a simple charge dis- 
tribution that establishes the correct equipotentials. In this section, we shall 
discuss a simple method to avoid these restrictions by solving Laplace’s equa- 
tion numerically. 

We shall first derive a basic property of solutions to Laplace’s equation. 
Assume V(x, y) satisfies V7V = 0. Now, from a Taylor series expansion 
(Appendix B), we find that 


Vee tdyy=v tao + 5 pot “ot Hee (8-65) 
Vae—ay=v—-d i eeh rad oT + O(a") (8-66) 


where functions with unspecified arguments are evaluated at the point (x, y) 
and O(d*) stands symbolically for terms of order d* and higher that have 
been omitted. Adding Eqs. (8-65) and (8-66), we find that 


Vix + d,y) + Vix —d,y)= 2+ as 


(8-67) 
Similarly, 


Vix,y + d) + Vix, y — d) = 2V + we Vs O(a) (8-68) 


Finally, adding Eqs. (8-67) and (8-68), dividing the result by 4, and setting 
0?V/dx? + 0?V/dy? = 0 (V satisfies V7V = 0 by hypothesis), we find that 


Vix, vy) = 41V@ + d,y) + Ve —d,y) 
+ V(x,y + d) + Vx, y — d+ O14") (8-69) 
To within terms of order d*, the solution to Laplace’s equation ata particular 
point (x, y) is therefore given by the average of the solutions at four neigh- 
boring points, each displaced from the point (x, y) in a direction parallel to 
one of the coordinate axes by a distance d;1.e., the solution at point P in Fig. 
8-9 is the average of the solutions at the four points P,, P,, P;, and P,. 

To illustrate a simple procedure by which Eq. (8-69) can be used to obtain 
approximate solutions to Laplace’s equation, we consider again the problem 
in Fig. 8-1, taking a = 6 and V, = 100 in whatever units are appropriate. 
Let the region be divided by a square grid having four points in the interior 
of the region of interest (Fig. 8-10). An approximate solution to Laplace’s 
equation is then obtained by finding values satisfying Eq. (8-69) at each inter- 
ior point. The unknowns are represented by question marks in Table 8-2(a). 
(Fortunately, the procedure by which these unknowns are found does not 
involve the values at the four corners, two of which are ambiguous.) We 
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Fig. 8-9. A square grid superimposed on a region within which a 
solution to Laplace’s equation is sought. 


y 
V=0 
F=0 V=100 
5 Fig. 8-10. A grid of four interior 
points superimposed on a square 
V=0 region in the x-y plane. 


start by guessing the values at the interior points, as, for example, in Table 
8-2(b). This guess is then improved by progressing systematically through 
the grid of interior points, replacing the value at each point with the average 
of the values at the four nearest neighboring points. First the 30 in the upper 
left corner of Table 8-2(b) is replaced by (0 + 0 + 50 + 30)/4 = 20 [Table 
8-2(c)]; next the 50 in the upper right corner of Table 8-2(c) is replaced by 
(20 + 0 + 100 + 50)/4 = 42.5 [Table 8-2(d)]; then the 30 in the lower left 
corner of Table 8-2(d) is replaced by (0 + 20 + 50 + 0)/4 = 17.5 [Table 
8-2(e)]; and finally the 50 in the lower right corner of Table 8-2(e) is replaced 
by (17.5 + 42.5 + 100 -+ 0)/4 = 40, yielding Table 8-2(f) and completing 
the first iteration of a process that can be repeated indefinitely. Table 8-2(g) 
shows the approximate solution obtained by repeating this procedure starting 
with the numbers in Table 8-2(f), and Table 8-2(h) shows the approximate 
solution resulting after the tenth successive application of this procedure. It 
is readily verified that the solution in Table 8-2(h) satisfies Eq. (8-69) exactly 
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TABLE 8-2 Successive Steps in the Numerical Solution of Laplace’s 
Equation for the Problem in Fig. 8-10 


(a) The unknowns. Each entry corresponds to an intersection of two lines of the grid 
in Fig. 8-10. Note the ambiguity at the two right-hand corners. 


0 0 0 0,100 
0 ? qu 100 
0 2 ? 100 
0 0 0 0,100 
(b) An initial guess. 
0 0 0 0,100 
0 30 50 100 
0 30 50 100 
©) 0 0 0,100 
(c) The first step toward an improved approximation. 
0 0 0 0,100 
0 20 50 100 
©) 30 50 100 
0 0 0 0,100 
(d) The second step toward an improved approximation. 
0 0 0) 0,100 
0 20 42.5 100 
0) 30 50 100 
0 0 0 0,100 
(e) The third step toward an improved approximation. 
0 0 0 0,100 
0 20 42.5 100 
0 17.5 50 100 
0 0 0 0,100 
(f) The final step toward an improved approximation (completion of the first itera- 
tion). 
0 ©) 0 0,100 
0 20 42.5 100 
0 N75 40 100 
0 0 0 0,100 
(g) Approximate solution after the second iteration. 
0 0 0 0,100 
0 15.000 38.750 100 
©) 13.750 38.125 100 
0) ©) 0 0,100 
(h) Approximate solution after the tenth iteration. 
0 0 0 0,100 
0 12.500 37.500 100 
0 12.500 37.500 100 
0) ©) 0 0,100 


ee eee ee 


at all points; continued iterations merely regenerate this solution. Note that 
at each calculation the most recently obtained value of the solution is used 
in the right-hand side of Eq. (8-69) and also that a poor initial guess requires 
a large number of iterations to achieve a desired accuracy but does not under- 
mine the ultimate convergence of the process. The results of solving this 
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0 


0 


Fig. 8-11. Equipotentials obtained from a numerical solution of the 
example in the text. Each equipotential is labeled with the corre- 
sponding value of V. 


same problem numerically on a finer grid are shown in Table 8-3 and in Fig. 
8-11. (See P8-33.) 

Although we have here considered only a two-dimensional problem in a 
simple geometry subject to Dirichlet boundary conditions, the method illus- 
trated is not so restricted. It can be easily extended to three dimensions, 
and it is confined neither to Dirichlet boundary conditions nor to simple 
geometries. Certainly, application of the technique to these more general 
situations is more involved, but the basic idea remains unaltered. This sim- 
ple method yields readily interpreted solutions for any unambiguously stated 
problem involving Laplace’s equation. Indeed, numerical methods are the 
only methods that can be counted on to work for all problems. 


PROBLEMS 


P8-32. Verify the results given in Table 8-2(g) for the approximate solu- 
tion to the example in the text after the second iteration. 

P8-33. A simple algorithm for solving Laplace’s equation numerically 
in a rectangular region is shown in Fig. P8-33(a). (a) Decide on an explicit 
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DIMENSION V(,) for solution matrix 

INPUT boundary values and initial trial 
solution; store in V(,) 

INITIALIZE I (iteration counter) to zero 


ITERATE once through solution matrix 
INCREMENT I tol + 1 


TOO MANY 
ITERATIONS? 


PRINT warning message 


PRINT I, VG) 


Fig. P8-33a. An algorithm for solving Laplace’s equation numer- 
ically. 


criterion for determining when the current approximation has converged 
adequately to the true solution. A possible criterion would terminate the 
iterations when the value assigned to each interior point in the grid differs by 
no more than some predetermined amount ¢€ from the average of the values 
at the four neighboring points. (b) Translate the algorithm in Fig. P8-33, 
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100 
—100 —100 
100 
100 
100 
Linear increase 
from 0 to 100 
100 


Fig. P8-33b. Suggested additional 
boundary conditions. 


including your convergence criterion, into a computer program and execute 
your program to find an approximate solution to Laplace’s equation when 
the boundary conditions are those in Fig. 8-10 and the grid has 25 interior 
points. Use the results in Table 8-2(h) as a basis for determining a judicious 
initial guess for the solution on this finer grid. (c) Find and sketch a graph of 
the charge density on the surface of the conducting boundary if the square 
has a side of 10cm and V is expressed in volts. Hint: This charge density 
is given by the normal derivative of V [Eq. (8-2)]. Evaluate the derivative 
numerically, noting, for example, that df/dx ~ [f(x + a) — f(x)J/a, or (for 
greater accuracy) that df/dx ~ [—f(x + 2a) + 4f(x + a) — 3f(x)]/2a. Op- 
tional: (1) Go on to a grid of 121 interior points. (2) Incorporate calculation 
of the charge density in your program. (3) Modify your program to start 
with a grid of 1 interior point and then move automatically in succession to 
grids with 9, 49, 225, ... interior points using the solution on each grid to 
obtain the initial guess for the solution on the next grid. (4) Find solutions 
for other boundary conditions, such as those shown in Fig. P8-33(b). 
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P8-34. (a) Develop a numerical method for finding a solution to the prob- 
lem in Fig. P8-2(b). Take a = 1. Hint: On the axes where Neumann condi- 
tions are imposed, Eq. (8-69) cannot be used directly. We circumvent this 
problem at points on the y axis, for example, by imagining an extension of 
the domain into the region x < 0 and noting that the Neumann condition 
then requires that [V(d, y) — V(—d, y)]/2d be zero, or V(d, y) = V(—d, y). 
Thus, when Eq. (8-69) is evaluated at x = 0, the term in V(—d, y) that arises 
can be replaced with V(d, y) and the result involves only points lying within 
or on the boundaries of the problem. Similar arguments apply to the Neu- 
mann condition on the x axis and to the origin (which must be treated sep- 
arately). Thus, there are four different classifications for grid points (interior, 
y axis, x axis, origin), each of which must be treated differently in the iterative 
“march” through the grid. (b) Either by hand or by machine, explore the 
solution to the problem in Fig. P8-2(b), find the equipotentials, and determine 
the charge densities on the conducting boundaries. Hint: See the hint in 
P8-33(c). 


8-8 
Solution of Laplace’s Equation by Experiment: 
The Method of Analogy 


Because Laplace’s equation describes many different phenomena in 
many different areas of physics by mathematically identical statements, a 
solution to Laplace’s equation for one of these phenomena can be taken over 
intact to the analogous phenomenon in another area of physics. In some 
cases, the physical situation corresponding to a given mathematical state- 
ment as applied to one area of physics can be easily constructed experimentally. 
The solution to Laplace’s equation for this situation, and hence for anal- 
ogous situations in other areas of physics as well, can then be measured. The 
most common example of this method of analogy in electrostatics is the (two- 
dimensional) field tray, in which electrodes having the desired shapes and 
maintained at the desired potentials are placed ina thin layer of a conducting 
solution. Because both are described mathematically by the same boundary 
value problem, the electrostatic potential in the field tray is identical to the 
potential established by a two-dimensional system of conductors located in 
free space but having the same geometry as those placed in the solution. The 
potential in the field tray, however, is the more easily measured potential. 
Deflections of elastic membranes, steady-state temperature distributions, 
flow patterns in fluids when the velocity field is steady and “curlless”, and 
many other physical situations can be used to obtain solutions to Laplace’s 
equation for analogous electrostatic problems, but a detailed development 
of these techniques would lead us away from the primary objectives of this 
book. 
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8-9 
Poisson’s Equation 


When charge is present in the region of interest, the electrostatic 
potential satisfies Poisson’s equation, 


WAY = (8-70) 
0 
[See Eq. (6-74).] If the charge density p is known, then the general solution 
has the form 
an ae r 
v0) = (to yay — 0) + eel crake Cay) 
where the added solution to the homogeneous equation provides the freedom 
to satisfy boundary conditions that may not be satisfied by the integral alone. 
[Compare Eq. (4-50) and the paragraph following Eq. (4-50).] Thus, if p is 
known, Eq. (8-70) is reducible to Laplace’s equation and its solution can be 
obtained by any of the methods already described. Alternatively, if p is 
known, the single term p(x, y)d?/4e, added to Eq. (8-69) provides a starting 
point for a direct numerical solution of Poisson’s equation in two dimensions 
(P8-36). 

When the charge density is not known explicitly, we need another equa- 
tion relating V and p before Eq. (8-70) can be solved. The derivation of 
Child’s law (P6-39) included finding such an equation. We conclude this 
section with another example by applying Eq. (8-70) to determine the char- 
acter of the electron cloud attracted to a positive test charge g placed in an 
initially neutral ionized gas or plasma (which contains mobile positive and 
negative charges). Choose a coordinate system with its origin at the charge 
g. Then the equilibrium charge density p and the electrostatic potential V in 
the plasma can depend only on the spherical coordinate r, and Poisson’s 
equation reduces in spherical coordinates to 

+ a(n ) ———— a = Sat —n_) (8-72) 
where _(r) is the density of electrons in the plasma, #,(r) is the density of 
ions (assumed singly ionized), and q, is the charge on the ions. [See Eq. (2-10).] 
The particle densities 7, and n_, however, can be related to the potential by 
using a theorem from statistical mechanics: If the density of particles is 7) ina 
region where the potential energy is U,, then the density # in a region where 
the potential energy is U is given by 


ir — ee ae (ETS) 
where k& is Boltzmann’s constant and 7 is the (absolute) temperature. To 


apply Eq. (8-73) to the plasma, we take the reference point at r = oo, where 
we assume the electrostatic potential V(r) has the value zero. Further, we as- 
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sume that the plasma remains electrically neutral in the region remote from 
the test charge so that 7,(co) = n_(co), and we symbolize both by 7, which 
is the density of particles of either charge in the undisturbed plasma. Remem- 
bering finally that potential energy is potential times charge, we find from 
Eq. (8-73) that 
(eS ere ee (8-74) 

and hence from Eq. (8-72) that V by itself satisfies 

I a 2 dv — _ GeMop-aev/kT __ paeV/kT = 

Ld (oil) = —teyeor easy 9 
Actually solving this equation to find V is left to P8-35. When ¢,V/kT < 1 
(high temperature), the result is 


2 a 


~ 4n€ or eee D> = Sot (8-76) 
0 


= 2NoGe 


@ 


where the length D, called the Debye shielding length, measures the scale of 
the exponential decay of this shielded Coulomb potential (sometimes called 
the Yukawa potential). For ny = 10! particles/m? and T = 10° °K, which 
are typical of plasmas produced in controlled thermonuclear research, the 
Debye length is about 2 x 10-* m. In a plasma described by these parame- 
ters, the influence of an extra charge therefore does not extend very far from 
the position of the charge. 


PROBLEMS 


P8-35. Solve Eq. (8-75) when ¢g,V/kKT <1 subject to the requirements 
that Vir) — 0 as r— oo and that V(r) — q/4me,r as r— 0. Hints: (1) 
e* = 1 --+ « when a is small. (2) Introduce a new dependent variable V’ = rV. 

P8-36. Repeat the development of Eq. (8-69) when V?V = —p/é5, 
describe a numerical algorithm similar to that in Section 8-7 for solving 
Poisson’s equation, and then apply this algorithm (either by hand or by com- 
puter) to solve the equation V?V = —2 in the interior of a square 10 cm on 
a side when V is required to be zero everywhere on the boundary. Physically, 
this problem relates more directly to the twisting of a square shaft under 
torsion than to a problem in electrostatics. 


Supplementary Problems 


P8-37. A rectangular parallelopiped is bounded by the coordinate planes 
and the planes x = a, y = b, and z = c. All surfaces of this parallelopiped 
are maintained at zero potential except the surface at z = c and that surface 
is maintained at a constant potential V,. Apply the method of separation of 
variables to find the potential in the interior of the parallelopiped. 

P8-38. Apply the method of separation of variables to Laplace’s equation 
in cylindrical coordinates when all three coordinates appear, solve the result- 
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ing equations, and write the most general solution subject only to the require- 
ments that the origin be in the domain of the problem and the angle ¢ assume 
its full range. Hints: (1) Seek exponential solutions in z and trigonometric 
solutions in ¢. (2) The equation x2y”’ + xy’ + (x? — n2)y = 0, which reduces 
to Eq. (8-32) when n = 0, is the nth order Bessel equation. The only solution 
that is finite for all values of x including the origin is called the nth order 
Bessel function, J,(x), and is tabulated, for example, in E. Jahnke and F. 
Emde, Tables of Functions (Dover Publications, Inc., New York, 1945). 

P8-39. Apply the method of separation of variables to Laplace’s equation 
in spherical coordinates when all three coordinates appear, solve the resulting 
equations, and write the most general solution subject only to the require- 
ments that 9 = Oand z be in the domain of the problem and that the angle 
@ assume its full range. Hints: (1) Seek trigonometric solutions in ¢. (2) Set 
x = cos @ in the equation for the @ dependence. The resulting equation, 
(1 — x?)y" — 2xy’ + [k — m?/(1 — x?)]y = 0, which reduces to Eq. (8-38) 
when m = 0, is the associated Legendre equation. Here m is an integer that 
arises from solution of the equation for the ¢ dependence and k is another 
separation constant. Solutions finite for all x in the range |x| < 1 can be 
found only when k has one of the values n(n ++ 1), where n is a nonnegative 
integer. One such solution exists for each value of n; it is called an associated 
Legendre function, P™(x), and is tabulated, for example, in E. Jahnke and F. 
Emde, op. cit., P8-38. 

P8-40. A conformal mapping from the complex z plane to the complex 
w plane associates points in the two planes by the transformation w = f(z), 
where f is an analytic function of z. For some two-dimensional problems, 
proper selection of this transformation can convert a complicated geometry 
in the z plane to a simpler geometry in the w plane. A solution to Laplace’s 
equation can then be found in the simpler geometry of the w plane and then 
transformed back to the z plane to yield a solution to the original problem. 
This problem illustrates this very powerful but also rather specialized tech- 
nique. Suppose a solution to Laplace’s equation in the half-plane y > 0 is 
desired when a conducting plate at zero potential lies along the positive 
x axis and a conducting plate at 100 V lies along the negative x axis. (a) Show 
that the transformation w = ¢n z[Eq. (8-53)] transforms the region of interest 
in the z plane to the region —co < u < 00,0 < v < z in the w plane, where 
u = Re wand v = Im w. Further, show that the positive x axis is transformed 
to the line v = 0 and the negative x axis to the line v = z. (b) Show that the 
desired solution in the w plane is the imaginary part of the analytic function 
q(w) = 100 w/z. (c) Since an analytic function of an analytic function is 
analytic, the solution V(x, y) in the z plane is then Im q[w(z)]. Show that 
V(x, y) = (100/z) tan-! (y/x), sketch the equipotentials and field lines, and 
determine the charge density on the conducting plates. Optional: Show that 
the transformation z’ = [(i — z)/(i + z)] transforms the region y > 0 in the 
z plane to the interior of the unit circle (x’)? + (y’)? = | in the 2’ plane and 
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find a solution to Laplace’s equation in the interior of a unit circle when the 
bounding arc 0 < ¢’ < z is kept at zero potential and the arc 2 < $’ < 22 
is kept at 100 V. Sketch the equipotentials and field lines. 

P8-41. Find an integral giving the solution V(x, y) to Laplace’s equation 
in the two-dimensional domain —oo < x < 00, 0 << y < co when V and 
its derivatives approach zero as |x] —> oo and as y — oo, and V(x, 0) = 0 
except in |x|< I, where V(x, 0) =o ines Dake the Pouner transtomm 
(Appendix D) of Laplace’s equation with respect to x (1.e., multiply by e7'** 
and integrate on x), note that the transform of 02V/dx? is —x?V(x, y) 
(Why?), solve the resulting ordinary differential equation for V(x, y) but let 
the constants of integration depend on x, and then invert the transform to 
return to V(x, y), determining any constants by the boundary conditions. 

P8-42. Obtain the integral in Eq. (8-71) by taking a three-dimensional 
Fourier transform (Appendix D) of Poisson’s equation, solving for V(x), 
and then inverting the transform. Hints: (1) The transform of 0?V/dx? is 
—K2V. (Why?) (2) After writing the formal inversion integral, reexpress 
p(x) as a Fourier transform of p(r) and interchange orders of integration to 


obtain 
ei* (r—r’) 
VAG) _— a | oe  {¢ a dk, dk, ar dv’ 


(3) Evaluate the integrals on the components of « by introducing spherical 
coordinates in k-space, taking the polar axis in the direction of r — r’. (4) 
Don’t be afraid of integral tables. 

P8-43. (a) Prove Green’s theorem, Eq. (C-27). (b) Show that 


| @(r) el —! dv = —4n@(r’) 


Hint: V?{i/|r —r' |] = 0 Miss except where |r — r’| = 0. (c) Apply 
these two results to show that a function V that satisfies Laplace’s equation 
also satifies the integral equation 


roy def [POO — ere (Gh) 


fee | 


where & is any closed surface enclosing the point r. This identity relates the 
solution to Laplace’s equation at a single point r to the solution and its normal 
derivative over a surface enclosing r. Similar integral equations are important 
to the Kirchhoff theory of diffraction. 


g 


Properties of 
Matter I: 
Conduction 


Whether they be in the solid, liquid, gas, or plasma phase, macro- 
scopic samples of matter exhibit several different responses when placed in 
external electric and magnetic induction fields. In Chapters 9, 10 and 11 
we shall examine (electric) conduction, dielectric polarization, and magnetiza- 
tion! when the external fields are static, and in Chapter 12 we shall extend that 
treatment to include time-dependent external fields. Each of these responses 
can be approached either from a macroscopic or a microscopic viewpoint. In 
the macroscopic approach, we accept the properties of matter as exhibited in 
the macroscopic world, introduce appropriate descriptive concepts analogous 
to the charge and current densities of Chapter 2, and seek experimentally 
determined relationships among these descriptive concepts and the external 
fields. In the microscopic approach, we postulate a microscopic structure for 
a particular type of matter and seek to understand the observed macroscopic 
properties by relating them to the presumably simpler behavior of the as- 
sumed microscopic constituents. Although we shall not ignore either approach 
altogether, we shall place greater emphasis on the macroscopic approach. 

Qualitatively and microscopically, a conducting material is a sample of 
matter that contains microscopic charged particles or charge carriers that are 
free to move macroscopic distances through the material. Steady-state con- 

1A fourth possible phenomenon—/magnetic conduction—-will be of interest only after 
free magnetic monopoles have been found, for only then will macroscopic magnetic cur- 


rents, t.e., a flow of magnetic monopoles, be physically realizable, 
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duction is the response observed when a conducting material is placed in a 
static electric field, e.g., when the two poles of a battery are connected to 
opposite ends of a metallic or semiconducting rod or when an ionized gas 
is placed between two parallel plates maintained at different potentials. 
Under these circumstances, the motion of the individual carriers has two 
components. Whether a field is present or not, these carriers move about 
erratically, collide frequently with one another and with any relatively 
immobile particles (e.g., “fixed” ions in the crystal lattice of the conducting 
material) that may be present, and experience random changes in velocity 
with every collision. Since this random component of the velocity of each 
particle averages to zero over time intervals that are macroscopically short 
but microscopically long, it results in no net macroscopic migration of charge 
through the conducting material. When the conducting material is placed in 
an external field, however, its constituent charges experience nonrandom 
forces and—in most materials—the charge carriers will be accelerated parallel 
or antiparallel to the field, depending on the sign of their charge. Further, 
the frequent collisions, which continue to occur even in the presence of the 
field, prevent the carriers from accelerating indefinitely. Once any transient 
effects resulting when the field is first turned on have decayed away (and they 
do so quite rapidly in “good” conducting materials; see P9-5), a balance 
between steady acceleration and frequent abrupt changes in velocity is 
achieved, and the overall microscopic effect of the field is the addition of 
a steady (nonrandom) drift velocity to the total velocity of each carrier. In the 
macroscopic world, a steady drift velocity of the carriers produces a steady 
macroscopic migration of charge (i.e., a steady current) through the con- 
ducting material, which is then said to be conducting. 


9-1 
Macroscopic Description: Conductivity 
and Ohm's Law 


In the qualitative terms of the previous paragraphs, the macro- 
scopic response of a conductor to an electric field is the appearance of a 
macroscopic current. Crudely, we can view the electric field as a cause and the 
current as its effect. Now a quantitative description of any phenomenon is 
built on quantitative definitions for concepts measuring its cause(s) and its 
effect(s). In the case of conduction, the necessary concepts have already been 
defined: With r a point in the conductor, we take the macroscopic electric 
field E(r) to measure the cause and the macroscopic current density J(r) to 
measure the effect. Conceptually, we then think of J as some function of E, 


J = J(E) (9-1) 


but we must look to experiment to determine whether Eq. (9-1) applies to 
a particular sample of conducting material at all and, if it does apply, to 
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determine its specific functional form for that sample. Equation (9-1), some- 
times called a constitutive relation, is the point at which the empirical prop- 
erties of matter find their way into the theoretical framework, and, in the 
macroscopic approach, the empirically dictated form of Eq. (9-1) is accepted 
without deeper question. That form, of course, may be extremely compli- 
cated. For most materials, however, J is parallel to E and Eq. (9-1) assumes 
the simpler form 


J= g(E)E, J\|E (9-2) 


where g(E) remains to be determined experimentally for each material. 
Further, for a very large fraction of the materials to which Eq. (9-2) applies, 
the function g(£) is actually independent of E£, at least for the normal range 
of field strengths. For these materials, which are called /inear or ohmic mate- 
rials, Eq. (9-2) reduces to 


J = gE (ohmic conductors) (9-3) 


where the conductivity g is measured in the mks unit A/V-m, a unit we shall 
later call the mho/m.? For ohmic conductors, the value of g or equivalently 
the value of the resistivity 4 = 1/g fully characterizes the extent to which the 
material conducts in response to a static electric field. Experimentally deter- 
mined values of y for several common materials are shown in Table 9-1. 
Metals and other “good” conductors characteristically have very high con- 
ductivities (small resistivities) that are only weakly dependent on temperature 
except at extremes of temperature. Semiconductors typically have much lower 
conductivities (higher resistivities) that are often more strongly dependent 
on temperature. /nsulators have such small conductivities (high resistivities) 
that it is not appropriate to think of them as conducting materials at all. The 
limiting values g — co (y—> 0) and g —> 0 (4 -> ov) identify the idealized 
cases of the perfect conductor and the perfect insulator, respectively. 

We shall now reexpress the equation J = gE between current density 
and electric field in an ohmic conductor in a form more suited to the descrip- 
tion of currents confined to wires. Assume a wire with cross-sectional area 
S and length ¢ and let a potential difference AV be maintained between its 
ends (Fig. 9-1). When the potential difference is first applied, transient cur- 
rents will develop in the wire. Ultimately, however, these transients will 
establish a charge distribution along the surfaces of the wire, which charges 
in turn produce the fields necessary to “guide” the final steady-state current 
around any bends in the wire.* Steady-state conduction is established when 


2The conductivity is defined by Eq. (9-3) in all systems of units with which the author 
is familiar. 

3The symbols o and p are often used for conductivity and resistivity, respectively, but 
that notation is subject to confusion with surface and volume charge densities. We use 
instead g and , which follows the notation used by J. R. Reitz, and F. J. Milford, Founda- 
tions of Electromagnetic Theory (Addison-Wesley Publishing Company, Inc., Reading, 
Mass., 1967). 

4See, for example, S. Parker, Am. J. Phys. 38, 720 (1970) and the references given there. 
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Fig. 9-1. A wire carrying a steady current. 


the surface charges have been so adjusted that the current density J and the 
electric field E inside the wire are everywhere tangent to the wire. If we now 
assume that the current is uniformly distributed over the cross section of the 
wire, then J = | J| is constant throughout the wire. Further, in consequence 
of Eq. (9-3), E = |E| is also constant throughout the wire and the potential 
difference between the ends of the wire is 

high end 

Ny =| Og) a (9-4) 

low end 
where the path follows the wire and d@ is directed from the low to the high 
end. Further, the current flowing in the wire is given by 


f= |] ies = 76 (9-5) 


where & is any surface intersecting the wire. Since the material of the wire 
has been assumed ohmic, however, J = gE, and we find from Eqs. (9-4) 
and (9-5) that 

AV = Ef AV ¢ 


a == = oe R 9-6 
= was I gS S§ Cas 
or that 


Ne UK (9-7) 


where the resistance R is a constant determined by the dimensions and con- 
ductivity of the wire; the mks unit of resistance is the ohm (Q) and the mks 
unit of a reciprocal resistance, called a conductance, is the mho. A device 
whose electrical characteristics are described by Eq. (9-7) is called a (linear) 
resistor, and Eq. (9-7) itself is the familiar form of Ohm’s law, which relates 
the potential difference AV across a (linear) resistor of resistance R to the 
current / through the resistor. Equation (9-3), however, is also referred to 
as Ohm’s law. A paragraph discussing the limitations of Ohm’s law is includ- 
ed in Section 9-2. 

Finally, it is of interest to calculate the power dissipated in a conductor 
carrying a current. Clearly, power must be dissipated, for the external elec- 
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tric field is constantly doing work on the charges, but overall their kinetic 
energy remains unchanged. The collisions must convert energy to heat, called 
here Joule heat, at a rate exactly equal to the rate at which the external field 
supplies energy to the system. Thus, we can calculate the rate of energy 
dissipation in the conductor by calculating instead the rate P at which the 
external field does work on the charge carriers. That rate, however, is given 
by Eq. (3-39), and we have that 


p={J-Edo (9-8) 


where in mks units P is expressed in watts (W). The integral in Eq. (9-8) 
extends over the entire volume of the conductor. If the current happens to 
be in a wire, the replacement J dv — I dé yields the more familiar result 


low end 
Pai | E-dé=1AV = pr —AM (9-9) 


high end R 


where the last two forms follow on substitution from Eq. (9-7). 


9-2 
Microscopic Description: Carrier Mobility 
and Collision Times 


The basic microscopic response of a conductor to its presence in a 
static electric field is a steady drift velocity superimposed on the random 
motion of the individual charged particles making up the conductor. The 
classical microscopic description of conduction therefore involves relating 
particle drift velocities, which we view as the effects, to the applied electric 
field, which we continue to view as the cause. Since several different types 
of charge carrier may contribute to the total transport of charge, we allow 
for several different drift velocities. Thus, very symbolically, we expect the 
drift velocity v® of carriers of type a to be some function of the applied 
electric field, 

y= yo( EK) (9-10) 

A theoretical prediction of the functional form of Eq. (9-10) for the car- 
riers in a particular conductor can be made only after some further assump- 
tions about the nature of the conductor are made. Since Eq. (9-10) is a 
statement about the behavior of individual microscopic particles, calculation 
of its specific form is intrinsically a quantum mechanical problem, but a brief 
quantum mechanical treatment would require a background beyond that 
assumed in this book. (See the references at the end of the chapter.) Instead 
we present a simple classical theory. Suppose the carriers in a conductor 
experience forces solely (or at least dominantly) from the external field except 
during collisions, and assume that the acceleration a” of carriers of type a is 
constant between collisions. Then at a particular instant of time, the non- 


9-2 Microscopic Description: Carrier Mobility and Collision Times 255 


random component of the velocity v{°) of the ith carrier of type a is 
(a) 
v2) = PGE Ae = Vali E (9-11) 
M, 
where q, and m, are the charge and mass of carriers of type a, t/” is the time 
since the last collision of the ith particle of type a, and Newton’s second law 
has been used to write a as g,E/m,. The average drift velocity v™ for carriers 
of type a is then given by 
(a) (a) 
yo —_ yi?) = GAG: DE = qt E S 5 

(vi) = GA p — LE (9-12) 
where the collision time t@ = <t{) physically is the average time between 
collisions. (Why? Hint: Collisions do not occur at regular intervals.) The 
quantity 


(a) 
uM, = 1% (9-13) 


is called the mobility of carriers of type a and will be positive or negative, 
depending on whether the carrier is positively or negatively charged. In terms 
of the mobility, Eq. (9-12) becomes 


v = u,E (9-14) 


from which we see that yw, is the average drift speed per unit field and must 
have the dimensions of velocity per electric field, (m/sec)/(V/m) in mks units. 
On the basis of the simple assumptions in this paragraph, we therefore pre- 
dict that v in Eq. (9-10) should be proportional to E and that the constant 
of proportionality yz, is determined by the intrinsic properties of the carriers 
and by the nature and frequency of the collisions experienced by the carriers 
as they migrate through the conductor. Except at extremes of temperature 
and field strength, the quantum mechanical description of conduction in 
many materials and particularly in metals leads to the same general conclu- 
sions, and the carrier mobilities are important (and frequently measured) 
parameters describing these materials. 

Given Eq. (9-14), we can now derive Ohm’s law. We need merely introduce 
the density of carriers of type a, n, and then substitute Eq. (9-14) into Eq. 
(2-18) to find that the macroscopic current density J is given by 


Uae Ge == ION ae ee (9-15) 


which is Ohm’s law, Eq. (9-3), provided we identify the coefficient of E with 
the conductivity. This classical microscopic description of conduction has 
thus yielded not only a derivation of Ohm’s law but also the expression 
. 297 @) 
p= fae, = SE (9-16) 
relating a macroscopic conductivity to microscopic mobilities and collision 
times. Particularly when only one type of carrier contributes to conduction, 
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measurements of g are therefore effectively measurements of the product 
qnu for the carrier involved. If ¢ is assumed and » is known, say from Hall 
effect measurements (P9-7), measurements of the macroscopic conductivity 
yield values for the microscopic mobility. Note that g is necessarily positive 
even though the mobilities may have either sign. 

Ohm’s law and its microscopic equivalent, Eq. (9-14), are, of course, not 
universal laws of physics. There are circumstances that these laws do not 
describe adequately, and the microscopic development leading to Eq. (9-14) 
suggests areas in which we might expect Ohm’s law to break down. We have, 
for example, tacitly assumed that the external field does not significantly 
influence the collision times, so that t@ is independent of the field. Equiva- 
lently, we have required that the drift speeds be small compared to thermal 
speeds, which requirement in turn limits the strength of the field so that high 
drift speeds are not produced (P9-6). We also tacitly assumed the density of 
carriers to be independent of the strength of the applied field. But sufficiently 
strong fields may ionize more of the neutral particles present (or further 
ionize multielectron atoms that are already partly ionized), thus increasing 
the density of carriers and destroying the validity of Ohm’s law. Third, we 
have assumed the conducting material to be isotropic (the same in all direc- 
tions) and the resulting conductivity is a scalar. But some few materials are 
nonisotropic and many materials can be made nonisotropic, for example, 
by the application of a uniform external magnetic induction field. These 
materials conduct differently for electric fields applied in different directions 
and the resulting current density may not even be parallel to the applied field. 
Salvaging Ohm’s law for these circumstances then requires allowing the con- 
ductivity to become a nine-component entity called the conductivity tensor 
(P9-8). Still further, we have assumed the conductor to be homogeneous (the 
same at all interior points). Nonohmic devices, such as transistors and solid- 
state rectifiers, can be made by assembling a conducting sample whose char- 
acteristics (conductivity, carrier concentration, etc.) change either slowly or 
abruptly as an observation point moves through the sample. Fifth, we have 
assumed that only the external field is significant except during actual colli- 
sions, and, further, we have assumed that collisions are well-defined events 
and that we can tell (in principle at least) when a particle is undergoing a 
collision and when it is not. One of the primary forces of interaction between 
charged particles, however, is the Coulomb force, which is a very long-range 
force. Even when particles are far apart, their Coulomb interaction may be 
significant. Certainly, this interaction interferes with any clear-cut separation 
of moments of collision from moments of free motion in an external field. 
Finally, we have assumed that the microscopic carriers experience an electric 
field defined by a “macroscopic” test charge. Although that assumption is 
known to be valid for microscopic particles moving in free space (e.g., elec- 
trons in a cathode ray tube), it may in fact not be correct for carriers in the 
interior of some conductor. Having enumerated these sources of possible 
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difficulty, one might even be surprised that Ohm’s law works as well as it 
does over such a broad range of materials and applied fields. 

This discussion of conduction is far from complete. We have outlined the 
essential descriptive framework, and we have seen some of how this general 
framework can be molded to describe specific types of matter more explicitly. 
What remains is more detailed quantum mechanical calculations of mobilities 
and collision times, a full examination (both experimentally and theoretically) 
of departures from Ohm’s law, and a cataloging of measured properties of 
specific materials. Further pursuit of these topics, however, would distract 
us from our main intent of exposing the basic theoretical framework. The 
interested reader is directed to the references listed below. 


PROBLEMS 


P9-1. Find the dimensions of conductivity in cgs-esu and ponder the 
implications of your result. 

P9-2. It is desired to use a nichrome wire having a cross-sectional area of 
0.2 mm? to make a heating coil that will produce 600 W when operated at 
120 V. How long must the wire in the coil be? 

P9-3. A conducting wire of radius a and length LZ is surrounded by a 
coaxial conducting sheath of radius b. The space between the wire and the 
sheath is filled with a weakly ionized gas that has a (small) conductivity g. 
Let the wire be maintained at a potential V with respect to the sheath. Ig- 
noring fringing, find the current flowing between the wire and the sheath and 
show that the resistance of the gas is given by [€n (b/a)/2nLg]. 

P9-4. Steady currents in a homogeneous, ohmic medium placed in a 
static electric field are described by the equations V-J = 0, V x E= 0, 
and J = gE. (Why?) Show that the electric field can be derived from a scalar 
potential that satisfies Laplace’s equation, thus justifying the use of field trays 
to study electric field patterns. 

P9-5. Suppose that at time zero the charge density inside a conductor 
happens to have the nonzero (nonequilibrium) value p,(r), where r is a point 
in the conductor. (a) Assume p(r, f) = po(r) f(t) and combine the equation 
of continuity and Ohm’s law with Gauss’s law—the presently available form 
will do, although strictly you should use the modified form to be developed 
in Chapter 10—to obtain a differential equation for f(t), show that f(t) = 
e- /*, and find an explicit expression for the relaxation time t,. (b) Calculate 
t, numerically for aluminum. In essence, this result demonstrates that alumi- 
num and other good conductors dissipate nonequilibrium charge distribu- 
tions very rapidly. 

P9-6. An aluminum wire at room temperature (~ 300°K) has a cross- 
sectional area of 0.1 mm? and carries a current of 5 x 10°*A. (a) If each 
aluminum atom contributes three conduction electrons and all the current is 
carried by these electrons, calculate the electronic drift velocity in the wire. 
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Hints: Avogadro’s number is 6.02 x 1023 atoms/mole; the atomic weight 
of aluminum is 27; the density of aluminum is 2.70 g/cm?. (b) Estimate the 
thermal speed ./3k7/m, of the electrons and compare the result with the 
drift velocity. Here k is Boltzmann’s constant and m, is the electron mass. 
(c) Use Eq. (9-16) to estimate the collision time from the measured conduc- 
tivity. (d) Approximately how far does an electron move between collisions? 
(e) Use Eq. (9-16) to estimate the electron mobility from the measured con- 
ductivity and then estimate the electric field necessary to bring about the 
given current. Compare this field with the field necessary to produce a drift 
velocity comparable to the thermal velocity and compare each with typical 
laboratory fields. 

P9-7. A current / is passed through a sample of conducting material in 
a uniform magnetic induction B = Bk that is perpendicular to the direction 
of current flow (Fig. P9-7). Assume the current is carried by a single type of 


B-field 
(out) 
b 
H w I 
—-~ oe 
© Area =S . 
J a Conducting 
material 
i 
w 
k (out) 
Figure P9-7 


carrier with charge qg, density n, and drift velocity vi, and let the points a and 
b be separated by a distance w. (a) Argue qualitatively that an electric field 
Eb Ej is induced, show that E = vB, and calculate the potential difference 
AV between points a and 6. Which point is at the higher potential? (b) The 
Hall coefficient for this sample of material is defined by R, = E/JB, where 
G isithic i-component of the current density. Show that Ry, = I/qn. (c) Show 
also that Rj, = y/g, where yw is the carrier mobility and g is the conductivity 
of the sample. Since R,, and g are both measurable quantities, this so-called 
Hall effect can be used to determine the sign of charge carriers, carrier den- 
sities, and carrier mobilities, particularly in semiconductors. Further, once 
R, is known for a particular sample, the effect can be turned around and 
measurements of AV can be used to determine magnetic fields; used in this 
way, the device is called a Hall probe. 

P9-8. In the classical model of conduction introduced by Drude (1900), 
the resistive forces on the carriers in a conducting material are represented by 
a viscous damping term in the equation of motion, so that the individual 
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carriers of mass m and charge g move in accordance with 


mit 

dt 
when an external E-field is applied. (a) Justify this view by showing that Eq. 
(1) predicts a terminal (drift) velocity, relate b to the carrier mobility yw, and, 
assuming that the carriers are electrons and that w = —1.2 x 107-3 m?2/V:+sec, 
estimate how quickly the terminal velocity will be reached. Hint: Consider 
motion only in the x direction. (b) Assume that this same approach applies 
when a uniform external B-field is added, so that individual carriers now move 
in accordance with 


— gE — bv (1) 


m&t = qiE + v x B) — by (2) 
Take B = Bk and let E have all three components, E = E\i a= Ej BL ye fe 
Determine the terminal drift velocity v,; in terms of the components of E, 


and show that 


ab aB O 
Vat 4 E, 
Va2 —= trot aB 2 0 Jd 
Vq3 E; 

(Cae 

0 b 


where « = 1/[B? + (b?/q?)]. Finally, infer that for this case the mobility u 
and the conductivity g = qny are not scalars, and show that J is not parallel 
to E. 
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Properties of 
Matter Il: 
Dielectric Polarization 


In considering the response of matter to applied electric fields, it is 
useful to distinguish two ideal types of matter. We have already introduced 
the perfect conductor. Microscopically, it contains large numbers of free 
charges that move and produce a macroscopic current whenever an external 
electric field is applied. Real materials, however, conduct only imperfectly 
and many materials, called insulators or dielectrics, conduct very poorly 
indeed. A perfect dielectric, again an idealization, contains no free (micro- 
scopic) charges, and an external electric field induces not a current but rather 
a redistribution of the charge in each molecule of the dielectric and perhaps 
a reorientation of these molecules. This dielectric response, called dielectric 
polarization, is the subject of this chapter. Although additional charge beyond 
that intrinsic to its atoms may be placed in or on a dielectric, we shall con- ° 
sider primarily the electrically neutral dielectric. Further, we shall confine our 
discussion here to static external fields, postponing the treatment of time- 
dependent polarization to Chapter 12. 

In contrast to conduction, which is brought about by one field (the elec- 
tric field) but itself produces a different field (the magnetic induction field), 
dielectric polarization is brought about by the same field that it also produces. 
Thus, when a dielectric is placed in an external electric field and is thereby 
polarized, the dielectric produces additional electric fields that modify the 
original fields both inside and outside the dielectric. This modification of 
the fields in turn alters the response of the dielectric, which again modifies the 
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fields, and so on. Physically, the system ultimately reaches a steady state in 
which the dielectric is polarized to the extent required by the final field. From 
a calculational point of view, however, it would seem that we need to know 
the final field in order to determine the final polarization but we cannot 
determine the final polarization until we know the final field. The treatment 
of dielectric polarization is thus more complicated than that of conduction 
because we cannot ignore the fields produced by the dielectric as we determine 
the response of the dielectric to an external field. 

Because of the difficulty pointed out in the previous paragraph, it is con- 
venient to divide the overall treatment of dielectric polarization into two 
parts. In the first part we shall develop a model for the structure of a dielectric 
and introduce descriptive concepts so that we can 


(1) describe quantitatively what might be called a field-causing state of the 
dielectric, and 

(2) determine from this field-causing state the field that it causes, both inside 
and outside the dielectric. 


In this part, we do not ask how a particular field-causing state of the dielectric 
is brought about or maintained; we simply describe this state by giving values 
to the appropriate descriptive concepts and then utilize this description to 
calculate the resulting field. In the second part of the treatment of dielectric 
polarization, however, the establishment of the field-causing state is of pri- 
mary concern; we seek methods by which to 


(3) determine the response of a dielectric when the final field is assumed 
known. 


Although steps (1) and (2) in this program can be treated quite generally, 
step (3) involves consideration of specific materials and will of necessity be 
more complicated, less general, and more empirical than the treatment of 
steps (1) and (2). As we shall see, for example, in Section 10-5, the results of 
these three steps taken together will permit us to calculate final fields and 
polarizations even though neither may be known before the calculation is 
begun. 

As with conduction, there are two different approaches to the treatment 
of dielectric polarization. The more involved of these is the microscopic ap- 
proach, which begins by adopting a detailed microscopic model for the com- 
position of matter'—matter consists of extremely small molecules, each of 
which has electric and/or magnetic properties that are presumably under- 
stood. These molecules are taken to exist in free space. In this view, there is 
consequently no intrinsic difference between free space occupied here and 
there by free charge and/or free currents and free space occupied by matter 


1We use the word matter rather than dielectric and we speak of electric and magnetic 
properties so that this discussion can be applied also to the phenomenon of magnetization. 
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since (insofar as its electromagnetic properties are concerned) matter is com- 
posed ultimately of (microscopic) charges and currents. One describes the 
field-causing state of matter by specifying the location of every molecule and 
the (microscopic) charge and current distributions associated with each 
molecule. With this information as input, the formalism of Chapters 4-6 
permits a detailed calculation of the corresponding electromagnetic field, 
which is called the microscopic electromagnetic field. It is the field experienced 
by test charges whose dimensions are comparable to molecular dimensions, 
and it fluctuates rapidly and erratically both in space (because on a molecular 
scale the charge and current distributions can hardly be regarded as smoothly 
varying) and in time (because thermal agitation of the molecules introduces 
an erratic time variation of charge and current distributions on the micro- 
scopic scale). 

Although in principle the microscopic field can be fully determined by 
methods already available, in practice the very large number (* 1073) of 
molecules typically involved precludes its actual evaluation by these means. 
Fortunately, for macroscopic problems, it is usually not necessary to know 
the microscopic state of affairs in detail. Only rarely are we interested in the 
variations of the field over distances comparable to molecular dimensions or 
on a time scale determined by the thermal fluctuations. In most instances, the 
presence of fields is detected by test charges that are large comparea to 
molecules (though perhaps small macroscopically) and that move slowly com- 
pared to the velocities of thermal vibration (i.e., that stay in one place for a 
long time if times are measured in an atomic time scale). Such test charges 
are sensitive not to the detailed microscopic field but to the time and space 
average of the microscopic field, where the averages are taken over temporal 
and spatial regions large microscopically but small macroscopically. The next 
step in the development of the full theory in the microscopic approach is 
therefore to introduce a macroscopic field as an average of the microscopic 
field. The detailed evaluation of this average turns out rather naturally to 
involve making a distinction between free charge and currents placed on 
matter and the so-called bound charge and current distributions that result 
from the charges that are an intrinsic part of the matter itself. In evaluating 
the average, one ultimately (and quite naturally) identifies a pair of auxiliary 
fields whose sources are essentially the free charges and currents alone. These 
auxiliary fields differ from the electric field and the magnetic induction field, 
whose sources are the free and bound distributions combined, by terms that 
involve directly and explicitly the time and space averages of the microscopic 
properties of the matter. Finding the macroscopic fields then involves finding 
expressions for these averages in terms of the fields. 

In the formal treatment of the electromagnetic field in matter the micro- 
scopic approach is extremely valuable. It provides a deep insight into the 
structure of the macroscopic fields in the presence of matter, it begins with 
the vacuum form of Maxwell’s equations, and the auxiliary fields emerge 
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naturally as the averages of the microscopic fields are evaluated. Although we 
shall use microscopic arguments occasionally and we shall begin with an 
examination of the microscopic response of molecules to external fields, we 
shall not adopt the microscopic approach in our basic development.? Instead, 
we adopt the macroscopic approach at the very outset. The price we pay is the 
inapplicability (at least directly) of the vacuum form of Maxwell’s equations. 
We must introduce in a rather ad hoc fashion the descriptive terminology 
that would have arisen naturally had we adopted the microscopic approach. 
Once we have done so, however, the subject develops easily and with rather 
less mathematical complexity than from the microscopic view, although the 
final results are identical. 


PROBLEM 


P10-1. Explain qualitatively how the macroscopic fields defined as aver- 
ages of the microscopic fields may be static even though the microscopic 
fields certainly are time-dependent. 


10-1 
The Microscopic Description: 
Electric Polarizability 


As a prelude to a more detailed macroscopic development of dielec- 
tric theory, we shall consider briefly the response of individual molecules to 
static electric fields. We assume that the field varies slowly enough in space to 
be regarded as a constant over the region occupied by a single molecule. Then 
the molecules, each of which is overall electrically neutral, experience no net 
force from the field. Even an electrically neutral molecule, however, may 
have an electric dipole moment and hence may experience torques in an 
external field. We are thus led to explore the electric dipole moments of 
molecules as a possible microscopic basis for understanding the dielectric 
response of macroscopic matter. 

Molecules can be divided into two categories by the character of their 
dipole moments. (For the rest of this chapter we understand that the electric 
dipole moment is meant.) Some molecules, such as the water molecule, have 
a naturally asymmetric even though still neutral internal charge distribution 
and hence possess a permanent dipole moment. When placed in an electric 
field (whatever its origin), these molecules will tend to align themselves with 
their dipole moments parallel to the field (P3-10). This tendency of permanent 
dipoles to align themselves, however, is opposed by the thermal tendency to 
randomness. Thus, a given permanent dipole assumes an average dipole 


2The interested reader is referred, for example, to J. D. Jackson, Classical Electro- 
dynamics (John Wiley & Sons, Inc., New York, 1962), p. 103ff. 
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moment that would be zero except that in the external field the dipole favors 
a preferred orientation as it undergoes thermal agitation. To express this 
discussion more quantitatively, consider the following situation: A dielectric 
at absolute temperature T composed of permanent dipoles having dipole 
moments of magnitude p, is placed in an external electric field. The dipoles 
adjust to some sort of average equilibrium position, in which state a particular 
dipole experiences a total field consisting of the applied external field plus 
the time-averaged microscopic field established by all other dipoles when the 
external field is present.? Let the rime average (over the microscopic fluctua- 
tions) of this total field be E,,. Combination of statistical mechanics with 
considerations of electrostatic energy (P10-2) leads ultimately to the result 
that the average dipole moment of a single dipole is given by 


2 


Motes = OM = ae (10-1) 


where k is Boltzmann’s constant and the condition p,E,, << kT has been 
imposed. (This apparent restriction to “high” temperature is not as much of a 
restriction as it might seem. Typically p, is quite small and fields approach- 
ing the very large value of 10° V/m must be applied before the condition is 
violated even at room temperature.) The constant « in Eq. (10-1) might be 
called an orientational molecular polarizability, since it measures the extent to 
which a molecule possessing a permanent dipole moment orients itself in a 
polarizing field. In calculating this result, we assumed the dipoles to interact 
dominantly with the external field and only weakly with one another. The 
interaction of dipoles with dipoles has been taken into account only through 
the contribution of the internally generated microscopic field and through 
recognition that these interactions are responsible for the thermal agitation 
that each molecule undergoes. 

A second category of molecule contains those molecules that do not 
possess a permanent dipole moment. When placed in an electric field, these 
molecules acquire an induced dipole moment that depends on the strength 
of the applied field. In effect, the external field causes a distortion of the 
molecule because the positive nucleus experiences a force in one direction 
while the negative electron cloud experiences a force in the opposite direction. 
Provided that the distortion is not too great, the induced dipole moment is in 
many cases proportional to the total field experienced by the molecule, i.e., 


Pina = %E,, (10-2) 
Here a, might be called a deformational molecular polarizability. A very 


simple classical model that predicts Eq. (10-2) is explored in P10-3. 


3Actually, the situation is even a bit more complicated. We really want the microscopic 
field established at a particular molecular site by all other molecules when the other mole- 
cules, however, have the orientations that they have when the molecule in question is present. 
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Ina still more general situation, a molecule may exhibit both a permanent 
dipole moment and a capacity to acquire an additional induced moment 
when placed in an external field. For such molecules, the total dipole moment 
is related to the field E,, by 


2 
Pi <D) pers As Pina = (0 a a JE a oF, (10-3) 
where the total molecular polarizability «, is given by 


2 
ab, = —e a Oo 


(10-4) 


For some dielectrics, this molecular polarizability can be determined from 
macroscopically measurable quantities by using the Clausius-Mossotti 
equation (Section 10-6). Sometimes the orientational polarizability and the 
deformational polarizability can be separated if measurements of the total 
polarizability over a range of temperatures are made. 

In this section, we have been concerned mostly with the qualitative 
responses of molecules to external electric fields. Our quantitative statements 
have therefore pertained to the simplest dielectrics. In more general circum- 
stances, we would have to allow for a possible field dependence in both « and 
%, and for possible anisotropies that could make « and/or «, depend on the 
direction of the external field (P10-25). A detailed treatment of these more 
complicated cases or of the more satisfactory quantum mechanical approach 
to determining molecular response would, however, lead us away from our 
primary examination of the macroscopic dielectric response. 

Fortunately, we need not anticipate a need to look at multipole moments 
of higher order than the dipole moment. A molecule with a permanent mo- 
ment no lower than the quadrupole moment experiences neither force nor 
torque in a field whose spatial variation is slow enough that the field can be 
regarded as constant over the molecule (P10-5). In this field, such a molecule 
exhibits no response arising from its permanent moment. Instead, the primary 
response of this molecule and also of molecules with no permanent moments 
whatever is to acquire an induced dipole moment, and we have returned to a 
case already considered. In essence, we can ignore moments higher than the 
dipole moment in treating the response of molecules (and hence of dielectrics) 
to external fields having a slow spatial variation. Further, once the dipole 
moment is present, its contribution to the resulting total field dominates the 
contribution of any possible higher moments as soon as the observation 
point is more than a few molecular dimensions away from the molecule itself. 
Thus, at observation points that are at least a few molecular dimensions away 
from a molecule (which is almost always the case), we can ignore moments 
higher than the dipole moment in calculating the contribution of the molecule 
to the total field. 
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PROBLEMS 


P10-2. Accepting (1) that the energy of an electric dipole of moment p in 
an electric field E is —p- E (P4-17) and (2) that the distribution of dipoles over 
these energy states is given in statistical thermodynamics by exp (—energy/ 
kT), where k is Boltzmann’s constant and Tis the absolute temperature, show 
that the average value <Po> of the dipole moment of a permanent dipole in an 
electric field E,, = E,,k is given by p,kK&L(p,£,,/KT), where the Langevin func- 
tion &(A) is dunce by 

£(A) = coth a — = 
Here p, is the magnitude of the permanent dipole moment of the dipole. 
Show also that Eq. (10-1) emerges from this expression when pyE,, < kT. 
How large can the field E,, be before this condition is violated at room tem- 
perature? Hints: (1) Let p = p, (sin @ cos gi + sin @ sin $j -+ cos 0k). (2) 
Note from statistical mechanics that 


per? sing adad 


oy) = 
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where @ and ¢ are the usual spherical angles with @ being the angle between 
p and E,,. (3) Typical values for permanent molecular dipole moments are on 
therorder ot 1062" € -im: 

P10-3. An extremely crude calculation of the deformational molecular 
polarizability can be made for a single atom by the following model. Let the 
atom consist of a positive nucleus of charge g surrounded by an electron 
charge cloud of radius r containing a total charge —q that is distributed 
uniformly throughout a sphere of radius r. In the absence of a polarizing 
field, the nucleus is located at the center of the spherical charge cloud. When 
a polarizing field E,, is present, suppose that the electron cloud is displaced 
without distortion. Thus, in the presence of a polarizing field, the atom (in 


E,, 
I————= 
Nucleus 

Center of 
electron 
“cloud” 

ae 
n Figure P10-3 
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some crude sense) will have the appearance shown in Fig. P10-3. The induced 
dipole moment of the atom is therefore gdfi. Since the atom is at rest, the 
nucleus in particular must experience zero force. (a) Find the electric field 
established by the electron charge cloud at the position of the nucleus. (b) 
Determine the total force on the nucleus and then show that a, = 4n€gr?. 
(c) Insert a typical value of r into the answer to part (b) and estimate the value 
of a . (d) Use this value of a, to estimate the induced dipole moment in a 
fairly large field, say 10° V/m. (e) Taking q to be the charge on the proton, 
estimate the displacement of the electron cloud from the nucleus and compare 
the result with typical atomic dimensions. 

P10-4, Estimate the electric field established by the nucleus of a hydrogen 
atom at the position of the electron and compare the value with typical 
laboratory fields. What does this comparison suggest about the possibility of 
effecting severe distortion of a molecule through the application of external 
fields? 

P10-5. Describe the behavior of a linear quadrupole of arbitrary initial 
orientation in a uniform electric field. Do your conclusions apply also to 
more general quadrupoles? Defend your answer. 


10-2 
The Macroscopic Description: 
Dielectric Polarization 


As suggested in Section 10-1, we shall now picture a dielectric as a 
material composed microscopically of electrically neutral molecules that have 
either a permanent dipole moment or a capability for acquiring an induced 
dipole moment (or perhaps both). Without asking how to relate a particular 
field-causing or po/arized state of this material to the causes of that state (see 
Section 10-5), let us consider a dielectric sample that is already polarized. 
Microscopically the molecular dipoles in this dielectric then possess a nonzero 
average dipole moment. Now, if p, is the average dipole moment of the ith 
molecule, the total dipole moment Ap of a selected small volume Av within 
the dielectric is given by 


Ap= 2p: (10-5) 


where the sum extends over all the molecules in Av. In our subsequent theory, 
however, it is more convenient to work instead with a quantity determined 
by the average properties of the dielectric over a small volume. We therefore 
introduce the dipole moment per unit volume or dielectric polarization P(r), 
defined by 

Bi = iin 22 (10-6) 


Av+0 about r Av 


where the meaning of the limit is the same as always: Av becomes macro- 
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scopically small but remains large enough to contain a large number of 
microscopic dipoles. The polarization—usually the adjective dielectric is 
suppressed—is a macroscopic concept that plays the same role in specifying 
the macroscopic state of a polarized dielectric as the charge density plays in 
specifying the state of a general charge distribution. Of course, the polar- 
ization may vary throughout the dielectric and indeed may be time-dependent 
as well. It does not, however, depend on the origin of the coordinate system 
chosen for its expression, for the dipole moment of a charge distribution that 
is overall electrically neutral is invariant to translation of the coordinate 
system (P3-18).4 

Among other things (Sections 10-3 and 10-4), knowledge of the polariza- 
tion permits calculation of the macroscopic dipole moment of the dielectric. 
From Eq. (10-6) we infer that the dipole moment of a small volume element 
Av centered at r is given by Ap ~ P(r) Av. Hence, the dipole moment of a 
macroscopic region of the dielectric is given by 


p= i P(r) dv (10-7) 


where the integral extends over the volume whose dipole moment is sought 
and in particular may extend over the entire dielectric. 


PROBLEM 


P10-6. The dipole moment of the water molecule is about 6.2 x 
10-39 C-m. Find the maximum polarization of water vapor at a temperature 
of 100°C and a pressure of 1 atmosphere. 


10-3 

The Macroscopic Scalar Potential and 
Electric Field at a Point Exterior 

to a Polarized Dielectric 


In Sections 10-3 and 10-4, we shall calculate the contribution made 
to the macroscopic electric field by a polarized dielectric whose polarization 
P(r’) at every point r’ within the dielectric is known. Consider first an obser- 
vation point r exterior to the dielectric. In microscopic terms, such an obser- 
vation point is far away from all of the dipoles composing the dielectric. Thus, 
a small element of the dielectric having volume Av’ and located at r’ (Fig. 
10-1) can be treated as a dipole of moment P(r’) Av’, regardless of where 
within the dielectric the point r’ lies. The contribution of this element of the 


“The definition of polarization given in this paragraph is adopted in all systems of 
units with which the author is familiar. 
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x 


Fig. 10-1. Coordinates and vectors for calculating the electric field 
at a point exterior to a polarized dielectric. 


dielectric to the electrostatic potential at r is then given by 


P(r’)Av’-(r — r’) 


ae 4ze, |r 


(10-8) 


[see Eq. (4-44)] and integration of Eq. (10-8) over the volume of the dielectric 
yields 
— RS) : 
Vin Tae p= dv (10-9) 
for the contribution of the entire dielectric to the total electrostatic potential 
Gil It. 
Equation (10-9) can be given a more useful physical interpretation if it is 
rewritten. First, we substitute the identity 
5 I _ b= z 
[compare Eq. (4-45)] to obtain 
1 il ’ 
= a -] 
V@) = pe PO’) a | dv (10-11) 
Then we use the vector identity in Eq. (C-11) in the form 
Q-V’® = V’-(®Q) — BV'-Q (10-12) 
with ® = 1/|r — r’| and Q = P, to obtain 
Vp | (v Gn _ Nes) 1) dv! (10-13) 


Ane, (eae ae 


270 Properties of Matter !!: Dielectric Polarization 


Continuing, we use the divergence theorem in the first term to find that 
= 1 P(r’)-dS’ 1 [= —V’. a ») | dv P 10-14 

ee 4ne, | (=r | "ee lr — ( ) 

where the surface integral extends over the surface eaten the dielectric. 


Finally, we introduce the unit outward normal fi(r’) to the surface at the point 
r’. Then, with dS’ = |dS’|, we have that dS’ = fir’) dS’ and further that 


Jf P@)-80) a 4 1 f=: Tt) : 
V0) = ge} eee dre | por dv' (10-15) 


This result, however, is immediately recognized as the potential established 
by a charge distribution described by a volume charge density 


ptt) = —V-P(r) (10-16) 
and a surface charge density 
o,(r) = P(r)-fi(r) (r on the surface) (10-17) 


[See Eq. (4-49).] Thus, at exterior points, the polarized dielectric produces the 
same potential as these so-called bound charges, and we can replace our 
description in terms of the macroscopic polarization with this equivalent 
description in terms of bound charges if we find it convenient to do so.* 
We can even see qualitatively how these bound charges arise. Consider 
the surface distribution first. When a dielectric is polarized, all of the dipoles 
have a preferred orientation. Thus, at some point on the surface of the polar- 
ized dielectric, all of the dipoles tend to point the same way, say with the 
positive charges out. A net positive charge thus appears on the surface at 
that point [Fig. 10-2(b)]. In the unpolarized state, some of these dipoles would 
point the other way, leaving the surface apparently neutral to a macroscopic 
observer [Fig. 10-2(a)]. Turning now to a qualitative interpretation of the 


(a) 


(b) 


Fig. 10-2. An enlarged view of the surface of (a) an unpolarized 
and (b) a polarized dielectric. 


>The expressions in Eqs. (10-16) and (10-17) for the bound charge densities apply in 
all systems of units with which the author is familiar. 
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volume charge density, we note that p, = 0 unless P(r) is nonuniform. As- 
sume a dielectric that is initially unpolarized. As the material is polarized, the 
interior charges are redistributed. Some of the charge in a selected but fixed 
volume element moves out one side while charge moves in from the surround- 
ing volumes at the other side. If the polarization is uniform, the influx bal- 
ances the outgo and the volume element remains electrically neutral despite 
the polarized state of the matter. If the polarization is not uniform, however, 
the two charge motions do not balance and the volume element acquires a 
net charge of one sign or the other. It is shown in P10-7 that the qualitative 
mechanisms described here yield Eqs. (10-16) and (10-17) when made quanti- 
tative. Further, it is shown in P10-8 that polarization of an initially neutral 
dielectric does not change that overall neutrality, i.e., that the sum of all 
bound charges is zero. 

Given the potential, we can readily calculate the electric field established 
at an exterior point by a polarized dielectric; we simply take the negative 
gradient of the potential, finding that 


a eS ee a el : 

BO aa} lr —r' os 4n€y jr —r’/3 ne ee) 
Equation (10-18) for the field and Eq. (10-15) for the potential of course give 
only the contributions of the bound charges on the polarized dielectric; 
contributions from other sources must be added to those given by these 
equations. 


PROBLEMS 


P10-7. Convert the qualitative discussion of the physical origin of bound 
charges as presented in Section 10-3 into a quantitative derivation of Eqs. 
(10-16) and (10-17). 

P10-8. Show that the total bound charge on a dielectric with arbitrary 
polarization is zero. 

P10-9. A dielectric cube of side 2a has its center at the origin and its 
side parallel to the coordinate planes, and it has a radial polarization P = br, 
where b is a constant. Find the charge distribution equivalent to this dielectric 
and show that the total bound charge is zero. 

P10-10. A dielectric cylinder of length L and radius R is uniformly polar- 
ized with the polarization parallel to the axis of the cylinder. For convenience 
let the rod lie along the z axis with its center at the origin and take the polar- 
ization to be P = Pk. (a) Find the charge distribution equivalent to this 
dielectric. (b) Find the electrostatic potential at the point (0, 0, z) and sketch 
a graph of this potential as a function of z/R for various values of L/R over 
the range —co < z/R < co. Hint: See P4-25. (c) Find the limiting form of 
the electrostatic potential at the point (0, 0, z) in the region z >> L, z >> Rand 
comment on the multipole character of the distribution. (d) What is the 
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dipole moment of the distribution as inferred from the polarization? Is your 
result in agreement with the dipole moment inferred from the limiting form 
of the potential? 

P10-11. A spherical dielectric with its center at the origin has radius a 
and uniform polarization P = Pk. (a) Determine the equivalent charge dis- 
tribution. (b) Calculate the dipole moment of this dielectric both from the 
polarization and from the equivalent charge distribution. 


10-4 
The Macroscopic Electric Field at a Point 
Interior to a Polarized Dielectric 


The calculation of the macroscopic electric field at a point interior to 
a polarized dielectric is more complicated than the calculation of the field at 
an exterior point because the interior point is microscopically close to at 
least some of the molecules in the dielectric. Since these “near” molecules 
must be treated differently than the more numerous molecules that are micro- 
scopically remote from the interior point, we therefore divide the calculation 
of the interior field into two parts by identifying a sphere 2,, of radius R 
centered at the interior point r, choosing R large enough in microscopic terms 
so that all molecules outside of Z,,; are microscopically far away from r. (See 
Fig. 10-3.) We then imagine the molecules within Z,, to be removed tempo- 
rarily, without, however, changing the polarization of the remaining dielec- 
tric. Once the near molecules have been removed, the point r is an exterior 
point; therefore, the contribution E,(r) made to the macroscopic field at r by 
the molecules outside of Z,, can be evaluated by the methods of Section 10-3. 


Zz 


> = boundary 
of dielectric 


oe 


Fig. 10-3. Geometry for calculating the electric field at a point 
interior to a polarized dielectric. The spherical surface ¥1; centered 
at r divides the dielectric into “near” and “far” regions as described 
in the text. 
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We now replace the molecules that were temporarily removed and calculate 
their contribution E,,(r) to the macroscopic field at r by an averaging process 
to be described later in this section. In effect, we express the interior field 
Einterior(t) aS the sum of two parts, 

Ei sterior(®) = Ex(r) + Eq(r) (10-19) 
where E,(r) is the contribution of the “distant” molecules and E,,(r) is the 
contribution of the near molecules. We then adopt different methods for 
evaluating the two contributions. In some respects we are defining what is 
meant by the electric field at an interior point—macroscopic test charges 
cannot easily be placed inside a dielectric—and the procedure as so far out- 
lined will certainly not be satisfactory unless the final result for E;,,.,;..(r) is 
independent of the radius R of the (microscopically large but macroscopically 
small) sphere 2y;. 

Because the calculations are involved, we elect to present the compara- 
tively simple final results before justifying them. We shall find that the two 
contributions to the total interior field are given, respectively, by 


E\() = Ee) + E&) a 


where E is the field contributed e ae charge distribution equivalent to the 
entire dielectric as given by Eq. (10-18) (evaluated, however, at the interior 
point) and P is the polarization of the dielectric. Substituting Eq. (10-20) 
into Eq. (10-19), we find that 
Eistcrior(t) = EC) (10-21) 
and the validity of Eq. (10-18) for interior points is therefore established. 
We shall now turn to the detailed derivation of Eq. (10-20). To facilitate 
the discussion, we introduce the notation 


E,(r) = Bn (10-20) 


volume of the original dielectric 
Vy = volume of sphere of radius R 
Oy =U Oia 
x = surface of original dielectric 
X1, = surface of sphere of radius R 


s 
I 


as shown in Fig. 10-3. 

Consider first the field E,(r). Since r is exterior to the volume v, and further 
is microscopically remote from every point of that volume, the results of 
Section 10-3 apply and we find from Eq. (10-18) that 
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where on ¥ and &,, the direction of the unit outward normal is reckoned 
relative to a point inside the volume 2. The third integral in Eq. (10-22) now 
has a simple evaluation. Since the volume 2; is by hypothesis macroscopically 
small, the polarization P(r’) does not vary macroscopically over its surface 
Ly. Thus, in this third integral, P(r’) may be replaced by its value P(r) at the 
center of the sphere. Furthermore, the vector fi(r’) at a point r’ on E),; is given 
by 


i) == (10-23) 


where the outward direction at a point on 2,, is a direction toward the point 
r. Thus, the third integral I, in Eq. (10-22) can be written in the form 


: <a |. Se r’) dS" (10-24) 


ANE jr—r'|* 


Now, introduce a spherical polar coordinate system with its center at the 
point r and its polar axis in the direction of P(r) (Fig. 10-4). Let § be a unit 
vector in the radial direction in this coordinate system. Then, we find that 


r—r = —R$; |r —r’'|=R; dS’ = R? sin 8 dé do (10-25) 
and Eq. (10-24) becomes 
i ee 
Shae | [P(r)-8]S sin 6 dO dé 
= || A : 
=e | § cos 6 sin 6 dO dd (10-26) 
where we have recognized that, the angle between P(r) and § is @. Now, in 


terms of Cartesian unit vectors é, qh, Ci in the three coordinate directions shown 
in Fig. 10-4, the unit radial vector § has the expression 


§ = sin O cos ¢& + sin @ sin ¢% + cos 6€ (10-27) 
which on substitution into Eq. (10-26) leads to the evaluation 
1) 
I= Te (10-28) 


We therefore find from Eq. (10-22) that 


an Pr): a(r’ AOE) r’) dS! + a (10-29) 
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Equation (10-29) would be further simplified if the integral over v; could 
be extended to include the volume 2; of the small sphere. To do so would 
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(polar axis) 


x 


Fig. 10-4. A convenient coordinate system for the evaluation of the 
integral in Eq. (10-24). 


require adding the integral 


=; xe | pe — vr’) de" (10-30) 


“to Eq. (10-29). Over the macroscopically small volume v,,, however, we can 
treat —V’-P(1’) as a constant. The integral I, then represents the electric 
field at the center of a uniformly charged sphere of radius R (Why?), and 
consequently I, = 0. (See P10-12.) Thus, I, can be added to Eq. (10-29) with 
no change and we have finally that 


BQ = ge | De ry av 
l P(r’)- f(r’) Vo E@) 
me |. aes Toe r’) dS | em 
Ei) ae aa (10-31) 


where E(r) is the field given at the interior point r by evaluating the exterior 
expression, Eq. (10-18), at the interior point; i.e., E(r) is the field established 
at the interior point by the bound charge distribution equivalent to the entire 
dielectric. Equation (10-31) confirms the first member of Eq. (10-20) for the 
contribution made by the molecules outside ¥);. 

To evaluate the contribution made by the molecules within X,, to the 
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macroscopic field at the point r, we note first that this contribution must be 
insensitive to the precise microscopic location of Y,, within the dielectric. 
That is, microscopic displacements of the point r within the dielectric cannot 
alter the macroscopic field E,,(r). We therefore define E,,(r) by the following 
average. Let r be located randomly—perhaps within a molecule, perhaps in 
the space between molecules—and assume that all molecules within Xj, are 
characterized by the same time-averaged microscopic charge distribution 
(which is equivalent to assuming that the volume v,, is macroscopically small 
and that all molecules in v,,; are of the same chemical species®). Finally, let 
the volume v,,; contain NV molecules. Then the probability of finding a mole- 
cule centered within the infinitesimal volume element dv’ centered at the 
point r’ somewhere in v,, 1s N dv'/v,;, and the average contribution made by 
the element dv’ at r’ to the microscopic field at r is given by 


ee ee) (10-32) 
Oy 
where E,,,,(r, r’) is the time average of the microscopic field produced at r by 
a molecule whose center is at r’. All of the molecules in v,; thus produce an 
average microscopic field at r given by 


Exe) = | Eno(t, 0’) do’ (10-33) 
II Dig 
and we take this average microscopic field as the contribution of the mole- 
cules in v,; to the macroscopic field at r. 

To obtain a more explicit evaluation of Eq. (10-33), we use the above as- 
sumption that all molecules in v,, can be characterized by the same time- 
averaged molecular charge density, which we take to be given at the point r, 
for a molecule whose center is at r, by Puo(t; — r,). Then, the field E,,,,(r, r’) 
is given by Eq. (4-7), viz., 


] ‘tt eae 


| Dee r)= 9 4n€, Poll ar (a (P= 27— r—r” B ay (10-34) 


where r’’’ locates a point in the molecule and the proper limits are effectively 
imposed by the function p,,.1, which is zero outside the molecule. More con- 


veniently, wecan write Eq. (10-34) as an integral on the variable r’’ = r’” — r’, 
finding 
, | ie 1 — r’ a r’ vt 
seit 2) = an, | Poll Toor dv (10-35) 


‘tet 


The relationships amongr, r’, r’’, and r’” are illustrated in Fig. 10-5. In terms 
of the (unknown) molecular charge density, Eq. (10-33) now becomes 


E,(r) = tie 0, -{ Proll ') H era dv | dy” (10-36) 


If several different types of molecule are present, the argument must be extended to 
include a sum over these several types. 
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Region occupied 
by a molecule 


Boundary of 
“near” fegion 


Fig. 10-5. An exaggerated view of the “near” region in a dielectric. 
The region occupied by a single molecule is shown. 


where we have chosen to do the integral on the single primed variables first, 
since the full dependence of the integrand on that variable is known. The 
integral I, in square brackets, however, is more conveniently evaluated if we 
write it as an integral on the variable r’’ = r’ — r which locates the point r’ 
relative to the center of v,, (Fig. vie we thus have that 


b=) arse cae 


which is written to facilitate the recognition that I, is numerically the same as 
the electric field at the point (—r’’) inside a spherical charge distribution 
having the uniform charge density p(r’’) = 4ze€,. [Compare Eq. (4-7) with 
dq’ — p(r”) dv”, r’ > r™, and r ---» —r’’.] We can therefore evaluate I, by 
exploiting Gauss’s law to calculate the corresponding electric field. Because 
this source distribution is invariant to rotation about any diameter, the field 
itself can be a function only of the distance R from the center to the point of 
observation and must be radially directed, 1.e., 


E(R) = E(R)R (10-38) 
where R is the position vector of the observation point relative to the center 


of the sphere. Since the flux out of a spherical surface LZ’ having radius R and 
centered at the center of the distribution is therefore given by 


p E-dS = 4nR?E(R) (10-39) 
a 
and the totai charge inside the volume V bounded by &’ is given by 


J p dv = (4me€,)(4nR?) (10-40) 
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Gauss’s law, which requires the flux to be (I/e,) times the total charge, 
ylelds that 


4nR*E(R) = 4n(4nR?) 
——> E(R) = 4nR => E(R) = 4nRR = 4nR (10-41) 

Thus, we obtain the value of I, as 
ies (8 )) == Sera (10-42) 
and, finally, on substitution of Eq. (10-42) for the term in square brackets in 


Eq. (10-36), we find that 
4n " 
-4 
En(r) = a 5 +) le ‘Pmolt ) dv (10-43) 


The remaining integral, however, is the dipole moment of a single molecule 
located near the point r in the dielectric. Thus, the integral times N is the total 
dipole moment in v;; and that product divided by v,,; is the macroscopic 
polarization P(r) of the dielectric at r. Equation (10-43) therefore has the 
macroscopic evaluation 


to) = aw (10-44) 


thus verifying the second member of Eq. (10-20) and also confirming the 
conclusion that the macroscopic interior field is given by the same expression 
that gives the exterior field, i.e., by Eq. (10-18). 


PROBLEM 


P10-12. Assuming that v,, in Eq. (10-30) is small enough so that V’- P(r’) 
can be regarded as constant over the volume, show that the integral in Eq. 
(10-30) is zero (a) by relating the integral to the field at the center of a uni- 
formly charged sphere and invoking symmetry, (b) by direct evaluation of 
the integral (Hint: Pick a spherical polar coordinate system with its origin at 
the center of v,;), and (c) by noting Eqs. (10-10) and (C-21) and evaluating the 
resulting surface integral. 


10-5 
The Basic Equations of Electrostatics When 
Dielectrics Are Present 


In this section, we shall translate the basic equations of electrostatics 
into a convenient form for treating problems involving dielectrics. We have 
already established that the static electric field produced at any point in 
space by a polarized dielectric can be viewed as originating in a suitable 
distribution of static charges in free space. Thus, the static electric field E 
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established jointly by a polarized dielectric and by any simultaneously present 
distributions of free charge still satisfies both the restricted Faraday law 


pE-dé = 0 VxE=0 (10-45) 
and Gauss’s law 


Eas | pao a a (10-46) 
€o €o 

provided we now interpret the charge density p, in Gauss’s law as the total 
charge density, which includes any “free” charges placed in space and any 
bound charges present on polarized dielectrics. Since we know how to relate 
the bound charge to the polarization P, however, we can reexpress Eq. (10-46) 
in a better form. Let p now denote only the free charge density. Then 


(De D> hy = (Pe (10-47) 


Hence, with some rearrangement, Eq. (10-46) yields 
$ (€cE + P)-dS = { pdo V-(eE+P)=p (10-48) 


(The integral form is obtained after using the divergence theorem.) We stress 
again that the charge density appearing on the right-hand side is the free 
charge density; the bound charges have been explicitly introduced and appear 
now on the left-hand side in somewhat disguised form. We can now push the 
polarization, which we usually do not know initially, into the background 
altogether by introducing the displacement field D defined in mks units by’ 


D= bk Pe (10-49) 


At least the flux of D over closed surfaces or equivalently the divergence of D 
is determined solely by the free charge, as evidenced by the new form of 
Gauss’s law, 


$ D-dS = | ode ib = p (10-50) 


obtained by substituting Eq. (10-49) into Eq. (10-48). The displacement field 
D is the first of the two auxiliary fields mentioned in the introductory para- 
graphs of Chapter 10. Although we shall continue to regard E as the basic 
field, arguments supporting the opposite view can be presented. Whichever 
field is viewed as basic, the field E remains the field that determines the force 
on a charged particle. 

We have now determined that the static electric field in the presence of 


7The vector D is defined differently in different systems of units but is always some 
linear combination of E and P. In cgs-esu, cgs-emu, Gaussian units, and Heaviside-Lorentz 
units D is defined so that V-D = 4p, 4p, 4p, and p, respectively. (See P10-24.) 
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dielectrics satisfies the basic equations 


pE-de —0 VxE=0 (10-51) 
§D-dS = | pdv V:-D=p (10-52) 
N= eli +2 (10-53) 


This system, of course, reduces to the vacuum form when there are no 
dielectrics and P is therefore zero. In that case, D and E are trivially different 
and Eqs. (10-51) and (10-52) give sufficient information about the field in 
vacuum to determine that field. When polarizable dielectrics are present, 
however, D may differ nontrivially from E, the two differential equations 
involve two essentially different vectors, and we can make little progress 
toward a solution of these equations until we know a relationship between 
D and E. Equation (10-53) is a step toward specifying that relationship, but 
it is not a complete specification because the vector P is still not known. The 
specific properties of the dielectric involved enter at this point because the 
extent to which a dielectric acquires a macroscopic polarization depends not 
only on the polarizing field but on the intrinsic nature of the material as well. 
Since the polarization depends on the forces that the charges experience when 
they are immersed in an electric field, it is reasonable to expect some consti- 
tutive relation of the general form 


P = PE) (10-54) 


to describe the response of the dielectric, even though the individual mole- 
cules in fact polarize in response to the microscopic rather than the macro- 
scopic field. A more explicit form for Eq. (10-54) can be determined only by 
an empirical study of specific dielectrics or, in some cases, by a detailed quan- 
tum mechanical calculation. Once the form of Eq. (10-54) is known for a 
particular material, Eqs. (10-51)-(10-53) provide sufficient information to 
determine the two fields E and D if the free charge distribution and/or suitable 
boundary conditions—see Section 12-7—are known. 

The constitutive relation appropriate to a particular material may in fact 
be quite complicated. A material composed of molecules with a permanent 
dipole moment may be characterized by a different constitutive relation than 
a material composed of nonpolar molecules; some materials develop polar- 
izations that are not in the same direction as the polarizing field; especially 
when the applied fields are strong, the polarization may not depend in any 
simple way on E; some materials do not respond in the same way to fields 
applied in different directions; some few materials even exhibit a polarization 
in the absence of a polarizing field (P10-22). Even if materials displaying 
these and other complications are excluded, however, there remain many 
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materials that develop a polarization in the same direction as the polarizing 
field. For these dielectrics, the constitutive relation has the form 


P= y,(E)E (10-55) 


where the static dielectric susceptibility y,(E) may still depend on the field 
strength. For many materials, however, y, happens to be constant, at least 
if E is not too large. These simplest of all dielectrics are called linear dielec- 
trics and the displacement vector in such a dielectric is proportional to the 
electric field, 


D—-_e iP =(,-- yJE— ek (10-56) 
where the static permittivity of the dielectric € is defined by 
€=€o + Xe (10-57) 


Since x, is necessarily positive (Why?), the permittivity « always exceeds €, 
and the static dielectric constant (or the relative permittivity) K,, defined by 


eg CW Xe 
Se 1 aie (10-58) 
always exceeds 1. Values of K, for a selection of common dielectric materials 
are shown in Table 10-1. 

We shall conclude this section with an example that not only illustrates 
the use of the new form of Gauss’s law but also provides the basis of one 
method for measuring dielectric constants. Consider a parallel plate capacitor 
(P4-16) having plates of area A and separation d, let the space between the 
plates be filled with a linear dielectric of permittivity € (Fig. 10-6), and ignore 
fringing so that the translational and rotational invariances of the whole 
arrangement require the fields to be perpendicular to the plates. We seek 
the polarization P, the electric field E, and the displacement D in the region 
between the plates. If we knew P, we could calculate the bound charge den- 
sities from P and then calculate E from the total charge. But we do not know 
P. Let us therefore begin by calculating D, the flux of which is determined 
solely by the (known) free charge distribution. Applying Gauss’s law, Eq. 


Pillbox Area=A 


> 


Fig. 10-6. A parallel plate capacitor 
with a dielectric filler. 
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(10-52), in integral form to the pillbox shown in Fig. 10-6, we find that 


}D-ds = ps ~ | pdv=os = % 


>D=6 >D= 48 (10-59) 


where S is the cross-sectional area of the pillbox and a is the surface density 
of free charge and q the total free charge on the upper plate of the capacitor. 
[The surface integral in Eq. (10-59) has a contribution only from the lower 
face of the pillbox because D is parallel to the vertical face and the top face 
is in a conductor where D = 0.] Thus, 


Ea 2 = is (10-60) 
and 
P=7E= — ak (10-61) 
Equations (10-16) and (10-17) then give 
De te 
o,(upper) = P-(—&) = ae 4 


(10-62) 

Be Ps (co 

a,(lower) = P-(&) = ey 

for the bound charge distribution induced on the dielectric. Knowing E as in 

Eq. (10-60), we find that the potential difference AV between the plates is 
given by 


AV =4) E-dé = ag (10-63) 


and further the capacitance of the arrangement as defined by Eq. (4-53) is 
given by 


ex ee (10-64) 


a a 

AV d 

In particular the capacitance of the arrangement when € = €, (no dielectric) 

is:C, — €,4/d and 

sey (10-65) 
Co Eo : 

Since K, > 1, placing a dielectric between the plates of a capacitor increases 

its capacitance. Further, Eq. (10-65) shows that careful measurements of 

capacitance with and without a dielectric filler can yield a numerical value 

for the dielectric constant of the filler. 
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PROBLEMS, 


P10-13. Apply Gauss’s law, Eq. (10-52), to an infinite linear dielectric and 
derive Coulomb’s law for the force between two point charges in such a 
medium. Is this force larger or smaller than the force between the same two 
charges at the same separation in vacuum? By what factor is the force 
changed ? 

P10-14. Suppose a dielectric is linear but inhomogeneous (€ is indepen- 
dent of field strength but depends on position in the dielectric). Starting with 
Eqs. (10-51)-(10-53), argue the existence of an electrostatic potential V and 
show that it satisfies the equation V-(e VV) = —p, which reduces to Poisson’s 
equation V2V = —p/e if the dielectric is homogeneous (€ independent of 
position). Hint: See item (3) in Section 2-5, 

P10-15. Replace the dielectric in Fig. 10-6 with the equivalent charge 
distribution in Eq. (10-62) and determine the electric field between the plates 
by applying Gauss’s law in free space. Show that the result agrees with Eq. 
(10-60). 

P10-16. The dielectric constant of the material filling the space between 
the two plates of a parallel plate capacitor varies linearly from the value K, 
at one plate to the value K, at the other. If the plates have separation d and 
area A, determine the capacitance and verify that your result gives the correct 
value in the limiting case K, = K,. Hint: Ignore fringing. 

P10-17. Two parallel conducting plates of area A are separated by a gap 
of thickness din which is placed a dielectric slab of uniform thickness t(< d) 
and of dielectric constant K. Let the potential difference between the plates 
be AV. (a) Determine E and D at all points between the plates. Hint: Ignore 
fringing. (b) What is the free charge density on the conducting plates? What 
is the bound charge density on the surfaces of the dielectric? (c) Determine 
the capacitance of the arrangement and compare it with the capacitance that 
the arrangement would have if the dielectric were removed. 

P10-18. A conducting sphere of radius a carries a total charge q and is 
embedded in a concentric spherical shell of inner radius a and outer radius b 
made of a linear dielectric of permittivity €. (a) Determine D, E, and P at 
points within the dielectric. Hint: Note the symmetry and apply Gauss’s law 
for the displacement vector. (b) What is the equivalent charge distribution 
for this dielectric? (c) Determine D and E at points in the free space outside 
the dielectric. (d) Calculate D and E at a point infinitesimally beyond the 
outer surface of the dielectric and compare with D and E at a point infini- 
tesimally inside that surface. Show that E has a discontinuity and relate that 
discontinuity to the bound surface charge density. (e) A conducting spher- 
ical shell of radius b is now placed about the arrangement and carries a free 
charge —q. Determine the capacitance of this new arrangement and compare 
the result with the capacitance that the device would have if the dielectric 
were removed. 
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10-6 

Connecting the Microscopic Polarizability 
and the Macroscopic Dielectric Constant: 
The Clausius-Mossotti Relation 


We shall now derive the Clausius-Mossotti relation, which permits a 
determination of the microscopic molecular polarizabilities of some (but not 
all) materials from measured values of the macroscopic dielectric constants. 
We shall begin by finding the field E,, that a single molecule in a dielectric 
experiences, i.e., by finding the microscopic field established at the position 
of a molecule by all molecules except the one located at that site. Unfortu- 
nately, the field E,, is not the same field as the interior macroscopic field cal- 
culated in Section 10-4, because the macroscopic field involves an average of 
the microscopic field over points within some volume and hence includes 
contributions from the microscopic field not only at molecular sites but also 
at other points in the dielectric. The procedure used in Section 10-4, however, 
can be modified to apply to the present situation. Again, we remove the 
molecules from a macroscopically small but microscopically large spherical 
region centered this time on a selected molecular site but we do not permit 
the part of the dielectric remaining to readjust to the absence of the molecules 
removed. Then we use macroscopic methods to calculate the contributions 
E; made by the “far” molecules and by any free charges to the field E,,. 
Finally, we replace the molecules removed (except for the one at the selected 
molecular site) and add the field E’ contributed by these near molecules. In 
brief, we express E,, as a sum of two parts, 


Beg ean (10-66) 


and evaluate each part separately. In fact, we have already calculated E,; 
its definition here is essentially identical with its definition in Section 10-4 
and it is therefore given by Eq. (10-31) except that E must now be interpreted 
to include contributions not only from the bound charge on the dielectric 
but also from any free charges present; i.e., E is the tota/ macroscopic field 
at the molecular site. Thus, 


SS ey (10-67) 


36,5 

The difference between the present calculation and the calculation in 
Section 10-4 arises because the field E’ here is very different from the field E,, 
there, for we are now interested in the field at a more specific point, namely 
at the site of a molecule. In fact, E’ is very difficult to evaluate for any par- 
ticular case. Its value depends on the properties of the specific molecule, on 
the relative placement of the molecules in the structure of the dielectric, and 
on the interrelations among these molecules. For gases and liquids (in which 
the near molecules are randomly positioned) and for some crystals (in which 
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very strong translational symmetries exist), however, E’ turns out to be zero 
(P10-23). For those materials, the so-called Lorentz form of the field E,,,, where 
E.= ko 4 (fe = 0) (10-68) 
3€o 

applies and E,, differs from E by a term proportional to the polarization. 
With an expression for E,, now available, we can develop an equation 
relating the molecular polarizability «, of Eq. (10-4) to the dielectric constant 
K,. We simply note from Eq. (10-3) that the dipole moment p of a single 

molecule is given by 


t= ae = a, (E ik 3) (10-69) 

Then, the polarization of the dielectric is given by 
Bp Na,(E a0 3) (10-70) 

Siar 


where N is the number of molecules per unit volume in the dielectric. Equa- 
tion (10-70), however, has the solution 


Na 
ee eee 10-71 
IF 1 — (Na,/3€5) ( ) 


for P. Finally on comparing Eq. (10-71) with Eq. (10-55), we find that 


_ Na, 
a= NoeeD 


which can be solved either for a, in terms of K, or vice versa, giving that 


fe oe | je = 
SN he : — 1 —WNa,,/3€ 0) 


Equation (10-72) is known as the Clausius-Mossotti relation when applied to 
nonpolar molecules and the Debye equation when applied to polar molecules. 
For materials conforming to the Lorentz form of E,, in Eq. (10-68), the 
(microscopic) molecular polarizability can therefore be determined from 
measurements of the (macroscopic) dielectric constant. More complicated 
relations than Eq. (10-73) can be derived for materials that do not conform to 
Eq. (10-68), but both a fuller theoretical study of the connection between 
macroscopic and microscopic properties for all dielectrics and a complete 
cataloging of known experimental properties of dielectrics lie outside the 
scope of this book. 


= eK, — 1) (10-72) 


(10-73) 


PROBLEMS 


P10-19. Derive Eq. (10-73) from Eq. (10-72). 
P10-20. Combine the Clausius-Mossotti relation with the result in 
P10-3(b) to obtain an expression for the radius of a nonpolar atom. Given 
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that the dielectric constant of air at | atmosphere pressure is 1.00059, estimate 
the radius of an atom in an air molecule. 

P10-21. Nitrogen gas at room temperature (+ 27°C) and | atmosphere 
pressure has a dielectric constant K, = 1.000580. The density of liquid 
nitrogen at its boiling point (—195.8°C) is 0.808 g/cm?. (a) Show from Eq. 
(10-73) that K, — 1 = Na,/€) when K, ~ | and find Na,/e, for nitrogen gas. 
(b) Use the ideal gas laws to determine the density of molecules in a gas at 
room temperature and then use part (a) to find «, for the nitrogen molecule. 
(c) Assuming that a, as a property of individual molecules is approximately 
the same for molecules in the liquid as for those in the gas, find Na,/e, for 
liquid nitrogen and then use Eq. (10-73) without approximation to predict 
the dielectric constant of liquid nitrogen at its boiling point. The measured 
value is K, = 1.474. Optional: Write a computer program to predict the 
dielectric constants of liquids by the method of this problem, look up data on 
Gther substances (e.55)4, CH CS.. ©, He. Br, CCl) in the Handbook of 
Cheinistry and Physics, and compare your predictions with measured values. 

P10-22. Consider a dielectric crystal of the type to which Eq. (10-71) ap- 
plies and let the individual molecules have a polarizability dominated by the 
orientational part, a, = p2/3kT. Sketch a graph of y, versus 7. What happens 
when kT < Npé/9€,? Do negative values of y, make physical sense? Hint: 
Some few materials, called ferroelectrics, exhibit a spontaneous permanent 
polarization at temperatures below a critical temperature whose value 
depends on the material. 

P10-23. Because the distortion of a molecule brought about even by 
fairly strong fields is very small compared to molecular dimensions [P10-3(e) 
and P10-4], the contribution made by a near molecule to the field E’ at a 
molecular site can be computed by considering the near molecule to be a 
dipole whose field is given by Eq. (4-10). Introduce a coordinate system with 
its origin at the molecular site and its z axis parallel to the macroscopic 
polarization at the molecular site. Then all molecules contributing to E’ have 
the same dipole moment p = pk. Finally, let the ith contributing molecule be 
at r,;. (a) Show that the field E’ produced at the origin by all contributing 
molecules is given by 

ei Py Bad + 32d + Gz? — DK 
= ls ee 
4n€9 7 i 
(b) Show that E’ = 0 if the near molecules are located randomly, as, for 
example, in a liquid or gas. Hint: With random loeations 3) (226) 7 Vi 
YZ) — 0 and» Gf/r7)i— 4 > 7/77). Why ? (c) Show that E —0 if 
the molecules are located at the sites of a cubic lattice of sidc a and the z axis 
is defined by p, which coincides with a crystal axis; i.e., show that E’ = 0 if 
all coordinates x,, y,, and z, are (positive or negative) integer multiples of a. 
Hint: Consider the contributions from nearest neighbors, next nearest neigh- 
bors, etc., separately. Optional: Generalize part (c) to a proof when the 
dipole moment is not parallel to one of the crystal axes. 
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Supplementary Problems 


P10-24. Given that p, = —V-P in all systems of units and that V-E = 
Anp,, 4nc*p,, 4ap,, and p, in cgs-esu, cgs-emu, Gaussian units, and Heaviside- 
Lorentz units, respectively, find the relationship among D, E, and P in these 
systems of units. Hint: See Footnote 7. 

P10-25. Consider an anisotropic crystal made up of molecules consisting 
of a fixed nucleus carrying charge g and an electron cloud (charge —q) that 
is attracted to its nucleus by a harmonic force F = —k,xi —k,yj —k, zk, 
where k,, k,, and k, may be different. Introduce a 3 x 3 matrix K whose 
diagonal elements are k,,&,, and A, and whose off-diagonal elements are 
zero. (a) Show that F = —Kr. (b) Show that a polarizing field E,, induces a 
dipole moment given by p = g?K7'E,,. (c) Assuming the crystal is one for 
which E’ = 0 in Eq. (10-67), show that the dielectric constant of this material 
is given by the matrix 

| eee ie AL (K — REI)” 
Eo Eo 3€o 

where J is the 3 X 3 unit matrix and N is the number of molecules per unit 
volume in the crystal. (d) For the sake of a more concrete example, consider 
a probably unrealistic matertal for whiely Nig7/en— ol on — eee 
and E lies in the y-z plane making an angle £ with the y axis, ie., E = 
E(cos Bj + sin Bk). Obtain a careful graph of the angle between D and E as 
a function of £. Hint: Use a desk calculator or computer. Optional: Assuming 
that Nq?/€y9 <k,, k,, and k,, find an expression for the angle between D and 
E. Hint: Write D = €,(J + K’)E, where K’ is a matrix with small elements, 
and expand in powers of K’. 
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Properties of 
Matter Ill: 
Magnetization 


In this chapter, we shall consider the response of matter to externally 
applied static magnetic induction fields. Because magnetic monopoles are not 
found in the physical world, there is no magnetic response corresponding to 
electric conduction and we might therefore conclude that magnetic materials 
could be considered in a single category. Such a hasty conclusion, however, 
is not supported by real magnetic materials. Just as we found two different 
microscopic mechanisms—molecular orientation and molecular deforma- 
tion—that contributed to the response of a dielectric in an electric field, we 
must here distinguish two mechanisms contributing to the response of matter 
in a magnetic induction field. In sharp contrast to the dielectric mechanisms 
(both of which gave rise to essentially the same macroscopic effect), the two 
magnetic mechanisms produce two qualitatively different effects. Thus, even 
in the absence of magnetic “conduction”, two basic types of magnetic material 
(paramagnetic and diamagnetic) can be differentiated. 

As with conduction and dielectric polarization, the magnetic response of 
matter can also be examined from either a microscopic or a macroscopic 
viewpoint. The microscopic approach is essentially identical with that 
described in the introduction to Chapter 10, and that discussion will not be 
repeated. We shall again adopt the macroscopic approach, but not before 
exploring briefly the microscopic response of individual molecules to external- 
ly applied magnetic induction fields. The development will once again be 
divided into a descriptive part, concerned solely with describing field-causing 
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states of matter and with determining the fields caused by matter in a given 
state, and a causal part, concerned with the ways in which field-causing states 
are brought into being and maintained. Together, the descriptive and causal 
parts constitute the theoretical framework for finding magnetic induction 
fields in the presence of magnetizable matter, even though the contribution 
of the matter to the total field is not in general known until after the total 
field has been found. 


11-1 
The Microscopic Description: 
Magnetic Polarizability 


From a microscopic point of view, a sample of magnetically respon- 
sive material is composed of molecules residing in free space. A discussion 
similar to that in the opening and closing paragraphs of Section 10-1 supports 
the adequacy of characterizing each molecule solely by a magnetic dipole 
moment. Magnetically responsive matter is then viewed microscopically as a 
dense assemblage of molecular or atomic magnetic dipoles located in free 
space. In this section, the response of individual molecules to their presence 
in an external magnetic induction field will be explored. 

The magnetic moment of a single atom or molecule arises from two con- 
tributions. On the one hand, each electron circulating the nucleus constitutes 
a current loop and hence contributes to the magnetic moment of the atom or 
molecule. On the other hand, the electrons and the nuclei in the molecule 
possess intrinsic angular momenta or spins. With each intrinsic spin is as- 
sociated a further magnetic moment that adds to the moment produced by 
the orbiting electrons. For some molecules, these contributions may add up 
to produce a net permanent magnetic moment; for others, the contributions 
may cancel, leaving an atom or molecule with no permanent magnetic mo- 
ment but with the potential for developing an induced magnetic moment 
when an external field is applied. 

Consider first the response of a molecule possessing a permanent dipole 
moment. (For the rest of this chapter, we understand that the magnetic dipole 
moment is meant.) We shall confine our discussion to a classical treatment, 
recognizing, however, that the only fully correct approach is a quantum 
mechanical approach (P11-29). When the molecule of concern is placed in a 
magnetic induction field, it experiences a torque tending to align its magnetic 
moment with the direction of the field (P3-13). In an assembly of permanent 
dipoles, however, this tendency to alignment is opposed by the thermal ten- 
dency to randomness. Thus, a given permanent dipole assumes an average 
dipole moment that would be zero except that in the external field each dipole 
favors a preferred orientation as it undergoes thermal agitation. To express 
this discussion more quantitatively, consider the following situation: A 
magnetic material at absolute temperature JT composed of permanent dipoles 
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having dipole moments of magnitude m, is placed in an external magnetic 
induction field. The dipoles adjust to some sort of average equilibrium posi- 
tion, in which state a particular dipole experiences a total field consisting of 
the applied external field p/us the time-averaged microscopic field established 
by all other dipoles when the external field is present.' Let the time average 
(over the microscopic fluctuations) of this total field be B,,. Combination of 
statistical mechanics with considerations of magnetostatic energy (P11-1) 
leads ultimately to the result that the average dipole moment of a single 
dipole is given by 


2 
Guin ee <= fB,,. B =o aa a 1-1) 


where & is Boltzmann’s constant and the condition m,B,, < kT has been 
imposed. [Compare Eq. (10-1).] The constant £ might be called an orientation- 
al (magnetic) molecular polarizability, since it measures the extent to which a 
molecule possessing a permanent dipole moment is oriented in a polarizing 
field. The orientational molecular polarizability is positive, and materials 
composed of permanent dipoles are said to be paramagnetic. The paramag- 
netic response of molecules to an external field results in an average dipole 
moment having the same direction as the field, and the strength of this 
response decreases with increasing temperature. 

Molecules that possess no permanent dipole moment exhibit a different 
response. When placed in a magnetic induction field, these molecules develop 
an induced dipole moment that is opposite in direction to the polarizing field. 
Materials exhibiting this property are said to be diamagnetic. We shall see 
that a// materials should exhibit a diamagnetic response. In materials com- 
posed of polar molecules, however, the stronger paramagnetic response usually 
masks the weaker diamagnetic response of the material. Some separation of 
the two responses can be made because the diamagnetic response is not 
temperature-dependent, but experiments to distinguish the two responses on 
this basis are difficult because of the weakness of the diamagnetic compared 
to the paramagnetic response. 

Diamagnetism arises from the response of individual electronic orbits as 
these orbits adjust to new equilibria in the presence of an external field. 
Although this response is extremely complicated and can be fully treated only 
by using quantum mechanics, a classical model that leads to a crude micro- 
scopic understanding of the phenomenon can be constructed. Consider first 
the qualitative features involved when an electron in a circular orbit is placed 
in an external magnetic induction field at right angles to the plane of the 
orbit. Some interaction—Coulomb or otherwise—provides the centripetal 
force that keeps the electron in its orbit when no external fields are present. 
When the field is turned on, the circulating electron experiences an additional 
radially directed force that may tend to expand or contract the orbit, depend- 


1See footnote 3, Chapter 10. 
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TABLE 11-1 Effects on the Orbit of an Electron when a Polarizing 
Field is Turned On 


Direction Direction 
of Final of Electron Direction of Resulting Direction of Induced 
B Circulation Magnetic Force Electric Field 
+z Radially out Slows electron 
( (smaller centripetal : ) down 
force) 
Radially in Speeds 
+z ( ) (greater centripetal electron up 
force) 
Radially in Speeds 
—z ( ) (greater centripetal {) electron up 
force) 
Radially out Slows electron 
—z ( ) (smaller centripetal ¢) down 
force) 


In this table, the viewer is assumed to be located at a point on the positive z axis in 
Fig. 11-1. Since the electron has a negative charge, the force that it experiences in an 
electric field is opposite in direction to that of the field. 


ing on the direction in which the electron is circulating. Simultaneously, as 
the field is turned on, the electron experiences tangential forces from the 
induced electric field (Faraday law), and these forces may speed up or 
slow down the electron, again depending on the direction in which the 
electron is circulating. Table 11-1 summarizes qualitatively the direction of 
these two effects for various directions of the field and of the circulation of the 
electron. 

Now consider the adjustments that the orbit might be expected to undergo 
as a result of these two effects. From Table II-1, we conclude that a final 
magnetic induction that reduces the centripetal force is accompanied by an 
induced electric effect that slows down the electron and vice versa. But a 
slower electron can stay at the same radius if the centripetal force is suitably 
reduced and similarly a faster electron can stay at the same radius if the cen- 
tripetal force is appropriately increased. Classically, the change in radius as 
the B-field is turned on is therefore likely to be less significant than the change 
in electron speed, since the radius is affected by two phenomena that tend to 
compensate. Let us then assume that the radius does not change at all. (It is 
shown in PII-2 that in fact this assumption is correct provided that the 
change in angular velocity is small compared to the initial angular velocity.) 

To make our discussion more quantitative, consider an electron with 
charge —q, and mass m, circulating in the x-y plane with angular velocity @ 
in an orbit of radius 2 (Fig. [1-1). The circulating electron constitutes a 
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Fig. 11-1. Path of an electron circu- 
lating in the x-y plane with angular 
velocity o. 58 


current of strength J == q¢,@/2z in the counterclockwise direction as seen from 
a point on the positive z axis. Hence, the magnetic moment of the resulting 
current loop is given by 


2 c a n> 
m = (current)(area) = ae (227k) = Je Ok =—4axzO (11-2) 
where @ = —qk is the angular velocity of the electron and q@ is positive for 


an electron circulating clockwise and negative for an electron circulating 
counterclockwise. 

We shall now calculate the change induced in this magnetic moment when 
an external magnetic induction field perpendicular to the plane of the orbit 
is turned on. Let the field change from zero to a final value B,, during the 
time interval 0 < ¢ < f, in accordance with 

B= Bk (11-3) 
where B(0) = Oand B(t,) = B,,. As this field is turned on, an induced electric 
field tangential to the orbit of the electron is produced. If we assume that the 
electron is circulating very rapidly compared to the time scale associated with 
the changing field, the electron makes many revolutions before the field has 
changed appreciably. It is then appropriate to calculate the electric field 
induced at an instant of time and use it to determine the work done on the 
electron over short intervals of time. Applied to the orbit of the electron, 
Faraday’s law, 


mY : r 
} Ede = a dS (11-4) 
gives 
yee —£ (0B) (11-5) 


where we have assumed that E = E,a)o, 6 being a unit vector in the direc- 
tion of increasing ¢. Hence, we find first that 


b= -| Lee (xaB) |6 (11-6) 


2nn dt 
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and then that the rate P at which this field does work on the electron is given 
by ; 
P= Fev = (—4.£)-(—014) 


Sioa. ii 
2n dt (ae) ( ) 


The rate at which the energy of the electron increases, however, is also given 
by the time rate of change of the kinetic energy of the electron, Len 


ee le 2 2) 11-8 
P= a (amo (11-8) 


Thus, on combining Eqs. (11-7) and (11-8), we find that the motion of the 
electron in this (slowly) changing field must satisfy the equation 


ES) ae OE yy 11-9 
4 (02@?) = — 42-7 (2B) (11-9) 
Assuming now that 2 is constant, we find from Eq. (11-9) that 
we ge 11-10 
dh 7 2m, at ( ) 


Direct integration then yields 


SE so, (11-11) 
2m, 


A@ = Of — Mp = 


where «, is the final angular velocity of the electron, q@z, is its initial angular 
velocity, and w, = q,|B,,|/2m, is the so-called Larmor frequency; in Eq. 
(11-11), the upper (lower) sign applies when B,, < 0 (B,, > 0) and the condi- 
tion of slowly changing fields is more explicitly stated by the requirement 
|A@| <@ >. (Compare P11-2.) Finally, we find from Eq. (11-2) that the change 
in magnetic moment induced by the turning on of this external field is given by 


2z zs 2 “~ 
Am = 9.5 Aok = 9.5 (o; — aodk 
a eee _ gv ; 
wo) ( 2m, ae 4m, B,, a) 


Thus, when an external B-field perpendicular to the orbit is turned on, the 
induced change in the magnetic moment of a circulating charge is independent 
of @ (and hence does not depend on the direction of circulation), is indepen- 
dent of the sign of the charge, and finally is opposite in direction to the 
inducing field [as evidenced by the minus sign in Eq. (11-12)]. This minus 
sign should be contrasted with the plus sign in Eq. (11-1); it is this difference 
in sign that distinguishes diamagnetic from paramagnetic response. 

Despite its classical origin, Eq. (11-12) can be converted into an expression 
that happens to be quantum mechanically correct, at least for molecules with 
a single nucleus (i.e., atoms) in which the electron distribution about the 
nucleus is spherically symmetric. Quantum mechanically, an electron orbit 
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does not have a well-defined radius. We would expect then that 2? in Eq. 
(11-12) should be replaced by (225 = <x?) + ¢y?>, where ¢---) denotes an 
average over the electron wave function y, e.g., <x?> = | w*x?w dv. But for 
a spherically symmetric wave function, <x?) = ¢y?) = ¢z?5 = 4¢r?5, where 
r is the distance of the point (x, y, z) from the center of the atom. Thus 
<2?) = 4¢r*» and Eq. (11-12) is replaced with 


aD) 
Am = —10R, (11-13) 


The task of quantum mechanics is then to calculate <r?) for each electron in 
the atom. 

Whether Eq. (11-13) or a more complicated equation applies, the total 
change in the magnetic moment of the molecule when the field is turned on is 
obtained by summing the contributions of each electron. Since we have been 
discussing nonpolar molecules, which have no initial magnetic moment, this 
change is equal to the final induced moment. Thus, if Eq. (11-13) applies, 
we have that 


eee ‘= qe sy A SR. (11-14) 


6m, 4 


where <r?>, is the average value of r? for the ith electron. Since all electrons 
contribute to changing m in the same direction, a net change results. The coef- 
ficient B, in Eq. (11-14) multiplying B,, might be called a deformational 
(magnetic) molecular polarizability because it relates to a magnetic moment 
produced through deformation of the internal structure of the molecule. 

If both paramagnetic and diamagnetic effects are present, the total mole- 
cular polarizability is obtained by combining Eqs. (11-1) and (11-14) to find 
that 


0 = Gis eer ae Ming a PB, (11-15) 
where the total (magnetic) molecular polarizability £, is given by 
= mM _ qe AS. ie 
= 3kT Ge > elo) 


As we have already remarked, more precise and more general expressions for 
these polarizabilities can be calculated only by using quantum mechanics; 
we leave those calculations to other authors. 


PROBLEMS 


P11-1. Accepting (1) that the energy of a magnetic dipole of moment m 
in a magnetic induction field B is —m- B (P3-20) and (2) that the distribution 
of dipoles over these energy states is given in statistical thermodynamics by 
exp (—energy/kT), where k is Boltzmann’s constant and T is the absolute 
temperature, determine the average value of the dipole moment <m,> of a 
dipole in a magnetic induction field B,,. Show also that Eq. (11-1) emerges 
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when ,B, <kT. How large can the field B,, be before this condition is 
violated at room temperature? Hints: (1) See P10-2. (2) Typical values for 
permanent molecular dipole moments are on the order of 10~?3 J/T (mks 
units). 

P11-2. The appropriateness of our assumption of a constant orbital 
radius at Eq. (11-10) can be shown as follows. A particle of mass 7, moving 
in a circle of radius 2 with angular velocity @, must have acting on it a cen- 
tripetal force F, = —m,w22%. Suppose @, is changed to @, + AQ. (a) 
What must be the change AF, in F, if the particle is to continue to move in a 
circular orbit of the same radius? Assume AQ < q@. (b) Show that turning 
on the magnetic induction B,,k in Fig. 11-1 changes F, by AF, = ¢.@)2B,,2. 
(c) Combine parts (a) and (b) to show that, if AQ = —q,B,,/2m,, then adding 
the magnetic induction will not change the radius. (d) Compare this particular 
AQ with Aq@ as given in Eq. (11-11) to conclude that 2 is constant provided 
|A@| << @,. (e) Estimate @, numerically for the electron in the hydrogen 
atom and then find how large B,, can become before | Aw| exceeds 0.01a@p. 
Compare this value with typical laboratory fields, say 10,000 G. 

P11-3. (a) Show from Eq. (11-2) that m = —gq,L/2m,, where L is the 
orbital angular momentum of the electron. (b) Quantum mechanically, 
the component of L parallel to a magnetic induction field can assume only the 
values m,h, where m, is an integer and f is Planck’s constant divided by 2z. 
The Bohr magneton M,, which is a convenient unit for expressing atomic 
magnetic moments, is defined so that the component of the magnetic moment 
parallel to the field is given by —m,M,. Show that M, = q,h/2m,. (c) Suppose 
an electron has m, = 1. What (numerically) is its magnetic moment? Use this 
result in Eq. (11-2) to estimate its angular velocity. (d) How large can B,, 
become in Eq. (11-11) before Aw ceases to be small compared to @,, thereby 
invalidating the assumption that the field changes slowly ? 

P11-4. Given that m = —q,L/2m,, where L is the orbital angular momen- 
tum of the electron (see P11-3 and P3-21), evaluate the torque N exerted on 
the electron by the field in Eq. (11-6) and integrate Newton’s second law 
dL/dt = N to show ultimately that the magnetic dipole moment of the elec- 
tron is changed by an amount given by Eq. (11-12) when the magnetic induc- 
tion field is turned on. Assume 2 is constant. 


11-2 
The Macroscopic Description: Magnetization 


The macroscopic approach to magnetic properties is founded on a 
concept called magnetization, which is analogous to the concept of polariza- 
tion introduced in the discussion of dielectrics. Each elementary magnetic 
dipole in a given volume element Av makes an additive contribution to the 
total dipole moment of that volume element. If the ‘th molecular dipole has 
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average dipole moment m,, then the magnetization (magnetic dipole moment 
per unit volume) is defined by 
: I 
Ma) = lim (5 m,) i 

( ) Av-0 about r Av i : ca we 
where the sum extends over all the molecules in the volume element and the 
meaning of the limit is the same as always—Av becomes macroscopically 
small but remains large enough to contain a large number of microscopic 
dipoles.? In terms of the magnetization, each small volume element Av there- 
fore has associated with it a magnetic dipole moment Am ~ M(r) Av and the 
total magnetic dipole moment of the sample will be 


m = { Ma) dv (11-18) 


11-3 

The Macroscopic Vector Potential and 
Magnetic Induction Field at a Point Exterior 
to a Magnetized Object; Bound Currents 


In Sections 11-3, 11-4, and 11-5, we shall calculate the contribution 
made to the macroscopic magnetic induction field by a magnetized object 
whose magnetization M(r’) at every point r’ within the object is known. 
Consider first an observation point r exterior to the object. As in the analo- 
gous dielectric case, such an observation point is microscopically far from all 
of the dipoles in the object. Thus, a small element of the object having volume 
Av’ and located at r’ (Fig. 10-1) can be treated as a dipole of moment M(r’) 
Av’, regardless of where within the object the point r’ lies. The contribution 
of this element of the object to the magnetic vector potential at r is then 
given by 

— by MQ’) Av’ x (r — 1’) 
AA = i ee (11-19) 
[see Eq. (5-49)] and integration of Eq. (11-19) over the volume of the object 
ylelds 
_ M(t’) x (r—r’) ,, 
A(r) = a | aaa dv (11-20) 
for the contribution of the entire object to the total vector potential at r. 
Equation (11-20) can be rewritten in two different ways, each of which 
leads to a useful physical interpretation. We shall postpone treating the 
reformulation that leads to an identification of equivalent magnetic poles to 
the next section and shall treat here the reformulation leading to the identifica- 
tion of bound currents. First, we substitute the identity in Eq. (10-10) into 


2The definition of magnetization given in this paragraph is adopted in all systems of 
units with which the author is familiar. 
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Eq. (11-20) to obtain 


_ Ho yx yw (—_ 7) |4 11-21 
A(r) ge | [Me x W (ay B (11-21) 
Then we use the vector identity in Eq. (C-8) in the form 

Q x V@ = OV’ x Q-— V x (@Q) (11-22) 


with ® = I/|r — r’| and Q = M, to obtain 
= Ho (YMG) ay — Ho [yx (do 1-23 
Aw = fe | eee | ee ear (11-23) 


Finally, we use the identity in Eq. (C-25) in the second term to find that 


ING | SSI) py, et COE ice lila 
«Ag jr —r'| 4n jr —r’| 


where the surface integral extends over the surface bounding the magnetized 
object, fi(r’) is a unit outward normal to that surface at r’, and dS’ = |dS’|. 
This result, however, is the vector potential established by a current distribu- 
tion described by a volume current density 


Jk) — V x Mi (11-25) 
and a surface current density 
j.(©) = M(r) X f(r) (r on the surface) (11-26) 


[See Eq. (5-41) and P5-32.3] Thus, at exterior points, the magnetized object 
produces the same vector potential as these so-called bound (or Amperian) 
currents and we can replace our description in terms of the macroscopic 
magnetization with this equivalent description in terms of bound currents if 
we find it convenient to do so. 

These bound currents can also be obtained by a longer but less formal 
derivation that makes their physical origin more clear. A suitable model for a 
magnetized object is shown in Fig. 11-2. Each volume element Av into which 
the object is divided has a magnetic dipole moment Am ~ M Av associated 
with it, and we can view this moment as arising from a current circulating 
about the boundary of the volume element. The proper current to associate 
with a volume element at which the magnetization is M is found by computing 
the magnetic dipole moment of the element in two ways. On the one hand, for 
example, the y-component of the magnetic moment is given by M, Av = 
M, Ax Ay Az. On the other hand, if we let 7,, be the current circulating about 
the volume element in orbits whose plane is parallel to the x-z plane and adopt 
the usual sign convention that /,, > O when the current circulates in the coun- 
terclockwise direction as viewed from a point far away on the positive y axis, 
then the y-component of the magnetic moment of the volume element is also 


3Equations (11-25) and (11-26) retain the same form in cgs-esu and in cgs-emu. In 
Gaussian and Heaviside-Lorentz units, we would find that Jn —=cV x M and j, = 
cM x fi, where c is the speed of light in cm/sec. 
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Fig. 11-2. A model of magnetized matter. 


given by the current i,, times the area Ax Az of the face of the element in the 
y-z plane. Equating these two evaluations of the y-component of the magnetic 
moment gives 
IM Ax Ay Az 1,, Ax Az —— i VM Ay (11-27) 
By applying similar arguments to the other two coordinate directions, we 
find that 
eV Nz, pa AX (11-28) 
An enlarged view of these currents at a single volume element is shown in 
Fig. 11-3. 


Fig. 11-3. The bound currents in a 
single volume element. x 
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In this model, bound currents arise because it is possible for these cir- 
culating currents to combine in such a way that there appears to be a macro- 
scopic current even though there is no net macroscopic transport of charge. 
Consider first the bound surface current. A volume element at the surface has 
at least one face—the face toward the outside—on which the supposed cir- 
culating current is apparent from the outside. If, for example, the outside 
face parallel to the y-z plane in Fig. 11-2 is viewed, one might see currents 
flowing as shown in Fig. 11-4. Both the currents 7,, and the currents 7,, have 
the appearance of currents flowing in the surface. Even though no charges 
are transported physically from one “cell” to the next, the net macroscopic 
appearance of all of the contributions from i,, is a current flowing to the 
right in the figure and the net macroscopic appearance of all of the contribu- 
tions from i,, is a current flowing toward the bottom of the picture. Now, 
surface currents have a direction and are described by a density similar to 
volume current densities (P2-25). With reference to Fig. 11-5, let us define a 
surface current density j so that the current / flowing across a (short) line in 
the surface can be represented by the equation 


j=j-e (11-29) 


where € is a vector whose magnitude is the length of the line and whose direc- 
tion is perpendicular to the line in the direction of the current desired. In 


Fig. 11-4. Currents in a surface of a 
magnetized material. The surface 
shown is in a plane parallel to the y-z 
plane. The current ty, which circu- 
lates in this plane, is not shown 
because it makes no contribution to 

y the. bound surface currents in this 
x (out) plane. 


Fig. 11-5. Vectors for defining the 
surface current density. Both vectors 
shown lie in the plane of the paper. 
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x (out) 


Fig. 11-6. Currents in one of the surface elements shown 
in Fig. 11-4. 


effect, j measures the rate at which charge is transported across a line of unit 
length perpendicular to j. We now look at the surface of one of the blocks 
illustrated in Fig. 11-4. A more detailed diagram is shown in Fig. 11-6. Only 
the currents that contribute to an apparent macroscopic charge transport in 
the surface are shown. The current i flowing across the line @ in Fig. 11-6 is 
composed of two parts, and we find that 
ee eee 
xy Az xz Ay 

= M,a — M,b_ [Eqs. (11-27) and (11-28)] 

= (M,j — M,k)-(aj + bk) 

=(M x i)-€ (11-30) 
where the final form follows because @ = aj -- bk. (Why?) Direct comparison 
of Eq. (11-30) with Eq. (11-29) now leads us to identify a surface current 
density 


i= 


i, =Mxi (11-31) 


in the surface parallel to the y-z plane. In this result, of course, i is the unit 
vector normal to the surface used in the example. More generally, we would 
expect that the unit normal fi would appear instead of i and we have obtained 
Eq. (11-26) by arguments based on the model in Fig. 11-2. 

Bound volume currents arise when the magnetization is not uniform. 
Under such conditions, the current associated with a particular volume ele- 
ment is different from that associated with an adjacent volume element and 
the currents flowing in opposite directions along the boundary between the 
two elements do not cancel. The result is an apparent macroscopic transport 
of charge in the interior of the magnetized object. To obtain a quantitative 
expression for this volume current density, consider an area having sides Ax 
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and Ay and lying in a plane parallel to the x-y plane. Let this area be posi- 
tioned with its center at the point (x, y, z). Now, divide the magnetized object 
into elements having sides Ax, Ay, and Az in such a way that the selected 
area lies in two of these elements as shown in Fig. 11-7. The circulating cur- 
rents that contribute to charge flow across the selected surface are also shown. 
In balance, the net current flow in the positive z direction is 


iy a Ls air 4 Ax) a Aes "=4 4 Ax) 
au — oM, Ax Ay (11-32) 


: 2 Ax = 


Ox Ox 


Selected area 
(sides Ax, Ay) 


ls ee 2S) Pe — 1a) 


! 
x te A 5 eat As y (out) 


(b) 


Fig. 11-7. A selected area and two volume elements for determining 
part of the bound volume current across that area. Part (a) shows 
the two elements and part (b) shows the view as seen from the 
point marked }= in part (a). 
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where Eq. (11-27) has been used to relate i, to M,. An additional contribution 
to the net current flow across this surface in the positive z direction is made 
by currents circulating in the y-z plane (Fig. 11-8) and is given by 

i = i.(y — 4 Ay) —7,.{y + 4 Ay) 


a4 el 
oF i ay Ax Ay (11-33) 


Selected area 
(sides Ax, Ay) 


tw 


iyg(y —4 Ay) iy, 7 +3 AY) 


SS h— 


x (out) y y 


Fig. 11-8. Two volume elements for determining a second contri- 
bution to the bound volume current across the same area shown 
in Fig. 11-7. Part (a) shows the two elements and part (b) shows 
the view as seen from the point marked }= in part (a). 
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where Eq. (11-28) has been used to relate i,, to M,. Combining Eqs. (11-32) 
and (11-33), we find that the net current across the surface in the positive z 
direction is given by 
hh =e oe JAxAy= (Vx M)-KAxAy (11-34 
Since the current across a small surface AS placed in a current flow described 
by the current density J is given by J-AS and since in the present example 
AS = k Ax Ay, we deduce from Eq. (11-34) that the circulating currents give 
rise to a bound volume current density given by J,, = V x M. Strictly, of 
course, our development supports this conclusion only for the z-component 
of J,,, but the other components can be similarly derived (P11-9). We have 
therefore obtained Eq. (11-25) by arguments based on the model in Fig. 11-2. 
Given the vector potential, we can readily calculate the field established 
at an exterior point by a magnetized object; we take the curl of the potential, 
finding that 


as fo { Soft Ca jo inl) oc Cas" (11-35) 


An ir —r’ [> jr—r’ > 
(P11-10). Equation (11-35) for the field and Eq. (11-24) for the vector poten- 
tial of course give only the contributions of the bound currents on the mag- 
netized object; contributions from other sources (if any) must be added to 
those given by these equations. 


PROBLEMS 


P11-5. A cylindrical rod of length L and radius R is uniformly magnetized 
with magnetization M directed along its axis. Let the axis coincide with the 
z axis. Find the bound current densities and then argue that the exterior field 
produced by this bar magnet is identical to the field produced by a solenoid 
(P5-11) of the same dimensions. If the solenoid has # turns per unit length, 
what should be the current in the wire to duplicate the field of the magnet 
exactly? 

P11-6. A sphere of radius R has a uniform magnetization M. Choosing 
a coordinate system with its origin at the center of the sphere and its polar 
axis parallel to M so that M = MK, (a) find the equivalent bound currents 
and (b) calculate the dipole moment of the sphere both from the magne- 
tization and from the bound currents. 

P11-7. Show that the total bound current crossing an open surface within 
a magnetized object is given by the line integral of the magnetization about 
the path bounding the surface. 

P11-8. Derive the expression in Eq. (11-28) for 7,, 

P11-9. Following the pattern illustrated in the text, start from the model 
in Fig. 11-2 and derive the expression J,,, = (V x M), for the x-component 
of the bound current density. 
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P11-10. Evaluate the curl of Eq. (11-24) to derive Eq. (11-35). 

P1J-11. A spherical cavity of radius R is cut in the interior of an object 
with uniform magnetization M. Find the equivalent currents on the surface 
of that cavity and show that these currents contribute an amount —4z,M to 
the field at the center of the cavity. 


11-4 
An Alternative Approach to the Exterior Field; 
Equivalent Poles 


Although the expression for the exterior field in terms of bound 
currents is at least in one way more general than the expression we now derive 
(see Section 11-5), the integrals contain cross products and their evaluation 
is often very complicated. A formalism that expresses B as the gradient of a 
scalar is simpler and more useful in some cases than the expression in Eq. 
(11-35). We therefore describe an alternative rewriting of Eq. (11-20). First 
we replace (r — r’)/|r — r’ |? by its equivalent —V(1/|r — r’|) as in Eq. (4-45) 
and then we calculate B directly by evaluating V x A. We find that 
Bir) = 4 | Vx Me’) x (—¥) ia he 

— He Me) v2 Gro) — (M(r’)-V) V G7) | dv’ (11-36) 
where to obtain the second form we used the vector identity in Eq. (C-16) 
with Q = M(r’) and R = V(1/|r — r’|) and we noted that such combinations 
as V-Mi(r’) are zero because V differentiates with respect to the components 
of r. Now, for points exterior to the magnetized object, r’ is never equal tor. 
Hence, V2(1/|r — r’|) = 0 throughout the domain of integration and Eq. 
(11-36) therefore reduces to 


Bir) = He | (Me. yV(—— 


Continuing, we use the vector identity in Eq. (C-15) with Q and R as before 
to rewrite Eq. (11-37) in the form 


Saat dv! (11-37) 


|r — 


= | , (1 ) ‘| 11-38 

Bor) = wo ¥V| ze | Me)-V(=— 57) (11-38) 

[All but one term in the right-hand side of Eq. (C-15) is zero either because 
V acts ona function only ofr’ or because V X V(---) = 0.] Equation (11-38), 


however, expresses the field at an exterior point as the gradient of a scalar. 
Thus, if we introduce the magnetic scalar potential V’” in such a way that 


Bir) = — yy WV (7) (11-39) 
we find from Eq. (11-38) that, apart from an arbitrary additive constant, 


Vom(p) = i | M(t’): V’ — dv' (11-40) 
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where the operator V acting on the function I/|r — r’| has been replaced by 
its equivalent —V’. Since Eq. (11-40) is now identical in form with Eq. (10-11), 
further rewriting of Eq. (11-40) follows the same path as was described for 
ec COSI): gee. to Eq. (10-15) we eae! find that 
M(r’)-n(r") lies cae 
(m)(p) — i 11-41 

ory = rE al dS" - (eesanl dv ( ) 
where f(r’) is a unit vector normal to the surface bounding the magnetized 
object (P11-12). Equation (11-41) suggests that, at least for purposes of cal- 
culation if not as a physically real description, we introduce a volume density 
of magnetic monopoles given by 


Pr{t) = —V-M(r) (11-42) 
and a surface density of magnetic monopoles given by 
Ont) = M(r)-fi(r) (11-43) 


Thus, insofar as the exterior field is concerned, the magnetized object can be 
replaced either by an equivalent distribution of currents [Eqs. (11-25) and 
(11-26)] or by an equivalent distribution of (fictitious) magnetic (mono)poles 
[Eqs. (11-42) and (11-43)]. If the poles are adopted, the field, calculated by 
taking the gradient of the magnetic scalar potential, is given by 


Bir) = ge4e On(t')(r —¥ Das’ ! Ho [x (eS) dv (11-44) 


lr — r’|[3 4n |r —r’/? 


{Compare Eq. (10-18).] Because of the similarity of Eqs. (11-41) and (11-44) 
to expressions for the electrostatic potential and field, many problems in 
magnetostatics correspond to analogous problems in electrostatics and solu- 
tions in one area can be directly translated to the other area. (See P11-13.) 
Of course, Eqs. (11-41) and (11-44) give only the contribution of the magne- 
tized object to the B-field; the contributions of any other sources must be 
added to these equations to obtain the total field. 


PROBLEMS 


P11-12. Patterning your argument after the development associated with 
Eq. (10-11), derive Eq. (11-41) from Eq. (11-40). 

P11-13, Find the distribution of poles equivalent to the magnetized cylin- 
der in P11-5 and then find the magnetic scalar potential at the point (0, 0, z) 
by direct transcription of the solution to the analogous electrostatic problem 
in P10-10. 

P11-14. Find the distribution of poles equivalent to the uniformly mag- 
netized sphere of P11-6 and calculate the dipole moment of the sphere from 
these poles. Hint: By analogy with electrostatics, m = { rp,,(r) dv for a vol- 
ume distribution of poles. 
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P11-15. Show that the magnetic moment m of an object with magnetiza- 
tion M can be calculated from the equivalent magnetic poles, i.e., 


m= { (—Vv-M) dv + $r(M-A) dS 


Hint: Integrate Eq. (C-11) over the volume of the object, setting @ = M and 
@ = x, y, and z successively. Then, use the divergence theorem and note Eq. 
(11-18). 

P11-16. Derive Eq. (11-44) for the B-field by evaluating —u, VV, with 
V) given by Eq. (11-41). 

P11-17. A spherical cavity of radius R is cut in the interior of an object 
with uniform magnetization M. Find the equivalent poles on the surface of 
that cavity and show that these poles contribute an amount B= 4u,M to 
the field at the center of the cavity. 


11-5 
The Macroscopic Magnetic Induction Field at a 
Point Interior to a Magnetized Object 


With two alternative expressions—Eqs. (11-35) and (11-44)—for the 
magnetic induction field at a point exterior to a magnetized object, we have 
two starting points for the calculation of the field at an interior point. In both 
cases, we proceed as we did for the dielectric by separating the material into 
near and far regions, treating the far regions macroscopically by the methods 
described in one or the other of the preceding two sections and considering 
the near region by methods similar to those used in Section 10-4. In this sec- 
tion we shall outline the starting points for the two calculations of the interior 
field and then state the results. Detailed derivation of these results is left to 
the problems. 

If we elect to express the field in terms of equivalent currents, then we find 
from Eq. (11-35) that 


Bisterior(t) = = sed uo | eee) dv’ 


rr 
| ACA WO) ree 
+f rane 


+g f Ro as’ + Buf) (11-45) 
where ¥, is the volume of the magnetized material excluding a spherical vol- 
ume of radius R that contains the near molecules, & is the surface of the 
original object, £;; is the surface of the cavity that remains in the magnetized 
object when the near molecules are removed, and B,, is the contribution to 
the macroscopic B-field made by the near molecules. (The notation is the 
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same as that used in Section 10-4; see Fig. 10-3.) Now, since j,,(r’) = M(r’) x 
f(r’) and M(r’) can be considered constant over the macroscopically small 
surface £,,, the third integral in Eq. (11-45) gives the contribution made by 
the equivalent currents on the surface of a spherical cavity in a uniformly 
magnetized object to the B-field at the center of the cavity, and it has the 
value —4)M (P11-11). Further, as in the dielectric case, extending the inte- 
gral over v, to include the volume v,, enclosed by the sphere Zj; adds zero to 
the overall expression (P11-18). Thus, Eq. (11-45) reduces to the simpler 
expression 
Binterior(t) = Br) — $4o.M(r) + Bu) (11-46) 

where B(r) is the field given at the interior point r by evaluating the exterior 
expression, Eq. (11-35), at the interior point; i.e., B(r) is the field established 
at the interior point by the bound current distribution equivalent to the entire 
magnetized object. 

If, on the other hand, we elect to express the field in terms of equivalent 
poles, then we find from Eq. (11-44) that 


, br S> ; , 
Bintertor(F) a fe pw =k dv 


Ll , 
+ He | onl’) EE, ds 


— 
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if 4n = [r =a ri dS I Butt) (1 47) 


where the volumes and surfaces are the same as those described in connection 
with Eq. (11-45). Now, since a,,(r’) = M(r’)-fi@r’) and M(r’) can be considered 
constant over the macroscopically small surface £,,, the third integral in Eq. 
(11-47) gives the contribution made by the equivalent poles on the surface of 
a spherical cavity in a uniformly magnetized object to the B-field at the center 
of the cavity, and it has the value 4.M (P11-17). Further, the integral over 
v; can again be extended to include the volume v,, (P11-19). Thus, Eq. (11-47) 
reduces to the simpler expression 
Bn terion) = — Mo WV ™(F) + 44M) + Bult) (11-48) 

where V(r) is the magnetic scalar potential given at the interior point r by 
evaluating the exterior expression, Eq. (11-41), at the interior point; 1.e., 
V(r) is the potential established at the interior point by the distribution of 
poles equivalent to the entire magnetized object. 

The contribution B,,(r) made by the near molecules is the same, whichever 
approach to calculating the far field is adopted. Following the pattern in 
Section 10-4, we define 


But) = nal Bolt, 1’) dv’ (11-49) 


Ii 


where N is the number of molecules in v,, and B,,,,(r, r’) is the time average of 
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the microscopic field produced at r by a molecule at r’. [Compare Eq. (10-33).] 
Now, we introduce the time-averaged molecular current density which we 
take to be given at the point r, for a molecule whose center is at r, by 
Jmol; — ¥,). Then the field B.,,,(r, r’) is given by Eq. (5-10), viz., 
rm es ttt r r—r” a 
Baar) = 42 | Ina(t”” =e’) x EE do” (11-50) 
[Compare Eq. (10-34).] Now, we rewrite Eq. (11-50) as an integral over the 
variable r’’ = r’”’ — r’ [compare Eq. (10-35)] and then substitute the result 
into Eq. (11-49) to find that 
IN " r—r—r"’ 2 re 
BC) = fee | Ina vex || fae jaw (11-51) 


It 1c 


[Compare Eq. (10-36).] The integral in square brackets, however, is the inte- 
grall,, whose value is I, = —4ar"’ [Eq. (10-42)]. Thus, Eq. (11-51) reduces to 
_ No (-2) tr wt ue . 

ln ene 3 Jit Oat oa (11-52) 
We note finally that the remaining integral is nothing but the negative of 
twice the dipole moment of a single molecule located near the point r in the 
magnetized object. [Replace J dr by J dv in Eq. (3-36).] Thus, N times the 
integral is the negative of twice the total dipole moment in v,, and that product 
divided by v,,; is the negative of twice the macroscopic magnetization M(r) 
of the object at r. Equation (11-52) therefore becomes 


By(t) = #4.M (i532) 
The results for the macroscopic interior field now have different expres- 


sions depending on whether we adopt bound currents or equivalent poles. 
Substituting Eq. (11-53) into Eq. (11-46), we find that 


Binterior(¥) i Br) (1 1-54) 


and the interior field and the exterior field are both given correctly by the 
bound currents alone. In contrast, if we substitute Eq. (11-53) into Eq. (11-48), 
we find that 


Binterior(L) = — Mo WV (F) + UoM() (11-55) 
Although this result is valid outside the object as well as inside (the mag- 
netization is zero outside the material), we nevertheless find that the equiva- 
lent poles by themselves are not sufficient to account for the entire field of a 
magnetized object. The object can for a// purposes be replaced by a set of 
bound currents, but it cannot be replaced by a set of equivalent poles without 
recognizing the additional term in Eq. (11-55). 


PROBLEMS 


P11-18. Show that the integral over v, in Eq. (11-45) can be extended to 
include the volume v,, with no change in value. 
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P11-19. Show that the integral over v, in Eq. (11-47) can be extended to 
include the volume v,, with no change in value. 

P11-20. In the text, we represented the molecule by a current distribution 
in order to calculate B,,(r). Suppose instead we represented the molecule by 
a volume distribution of magnetic poles, say prot; — r,). Then, in accor- 
dance with Eq. (11-44), we would write 


att r = r’ tit 
Buolt, Fr) = — ic —r’) ope 


instead of Eq. (11-50). The resulting equation for B,(r) is identical in form 
with Eq. (10-36) and hence has the value B,(r) = —4u,M(r), as inferred 
from Eq. (10-44). This result differs significantly from the result in Eq. (11-53). 
Explain why Eq. (11-53) is correct and the result obtained by representing 
the molecule in terms of equivalent poles is incorrect. 


11-6 
The Basic Equations of Magnetostatics When 
Magnetically Responsive Matter Is Present 


In this section, we shall translate the basic equations of magneto- 
statics into a convenient form for treating problems involving magnetically 
responsive matter. We have already established that the static magnetic 
induction field produced at any point in space by a magnetized object can be 
viewed as originating in a suitable distribution of (steady) currents in free 
space. Thus, the static magnetic induction field B established jointly by a 
magnetized object and by any simultaneously present free currents still 
satisfies both the magnetic flux law, 


$B-dS = 0 V-B=0 (11-56) 
and Ampere’s circuital law, 
} B-dé = Uo | J,-aS VX B= pJ, (11-57) 


provided we now interpret the current density J, as the total current density, 
which includes any free currents placed in space and any bound currents 
present on magnetized objects. Since we know how to relate the bound cur- 
rents to the magnetization M, however, we can reexpress Eq. (11-57) in a 
better form. Let J now denote only the free current density. Then 


J — Js, — Jaave M (11-58) 
Hence, with some rearrangement, Eq. (11-57) yields 


4 (Z—™)- ae—|s .dS Vx(2—M)=J (11-59) 


0 


(The integral form is obtained after using Stokes’ theorem.) We stress again 
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that the current density appearing on the right-hand side is the jree current 
density; the bound currents have been explicitly introduced and appear now 
on the left-hand side in somewhat disguised form. We can now push the 
magnetization, which we usually do not know initially, into the background 
altogether by introducing the magnetic field intensity H defined in mks units 
by* 

et = (11-60) 

Ho 

At least the line integral of H about a closed path or equivalently its curl is 
determined solely by the free currents, as evidenced by the new form of 
Ampere’s circuital law, 


pH-dé {J-as yy. H— (11-61) 


obtained by substituting Eq. (11-60) into Eq. (11-59). The magnetic intensity 
H is the second of the two auxiliary fields mentioned in the introductory 
paragraphs of Chapter 10. Although we shall continue to regard B as the 
basic field, arguments supporting the opposite view can be presented. Which- 
ever field is viewed as basic, the field B remains the field that determines the 
force on a charged particle. 

We have now determined that the static magnetic induction field in the 
presence of magnetically responsive matter satisfies the basic equations 


$H-dé = | J-d8 VxH=J (11-62) 
$ B-dS = 0 V-B=0 (11-63) 
B 
eat B= u,(H + M) (11-64) 
0 


As with the analogous electrostatic equations, this system reduces to the 
vacuum form when no magnetically responsive matter is present and M is 
therefore zero. In that case B and H are trivially different and Eqs. (11-62) 
and (11-63) are sufficient to determine the field. When magnetizable matter 
is present, however, B may differ nontrivially from H, the two differential 
equations involve two essentially different fields, and we can make little prog- 
ress toward a solution of these equations until we know a relationship 
between B and H. Equation (11-64) is a step toward specifying that relation- 
ship, but it is not a complete specification because the vector M is still not 


4The vector H is defined differently in different systems of units but is always some 
linear combination of B and M. In cgs-esu, cgs-emu, Gaussian units, and Heaviside-Lorentz 
units, H is defined so that V x H = 4aJ, 4aJ, 42J/c, and J/c, respectively, where c is the 
speed of light in cm/sec. In particular, the Gaussian unit of H, which is both dimensionally 
and numerically the same thing as the gauss, is nevertheless commonly called the oersted; 
an H-field of 1 ampere-turn/m in mks units is the same field as an H-field of 42 x 1073 
oersted in Gaussian units. 


312 Properties of Matter HI: Magnetization 


known. As with dielectrics, the specific properties of matter enter the theory 
at this point. Following established custom we write the necessary constitutive 
relation in the general form 

M = M(H) (11-65) 


thinking of M more directly as a function of H rather than of B. A more 
specific form for Eq. (11-65) can be determined only by an empirical study of 
specific magnetizable objects or, in some cases, by a detailed quantum mech- 
anical calculation. Once the form of Eq. (11-65) is known for a specific 
material, Eqs. (11-62)-(1 1-64) provide sufficient information to determine the 
two fields B and H if the free currents and/or suitable boundary conditions— 
see Section 12-7—are known. 

As in the analogous dielectric case, the specific form of the constitutive 
relation appropriate to a given material may be quite complicated. Magnet- 
ically responsive materials may be anisotropic (different in different direc- 
tions), they may exhibit a permanent or spontaneous magnetization even in 
the absence of a magnetizing field, they may show properties determined in 
part by their past history, etc. Even though magnetic materials displaying 
these complications are more common and more important than materials 
displaying the analogous dielectric complications, there are nonetheless many 
magnetic materials that develop a magnetization that is parallel to and also 
simply related to the magnetizing field. For these materials, the constitutive 
relation has the form 

M = 7,,(H)H (11-66) 


where the static magnetic susceptibility y,,(H) may still depend on the field 
strength. For many materials, however, y,, is constant, at least if H is not too 
large. These simplest of all magnetic materials are called /inear materials. They 
are diamagnetic when y,, <0 and paramagnetic when y,, > 0. (Why?) 
Further, the magnetic induction field in such a material is proportional to the 
magnetic field intensity, 


B= puo(H + M) = z,(1 + 7,,)H = uw (11-67) 
where the static magnetic permeability yx of the material is defined by 
= oll + Xn) (11-68) 


Since x,, may be positive or negative, 4 may be larger or smaller than y, 
and the relative permeability defined by 


ys a hap, (11-69) 
Ho 
may be either larger or smaller than unity. Values of y,, for a selection of 
common materials are shown in Table 11-2. 
We shall conclude this section with an example that not only illustrates 
the new form of the circuital law but also provides the basis of one method 
for measuring magnetic permeabilities. Consider the so-called Rowland ring, 
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Fig. 11-9. A Rowland ring. 


which consists of a coil wound around a toroidal core of some magnetic 
material (Fig. 11-9). Using symmetries by now familiar for these geometries, 
we apply the new form of the circuital law, Eq. (11-62), to a circular path of 
radius 2 in the material of the core, shown dashed in Fig. 11-9, and find that 
eu £ ES : 

} Hae = 220H, = NI=> H= OnE (11-70) 
where J is the current in the coil, N is the total number of turns, and i is a 
unit vector tangent to the path. From Eqs. (11-67) and (11-69), we then have 
that 


INULR NI 
B= yH=5 $6 =K, 6 = K,Bo (11-71) 


where y is the permeability of the core and B, is the magnetic induction field 
that would be present if the core were removed. The self-inductance L of this 
coil, which is defined in Eq. (6-28), is now given by 


med ee 
Mi a6 [B45 = Kia [xf Bo-as | 
= KL (11-72) 


where & is a surface bounded by a single turn of the coil and L, is the self- 
inductance that the coil would have if the core were removed. Thus, measure- 
ment of two self-inductances, one with the core present and the second with 
the core removed, leads to a determination of the relative permeability of the 
material composing the core. Unlike the corresponding dielectric case, it is 
here possible for L to be less than L, (diamagnetic core) or for L to be greater 
than L, (paramagnetic core). We should realize, however, that for many 
materials K,, does not differ from unity by very much, and the change in 
self-inductance may be small enough to require sophisticated measuring 
techniques. 
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PROBLEMS 


P11-21. (a) Add to Eq. (11-55) a term giving the contribution of free cur- 
rents with current density J(r) and then show that 


Hi vy oe! lee eG Se 
4n 


eee te 


=—wmitysxa,.. 
Ho 
where A,,., is the vector potential established by the free currents. (Note that 
these relationships are valid both inside and outside magnetized matter.) 
(b) Show that V x H = J from this result. 

P11-22. Show from Eqs. (11-62) and (11-63) that the magnetic field inten- 
sity in a region containing no free currents (J = 0) but filled with a linear 
material having permeability yz can be derived from a scalar potential UO” 
by H = —VU™ and that U™ satisfies V-[uz VU] = 0, which reduces to 
Laplace’s equation if yz is independent of position. Hint: See item (3) in Sec- 
tion 2-5. Optional: Reconcile H = —VO™ with the result in P11-21, in 
which the integral in general makes a contribution to H even at points where 
J is zero. Hint: Imagine the free currents to be the currents equivalent to a 
suitably magnetized object and then replace the object instead with a set of 
equivalent poles. At what points in space is this replacement valid ? 

P11-23. An infinite solenoid (P5-11) of radius R has N turns per unit 
length, carries current J, and is wound on a core of linear material that has 
permeability uw. Let the axis of the solenoid coincide with the z axis. (a) Cal- 
culate H, B, and M in the core. (b) Show that H has the same value that it 
would have if the core were vacuum but that B is X,,, times the vacuum value. 
(c) Calculate the bound surface current on the core, add this current to the 
free current, and then calculate B using Eq. (11-57). 


11-7 
Connecting the Microscopic Polarizability with 
the Macroscopic Relative Permeability 


A relation similar to the Clausius-Mossotti relation in Section 10-6 
can be derived to determine the microscopic (magnetic) molecular polarizabil- 
ity of some (but not all) materials from measured values of the macroscopic 
relative permeability. Following the pattern of Section 10-6, we begin by 
finding the field B,, that a single molecule in a magnetic material experiences, 
i.e., by finding the (time-averaged) microscopic field established at the posi- 
tion of a molecule by all molecules except the one located at that site. The 
same separation of the material into near and far molecules that led to Eq. 
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(10-66) here leads to the expression 
B,, = B, + B’ (11-73) 


where B, is the contribution of the far molecules and B’ the contribution of 
the near molecules. In fact, we have already calculated B, by two different 
methods; its definition here is essentially identical with the definition of 
Binterior — Br in Section 11-5 except that we must include any contributions 
By ree from free currents. Thus, we have from Eq. (11-46) that 


B, = B—4u.M-+ B’ (11-74) 
where B now includes B;;.., Of we have from Eq. (11-48) that 
B,, = —~Ho Ve ae $)M “tp Beree ate B’ eT) 


Continuing as in Section 10-6, we confine our attention to those materials 
for which B’ = 0 (see P10-23). Further, since the fields B,, and B,,.. are 
regarded to exist in free space, B,, = “oH, and Brg = MoH ree Thus, Eqs. 
(11-74) and (11-75) both give the expressions 


H,=H+4M —_B, = »,(H + 4M) (11-76) 


for the microscopic field at a molecular site; here, H is the total H-field, 
including contributions of the free currents and of the magnetized matter. 
Finally, again as in Section 10-6, we combine Eq. (11-76) with Eq. (11-15) to 
find that 
NB.u 
————— M — f'0 H 11-77 
ee AN BM ( ) 
where N is the number of molecules per unit volume. Thus, we have by com- 
parison with Eq. (11-66) that 
NB bo 
= t 11-78 
and, further, by combining Eq. (11-78) with Eq. (11-69), we have that 
14-4NB.u 3 K,—1 
1 ee ae = m x 
Teiyane 0 IP ate) 
In contrast to the dielectric case, however, the materials for which Eqs. (11-78) 
and (11-79) work well are the diamagnetic and paramagnetic materials for 
which | y,,|<_ 1 or, equivalently, K,, = 1. For these materials, Nf,u, is small 


compared to one (Why?), and Eqs. (11-78) and (11-79) can be approximated 
to give 


] 
Bz IN] _——— ~- - 
tn NBtto, B= a (Km — 1) (11-80) 
which we would have obtained directly by ignoring the difference between H 
and H,, altogether. When they apply, Eqs. (11-79) and (11-80) express the 
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(microscopic) molecular polarizability in terms of the (macroscopic) relative 
permeability and are therefore analogous to the Clausius-Mossotti relation 
of Section 10-6. Unfortunately, magnetic materials that fail to conform with 
the assumptions of this section are more common than dielectrics that fail to 
conform with the analogous assumptions of Section 10-6, and the above 
equations are therefore less generally useful than the Clausius-Mossotti rela- 
tion. 


PROBLEMS 


P11-24. Derive Eq. (11-76) for H,, and B,, (a) from Eq. (11-74) and (b) 
from qr (W275). 

P11-25. For a paramagnetic material, with 8, = m3/3kT [Eq. (11-1)], Eq. 
(11-77) suggests that at the right temperature T., M can be nonzero even if 
H is vanishingly small, and at T< T, we might therefore expect the material 
to exhibit a spontaneous magnetization. (a) Show that T, = Ny,m2/9k. (b) 
Very small volumes of some materials, called ferromagnetic materials, in fact 
do exhibit spontaneous magnetization at temperatures below some critical 
temperature. Calculate T, for pure iron (#1, = 2.05 x 10-23J/T, which is 
the mks unit of magnetic moment; specific gravity at 20°C = 7.874) and 
compare your result with the measured value 1043°K. (c) In the Weiss theory 
of ferromagnetism, the factor of 4 in Eq. (11-76) is replaced by a different 
factor y so that H,, = H + yM. What value must y have in order to predict 
the critical temperature of iron correctly? 


11-8 
Ferromagnetism 


Some materials, known as ferromagnetic materials, exhibit a very 
extreme nonlinear paramagnetic response that arises from a very strong 
inclination of the constituent permanent dipoles to orient themselves parallel 
to an externally applied magnetizing field. The extreme strength of this 
ferromagnetic response can be understood only by quantum mechanical 
arguments and the phenomenon itself is therefore a macroscopic manifesta- 
tion of a purely quantum mechanical behavior; ferromagnetism cannot even 
be approximately understood by classical arguments. We cannot digress here 
to present the full quantum mechanical treatment. In essence, however, it 
turns out that, under the conditions existing in ferromagnetic materials, 
parallel orientation of all of the molecular dipoles within macroscopically 
small but still microscopically large volumes of the material is energetically 
preferred to a more random orientation of these dipoles. Thus, a macroscopic 
sample of ferromagnetic material breaks up spontaneously into macroscopic- 
ally small but microscopically large domains, each of which contains a very 
large number of molecular dipoles all oriented in the same way. Now, in a 
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ia Fig. 11-10. Domains in (a) an un- 
El Ex magnetized and (b) a (completely) 
magnetized ferromagnetic sample. 


macroscopically unmagnetized sample, these domains are randomly oriented 
within the constraints imposed by the crystal structure of the sample [Fig. 
11-10(a)]. When placed in an external field, however, the sample magnetizes 
by preferential orientation of domains or by the motion of domain walls so 
as to enlarge some domains at the expense of others [Fig. 11-10(b)]. The 
resulting collective response of huge numbers of molecules can produce an 
extremely large magnetization; the value of K,,—to the extent that it is mean- 
ingful at all—may be as large as 105 or 10°. 

Although the relationship B = u,.(H -- M) is always correct, for fer- 
romagnetic materials the relationship between M and H and consequently 
also the relationship between B and H is very complicated. Even the qualita- 
tive properties of ferromagnetic materials are therefore somewhat involved. 
Ferromagnetic response in a particular ferromagnetic material, for example, 
is not observed at all unless the temperature T is below the critical Curie tem- 
perature for that material; at temperatures above the Curie temperature ferro- 
magnetic materials exhibit much weaker paramagnetic response. Even when 
T <T,, M and hence B may both be nonzero even if H is zero, and we have 
a permanent magnet. Further, whether His zero or not (but T is still below T.), 
the values of M and Bin general are not unique, for the ferromagnetic response 
is usually not even approximately a single-valued function of H; it depends 
both on how His built up from zero and on the initial state of magnetization 
of the sample. Finally, ferromagnetic materials may be anisotropic, so that 
B, H, and M need not be parallel except possibly when H is applied in one of 
a few very special directions in the material. Clearly, we need to know quite 
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Fig. 11-11. A representative magnetization curve. 


a bit about the properties of a particular ferromagnetic sample, about its 
present environment, and about its past history before we can determine B 
and M from knowledge of H. 

A common method for presenting information about the relationship 
between B and H in a particular ferromagnetic material, at least when B and 
H are parallel, is to display a graph of B versus H, where B and H here mean 
not the magnitudes of B and H but the components of B and H along a line 
parallel to B and H. (In mks units, it is perhaps better to plot B versus “oH 
so that the axes are labeled with quantities having the same dimensions.) 
Even a graph of B versus H, however, depends on the past history of the 
sample to which it applies. For the sake of standardization, let us therefore 
start with a macroscopically unmagnetized sample, which we place, say, as 
the core of a Rowland ring (Fig. 11-9). Now, let H be gradually (and mono- 
tonically) increased by gradually increasing the current. If we measure B for 
various values of H,° we obtain a relationship having the general form of Fig. 
11-11, which is called the magnetization curve for the particular material in- 
volved. The quantity B increases nonlinearly with H, and ultimately a point is 
reached above which further increases in H do not alter B very significantly. 
Above this point, the material has magnetized to saturation, all of the domains 
are fully aligned, M cannot be further increased, and the effect of increasing 
H is no longer amplified by the response of the material; B = 4.(H + M) 
increases only slowly with further increases in H. Two permeabilities are 
sometimes used to describe the material to which Fig. I 1-11 applies. The per- 
meability analogous to the permeability used for diamagnetic and paramag- 
netic materials is geometrically the slope of a line from the origin to some 


5One way to determine B in the core is to use, for example, a Hall probe (P9-7) to 
measure B in a narrow gap in the core. B in the gap is the same as B in the core (P12-19). 
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point on the graph; it is defined by 
B=p(H)H or pH) = oo (11-81) 


and is a strong function of H. The differential permeability yj is geometrically 
the slope of the graph 


pdt) =F (11-82) 


and is also a strong function of H. Which (if either) of these permeabilities 1s 
best suited to a particular problem involving ferromagnetic materials must 
be determined by examining the problem. 

We can calculate the amount of energy required to move from one point 
on the magnetization curve to another by using Faraday’s law, which in fact 
is valid even in the presence of matter (see Section 12-1). Thus, the emf & 
induced in the Rowland ring of Fig. 11-9 is given by & = —Nd@,,/dt, where 
N is the number of turns and @,, is the flux of B across a single turn of the 
coil. The power input dW/dt as given by Eq. (6-23) then is 

dW _ 4, 4®,, 

me 7 (11-83) 
To simplify the argument, suppose the ring is large enough so that the fields 
are essentially uniform within its core. Then ®,, = BS, where S is the area 
of the cross section of the core and B is the tangential component of B. 
Further, from Eq. (11-70), the tangential component of H, which we now 
denote merely H, is given by H = NI/2x2 = NI1/€, where ¢ is the (median) 
length of the core. Thus, Eq. (11-83) can be written in the form 


= = (2S) — = Va (11-84) 
where V = €S is the volume of the core. Consequently, the energy input per 
unit volume required to increase the B-field from B to B + dB when the H- 


field is H is given by 


a(>) Sy de (11-85) 


and the total energy required per unit volume to change the B-field from 
Binitia = B; tO Brinsy = By is given by 


a= . H(B) dB (11-86) 


which can be interpreted geometrically as the area bounded by the magne- 
tization curve, the vertical axis, and the lines B = B,and B = B,. If B, > B, 
in Fig. 11-11, work must be done on the fields; if B; < B,, energy will be 
taken out of the fields. 

The magnetization curve, of course, does not convey all properties of a 
ferromagnetic material. Suppose now that we gradually reduce H from the 
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Fig. 11-12. A representative hysteresis curve. 


maximum value reached in Fig. 11-11. We find that B does not trace back to 
zero along the curve already obtained. Instead, B follows a curve such as that 
shown from a to 6 in Fig. 11-12. When H has been reduced to zero, B is still 
nonzero, and a permanent magnetization has resulted. Application of an 
H-field in the opposite direction brings about further reduction of B, and 
finally M saturates in the other direction at some point c. If His now increased 
from this point, B again rises but still does not go to zero when H has again 
become zero. The curve passes through some point d as H passes through 
zero. Further increase in H causes B ultimately to rise again to the point a 
where ™ saturates. If this cycle is now repeated many times in succession, 
after awhile the curve traced out in the B-H plane stabilizes with a shape and 
an extent determined by the material and by the range through which H 
varies. The resulting stable curve is known as a hysteresis loop, the word 
hysteresis itself referring to the lag between the magnetization M and the 
field H that produces M. The loop is a (actually the) major hysteresis loop 
if H becomes large enough to produce saturation and a minor hysteresis loop 
otherwise. Two parameters of the major hysteresis loop are often given to 
specify at least part of the properties of a ferromagnetic material: The 
remanence is the (positive) value of B when H 1s zero, and the coercive force 
is the magnitude of H when B is zero. Together, the remanence and the 
coercive force of a particular material outline the approximate region occu- 
pied by the major hysteresis loop of the material. 

We now note from Eq. (11-86) that the amount of energy input to the 
fields as a ferromagnetic sample is moved along cda in Fig. 11-12 is greater 
than the amount recovered as the sample is returned to its initial point along 
abc. Thus, some energy is converted to heat in the sample as it is carried 
around its hysteresis loop. It is shown in P11-27 that in cycling a ferromagnetic 
material once around its hysteresis loop, an amount of energy given by the 
integral 


energy dissipated per unit volume per cycle = $ HB (11-87) 
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about the hysteresis loop is dissipated per unit volume in the material. Geo- 
metrically, this energy loss is equal to the area of the hysteresis loop. 


PROBLEMS 


P11-26. (a) Reading data from the magnetization curve in Fig. 11-11, 
obtain a graph of y/, versus 4H for this material. (b) Suppose this material 
now composes the core of an infinitely long solenoid with 200 turns per unit 
length. Find the magnetic induction in the core when the current in the coil 
is 5,2, and 4A 

P11-27. Show that the energy dissipated per unit volume in a ferromag- 
netic material cycled once around its hysteresis loop is given by ¢ H dB and 
verify that this integral expresses the area of the hysteresis loop. 

P11-28. Describe the general characteristics of the hysteresis loop of 
ferromagnetic materials that are particularly good for making (a) permanent 
magnets and (b) transformer cores. Defend your answers. 


Supplementary Problems 


P11-29. Quantum mechanically, the magnetic moment m of an atomic 
system can be written in terms of the total angular momentum J of the 
system in the form m = —g(q,/2m,)J, where q, is the magnitude of the elec- 
tronic charge, , 1s the mass of the electron, and g is a dimensionless fac- 
tor—called the Landé g-factor—that characterizes the specific system. (In 
particular, g has the value | if the angular momentum is purely orbital—com- 
pare P] 1-3—the value 2 if the angular momentum originates entirely in spin, 
and some intermediate value if the angular momentum has both orbital and 
spin components.) Further, when an external magnetic induction B,, — B,,k 
is applied to the system, its energy is changed by an amount 


a — oF p J: 

i = 1, = Soe By, (1) 
where fh is Planck’s constant divided by 2z. Now, for a system with total 
angular momentum quantum number j (which must have one of the values 
Ope we)./,j/h can assume only the 2; ilvaluess, ==) e =) eal 

') J. Whus, only the energies 2 — ef siBee where 1h eae 2p mic 
the Bohr magneton, are allowed. Further, the z-component of the magnetic 


moment can assume only the values 7, = —gM,s. Finally, statistically, 
gee 
<m.»> == y ge EekT (2) 


where & is Boltzmann’s constant and T is the absolute temperature. (a) Show 
that 


<m.> =n, tanh (7272) (3) 
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when j = 4. Here, m) = 4gM,, tanh x = sinh x/cosh x and sinh x and cosh 

x are defined in footnote 1, Chapter 8. (b) If there are atoms per unit volume, 

then the magnetization M is given by n(m,). Sketch a graph of M versus 

m,B,,/kT, and show that the saturation value of the magnetization is M= 

nm. (c) Writing H,, = H + yM (as in P11-25), show that the magnetization 

of this sample is determined by the solution to the transcendental system 
M M kT H 


= is h 2 Se 
M, : i M, YUonms ‘i YAM) @ 


(d) On the same axes, sketch graphs of M/M, versus x as given by both of 
these equations and then, by allowing the straight line to move, obtain 
qualitative data and sketch graphs of M/M, versus H for various fixed tem- 
peratures. (e) Now let H = 0 and obtain a sketch of M/M, versus T. Show in 
particular that M/M, = 0 unless T < T, = yygnm}/k. Optional: (1) Use a 
computer to find M/M, versus T/T, for H = 0 to three significant figures and 
plot a careful graph. (2) Find and explore an expression analogous to Eq. (3) 
for some other value for /. 
P11-30. Write Eq. (11-41) in the form 


1 dq;, 
Lon) = val lr ng 


where dq’,, = p,, dv' or a,, dS’ as appropriate to the distribution, follow the 
development in Section 4-6, and derive a multipole expansion for the mag- 
netic scalar potential. Make sure to present a convincing mathematical argu- 
ment for the absence of the monopole term. 

P11-31. Consider a cylindrical bar magnet of length ¢ and cross-sectional 
area S uniformly magnetized to magnetization M. Let this magnet be placed 
in a uniform external magnetic induction B, with B perpendicular to M. (a) 
Calculate the torque on the magnet from the expression m X B, where m = 
MS¢ is the dipole moment of the magnet. (b) Calculate the torque also by 
replacing the magnet with equivalent poles and assuming a magnetic force 
F,, parallel to B on the positive pole and an equal but opposite force on the 
negative pole. (c) Equate these two evaluations of the torque to show that a 
magnetic charge q,, in the field B experiences a magnetic force given by g,,B. 
(d) Show from Eq. (11-44) that the B-field established at r by a magnetic pole 
of strengthq,, at the origin is given by B = yq},r/4ar? and infer “Coulomb’s” 
law Fm: Un) = HoImGmt/4nr? for the force between two magnetic poles. (e) 
Under what conditions would you expect to observe such an inverse square 
force experimentally ? 

P11-32. If Eq. (11-36) is applied to a point interior to the magnetized 
object, r’ assumes the value r somewhere in the domain of integration and 
the first term no longer contributes zero. However, V7(1/|r — r’]) 1s still zero 
except at r’ = r, so the first term can be reduced to an integral over a small 
volume Av centered on the point r. If Av is small enough, M(r’) is essentially 
constant throughout Av and can be removed from the integral with the value 
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M(r). Evaluate the remaining integral formally and combine your result with 
Eq. (11-39), which expresses the second term in Eq. (11-36), to derive Eq. 
(11-55) for the interior field. Criticize this method of deriving the interior 
field. Hints: (1) Write V2 (1/|r — r’|) as V’-[(r — r’)/|r — r’[?]. (2) Use the 
divergence theorem. (3) Use Eq. (2-37). 

P11-33. Given that J, = V x M, V x M,cV x M, and cV X M and 
that V < B = 4xJ,/c?, 4zJ,, 4zJ,/c, and J,/c in cgs-esu, cgs-emu, Gaussian 
units, and Heaviside-Lorentz units, respectively, find the equation relating 
H, B, and M in each of these systems of units. Hint: See Footnote 4. 
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12 


Time-Dependent Fields 
When Matter Is Present: 
Maxwell's Equations 
Revised 


In Chapters 10 and 11, we introduced the displacement field D and 
the magnetic intensity H, which supplement the electric intensity E and the 
magnetic induction B when matter is present. When the fields are static 
(which requires also that the polarization P and magnetization M be static), 
the four fields satisfy the equations 


$ D-ds =| pd V-D=p (12-1) 
pE-de = ei 0 (2D) 
pH-dé = | J-dS VxH=J (12-3) 
> B-dS = 0 V-B=0 (12-4) 


where p is the free charge density and J is the free current density. Supple- 
mented with definitions of D and H and with relationships determining P 
and M, these equations constitute the formal framework of electricity and 
magnetism when matter is present, but this framework will not be fully gen- 
eral until we have extended it to include time-dependent fields. In some 
ways, this generalization is simple: All of the quantities in Eqs. (12-1)-(12-4)— 
including P and M, whose explicit appearance has been suppressed by intro- 
ducing the vectors D and H—merely acquire a time dependence. In other 
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ways, this generalization is far less simple, for additional terms appear in the 
equations. We have already seen the form of these additional terms in vac- 
uum. We shall now determine their form when matter is present. In addition, 
we shall examine some of the general consequences of the revised equations. 


12-1 

Maxwell’s Equations in Matter 

Equations (12-2) and (12-3) acquire additional terms when the full 
set of equations is generalized to include time-dependent fields. Consider 
first the generalization of Eq. (12-2). As with the analogous generalization 
in Section 6-1 for the fields in vacuum, we begin with the concept of emf, 
which we still define as the work done on a unit charge moved once around 
the path described in the first subsection of Section 6-1. Throughout our 
development of properties of matter, however, the fields E and B have retain- 
ed their connection with forces experienced by charged particles. Thus, even 
in the presence of matter, the electromagnetic part of the emf is still given by 


Eem(t) = ¢ ten mae 


r 


= f [E(r, 2) + w(r, 2) x B(r, 1))-dé (12-5) 


where F,,, is the force on a particle of charge g in the electromagnetic field 
E, B and v(r, £) is the velocity of the path I at the point r at the time ¢. In 
particular, this definition includes a motional emf that we can still write in 
the form 


(12-6) 


Sat = GW 5)-d6 eS 
Tr dt = 

where & is a surface bounded by I. [See Eqs. (6-13)-(6-17).] Thus, at least 
the motional emf remains unchanged by the presence of matter. The more 
general validity of the analogous expression in Eq. (6-12) suggests that Eq. 
(12-6) may also apply to emf’s originating in time-dependent fields as well 
as to motional emf’s. Assuming that generality, we would then have that 


C on = an 


F (12-7) 


or, equivalently, that 


Ot 
[Compare Eqs. (6-18)-(6-21) and Eq. (6-47).] Equations (12-7) and (12-8), of 
course, contain new elements that are not present in Eq. (12-6), and the sup- 
port for Eqs. (12-7) and (12-8) lies not in the argument that led to them—that 
argument is a plausibility argument, not a derivation—but rather in an experi- 
mental confirmation of the predictions based on these equations. To date 


pede=—| Bas VxE= —9B (12-8) 
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no experimental contradictions have been found, and we therefore conclude 
that Faraday’s law assumes the same form whether matter is present or not. 

Consider now the generalization of Eq. (12-3) to time-dependent fields. 
The necessary modification is determined most directly if we return tempo- 
rarily to the equation relating the curl of B to the ¢ota/ current density, what- 
ever its origin, viz., to 


Vx B= 4,.(J + J.) (12-9) 


This equation is applicable only to static fields. When the fields (and the mac- 
roscopic polarization and magnetization vectors) become time-dependent, 
additional currents appear. We already know (Section 6-2) that a time-depen- 
dent electric field has associated with it a current density J, given by €, dE/dt. 
But a time-dependent polarization, which involves a time-dependent re- 
adjustment of charge within the dielectric, also gives rise to an apparent 
macroscopic current. To obtain a quantitative expression for this polarization 
current density, we recognize first that the total bound charge Q, contained 
within an arbitrary (but fixed) volume of a polarized dielectric is given by 


0,= | p.dv= —[V-Pdv—=—$P-dS (12-10) 


where the final form is obtained by using the divergence theorem. Conse- 
quently, the net rate at which bound charge flows out of this volume is given 
by 


Be, os (12-11) 


and we infer that a time-dependent polarization gives rise to a current density 
J, given by dP/dt. In extending Eq. (12-9) to time-dependent fields, both 
J,and J, must be included, and we find that 


Vo bea 7 IL 
OE , oP 
= fio 2D ML reo 
B ao ; 
Vix (= —M) = aie ee (12-12) 
Ho ot 
Finally, returning to the fields H = w>'B — M and D = €,E + P, we have 
that 


fades | (345?) -4s Wey (12-13) 


As with Faraday’s law, the real test of this equation lies much more in the 
experimental confirmation of its predictions than in the above “derivation”. 

On the basis of our present knowledge, the only other terms that we 
might expect in Maxwell’s equations would be a free magnetic charge density 
in Eq. (12-4) and a free magnetic current density in Eq. (12-2). Both of these 
terms are ruled out by the experimental absence of free magnetic charge. 
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Thus, Maxwell’s equations for time-dependent fields in matter are 


f D-ds = | pao V-D=p (12-14) 

ob meek 12-15 

f Bde=—| $F as VXE=—92 (1215) 

jude = | (I+ 9?) as ¥xH=J¢2> (12-16) 

| B-as —0 V-B=0 (12-17) 

These equations are to be supplemented with the definitions 

Dr 8k (GOES) 

ee (12-19) 

Ho 


and with the Lorentz force 
F = g[E + v xX B] (12-20) 


on a particle with charge g moving with velocity v in the fields. Equations 
(12-14)-(12-20) are the fundamental equations of electricity and magnetism 
when matter is present. They are valid regardless of the properties of whatever 
matter may be present, although they are restricted to use in a coordinate 
system in which all matter is at rest. Because these equations, as the mathe- 
matical expression of particular experimental results, have a very broad 
range of applicability, they have come to be regarded as a very basic expres- 
sion of the properties of the electromagnetic field. From expressions of exper- 
imental results, these equations have been elevated to the status of basic 
principles and are regarded essentially as the starting point for all theoretical 
considerations involving the electromagnetic field. Indeed, in some develop- 
ments of the subject, Maxwell’s equations are taken as postulates and the 
entire subject is developed from these equations as an assumed starting point. 

Of course, it is not possible to obtain solutions to these equations in the 
absence of more specific information about p, J, P, and M. For some prob- 
lems these quantities will be part of the given information. In other circum- 
stances, they may be determined by the fields and by the response of whatever 
matter is present to those fields. If the latter is the case, empirical information 
about the response of that matter is usually needed. The simplest materials 
are /inear. For these materials, the constitutive relations have the form 


P= 7k Wily, A J == gh, (12-21) 
and Eqs. (12-18) and (12-19) become 
Deck, B= ywH (12-22) 


In contrast to Eqs. (12-14)-(12-20), Eqs. (12-21) and (12-22) are valid only 
for specific materials. More complicated constitutive relations may be needed 
to describe the empirical properties of other materials adequately. 
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PROBLEMS 


P12-1. Show that Maxwell’s equations admit a principle of superposi- 
tion; that is, show that if E,, H,, D,, and B, satisfy the equations with sources 
J, and p;, then 5) E,, 35 H,, 55 D,, and S} B, satisfy the equations with sources 
Dead 5 77 

P12-2. Show that the fields E’ = BuH, H’ = — cE satisfy Maxwell’s 
equations in a linear medium with J = 0 and p = 0 if E and H satisfy the 
equations. Here, B is a constant. Apart from a few constants and a minus 
sign, the fields E and H can therefore be exchanged. 

P12-3. Reexpress Eqs. (12-14)-(12-17) by eliminating D and H in favor 
of E and B, thereby displaying explicitly where P and M appear in the equa- 
tions. 

P12-4. Starting with Maxwell’s equations, derive a law for the force 
between two point charges in a linear dielectric. Hint: Use Gauss’s law in 
integral form. 

P12-5. A conductor of arbitrary shape is surrounded by a linear dielec- 
tric. Show that, provided the fields are static, the free surface charge density 
o(P) at a point P on the surface of the conductor is given by o(P) = D(P)-ii(P), 
where fi(P) is a unit vector normal to the conductor at P. 

P12-6. (a) Show that in linear matter with no free charge or currents 
all Cartesian components of the electric field and all Cartesian components 
of the magnetic induction satisfy the homogeneous wave equation. Hint: 
Take the curl of Eqs. (12-15) and (12-16) and use Eq. (C-19). (b) What is 
the speed of propagation of an electromagnetic wave in linear matter char- 
acterized by a permittivity « and a permeability 4? Predict the index of 
refraction n for this matter, where 7 is defined as the ratio of the speed of 
light in vacuum to the speed of light in the matter. 


12-2 

The Equation of Continuity 

In the next several sections, we shall consider how the present form 
of Maxwell’s equations alters various expressions with which we are already 
familiar in the form applicable when matter is not present. Consider first 
the equation of continuity. Just as in the absence of matter, this equation 
expressing conservation of charge can be derived from Maxwell’s equations. 
Since the divergence of a curl is automatically zero, the divergence of Eq. 
(12-16) yields the result 


VI + £(V-D) =0 (12-23) 


Substitution from Eq. (12-14) then gives 
een |e 2 pcg OP a) 12-24 
| 3-48 = | Baw ee ye | ( ) 
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which has the same form as the equation of continuity in vacuum except that 
pand J now refer to the free charge density and free current density. Because 
of their origin, the bound charge and current distributions automatically 
satisfy a conservation law and consequently Eq. (12-24) does not include 
that component of the charge distribution (P12-7). 


PROBLEM 

P12-7. Explain why the equation of continuity involves only free charges 
and currents. Hint: Write equations of continuity for the polarization and 
magnetization currents, and show that these equations are automatically 
satisfied. 


12-3 

The Energy Theorem 

An equation that can be interpreted as an energy theorem can be 
derived from Maxwell’s equations even when matter is present. Following 
the pattern of Section 6-4, we subtract the dot product of Eq. (12-16) with 
E from the dot product of Eq. (12-15) with H and use Eq. (C-12) to find that 


H-V x E—E-V x H=V-(E x H) 


Se eee ae pes 


ot ot 


We then integrate Eq. (12-25) over some volume and use the divergence 
theorem to obtain 


a do | ae _9D 4. OB) , : 
} Ex H)-ds [ seas | a tH a) (12-26) 


Each of the terms in this result can be given an interpretation similar to that 
of the corresponding term in Eq. (6-51). Since, for example, presence of 
matter does not alter the relationship between the fields E and B and the 
forces experienced by charged particles, the arguments associated with Eq. 
(3-39) apply also to the present case and { J-E dv still represents the rate at 
which work is done by the fields on the particles in the volume over which 
the integral extends. 

The second integral on the right in Eq. (12-26) is more difficult to inter- 
pret. /f the medium is /inear, so that D = €E and B = wH, with € and uz 
constants, then 

pa 


a. ee l 
Oe t 2 ot 


(E-€E) = $(sED) (12-27) 


and similarly 


H. 2B = $(+H-B) (12228) 
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For these media, the final term in Eq. (12-26) assumes the form 
0 ! l 
nae (+E-D EL = H-B) dv (12-29) 


from which by analogy with the similar term in Eq. (6-51) we are led to asso- 
ciate the energy density 
Us = 4E-D + 4H-B (12-30) 

with the electromagnetic field. Further, we are led to interpret the final term 
in Eq. (12-26) as the rate at which energy stored in the fields is increasing. 
Equations (12-29) and (12-30) remain valid even for those anisotropic media 
in which the components of D are related to those of E by a symmetric per- 
mittivity tensor €,, through the equation D, = >), €,,E;, where e,; is time- 
independent and field-independent but may depend on the spatial coordinates 
(P12-8). Even in more general situations for which an energy density cannot 
be identified, the final term in Eq. (12-26) is still interpreted as the rate at 
which energy stored in the fields in a particular volume is increasing. 

Accepting these interpretations, we conclude that the right-hand side of 
Eq. (12-26) is the total energy per unit time that must be coming into the 
volume over which the integrals extend. Since we have (tacitly) assumed that 
there are no sources or sinks of energy within any volume, the power input 
represented by the right-hand side of Eq. (12-26) must arise from a flow of 
energy across the boundary of the volume. Conveniently, the left-hand side 
of Eq. (12-26) involves a surface integral, and we therefore identify that 
integral with the rate at which energy is transported into the volume by virtue 
of energy flow across the bounding surface. Replacing the minus sign with a 
plus sign, we conclude that 


rate at which energy flows out of V\ __ ; : 
( across the bounding surface X ) a ¢ (E x H)-dS (12-31) 


which in turn leads to the identification of the vector $ 

S=E x ii (12-32) 
—-still called the Poynting vector—as a vector representing energy transport 
by the electromagnetic fields. It is common to interpret the vector § as 
representing a density of energy flow across surfaces, but there has been con- 
siderable discussion about the appropriateness and correctness of this interpre- 
tation. [See the remarks following Eq. (6-55) and the references given there.] 
Note, however, that this interpretation of the Poynting vector has not been 
specific to any particular medium; it applies whatever form the constitutive 
relations may happen to assume. Note also that energy transport in an elec- 
tromagnetic field is most directly discussed by using the vectors E and H. 


PROBLEMS 


P12-8. Show that Eq. (12-27) applies if the relationship between the 
components E, of E and D; of D is given by D; = }); €:;£;, where €;; 18 a 
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time-independent and field-independent but spatially dependent symmetric 
second-rank tensor. In fact, an argument based on conservation of energy 
can be constructed to show that €,, is necessarily symmetric. 

P12-9. Suppose that B = B(H) as in ferromagnetic materials. Show from 
the last term in Eq. (12-26) that the energy required to change the fields in a 
ferromagnetic material is given by { H-dB and compare this result with Eq. 
(11-86). Carefully enumerate any assumptions made. 

P12-10. A dielectric slab of permittivity € fits snugly (but moves without 
friction) between the (rectangular) plates of a parallel plate capacitor (P4-16). 
Let the plates have separation d, length a, and width b, and let them be main- 
tained at a constant potential difference AV by a battery. Finally, suppose 
the slab is partially removed by sliding it a distance x parallel to the edge of 
length a. Calculate the force on the dielectric slab and determine whether 
the force pulls the slab into the plates or repels it still further. Hints: (1) 
Neglect fringing. (2) Imagine a small, virtual displacement and calculate the 
change in energy. (3) Equate that change to the work done by the force on 
the slab, after making suitable correction for any work done by the battery 
to maintain the specified potential. 


12-4 

The Momentum Theorem 

In Section 6-5, the momentum to be associated with an electro- 
magnetic field in free space was inferred by considering the forces experienced 
by a charge and current distribution by virtue of the interaction of that distri- 
bution with the fields that the distribution itself establishes. Although in the 
presence of matter, the force F experienced by a charge and current distri- 
bution in an electromagnetic field is still given by 


F=f [pE+J x Bldv (12-33) 


and this force is still the rate of change of the linear momentum P of the mat- 
ter within the volume over which the integral extends, Maxwell’s equations 
with no restrictions on the constitutive properties of whatever matter is present 
lead now to the result 


S(P-+ [ x Byde) = f tev.) — x (vx B) 
—Bx(V x HW] d (12-34) 


instead of to Eq. (6-59). Because the integral under the time derivative appears 
on the same footing as the momentum P, Eq. (12-34) suggests that the fields 
in the volume V should be assigned a momentum density G given by 


G=DxB (12-35) 
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Since no restricting assumptions have been made about the properties of 
whatever matter is present, this identification is independent of how DandB 
are related to E and H. Thus, the momentum density G (determined from 
D and B) and the Poynting vector $ (determined from E and H) are in general 
not simply related. If, however, the medium involved is /inear, then 


G = cE X wH= exE X H= €n8 (12-36) 


which reduces to Eq. (6-62) in vacuum where € = €, and wz = fo. 
An alternative expression for the quantity appearing on the right-hand 
side in Eq. (12-34) is explored in P12-28. 


12-5 
On Which Fields Are Basic 


Four fields—E, D, B, H—have been introduced but only two of 
these four are independent. The other two are determined by Eqs. (12-18) 
and (12-19). We have so far regarded E and Bas basic and D and Has auxil- 
iary. Now that we have seen how these fields enter into various aspects of the 
general formalism, we point out that the choice of which fields to regard as 
basic is in part arbitrary, this choice being primarily determined by the cir- 
cumstances of the problem at hand. If, for example, we are interested in 


forces on charged particles, we take E and B as basic. 
response of matter, we take E and H as basic. 

energy transport, we take E and H as basic. 

momentum in the fields, we take D and B as basic. 

field problems when bound charge and current distributions 
are initially unknown, we take D and H as basic. 
symmetric discussion of Maxwell’s equations, we take either 
D and Bor Eand Has basic. 


Perhaps other situations could be added to this list. These few observations 
should, however, be sufficient to point out that the choice of basic fields is 
as much a matter of taste and convenience as of the intrinsic theory. 


12-6 

The Potentials 

Even when matter (of whatever type) is present, it is possible to 
express the fields E and B in terms of scalar and vector potentials V and A. 
The arguments are identical with those presented to support Eqs. (6-63)- 
(6-65). In essence, 


Ven (=> Bi yo A (12-37) 
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and then 
dB gA\ _ 
Vx E=—S—>Vx (E+ $2) =0 
CN 
a re VV 
Lape —vwy a (12-38) 


[See items (3) and (4) in Section 2-5.] Further, the fields continue to be in- 
variant to the gauge transformation 


Ay Av eee (12-39) 


[compare Eqs. (6-66) and (6-68)] and the divergence of A remains arbitrary. 

As in Section 6-6, two of Maxwell’s equations—Eqs. (12-15) and (12-17) — 
are automatically satisfied when the fields are expressed in terms of the poten- 
tials A and V; the remaining two generate differential equations whose solu- 
tions determine the potentials. When matter is present, however, this second 
pair of equations—Eqs. (12-14) and (12-16)—involves the fields D and H, 
which are not given directly by the potentials. Thus, the form of the equations 
for A and V depends on the form of the relationships between D and E and 
between H and B. If D and B are linearly related to E and H, as in Eq. (12-22), 
then combining the potentials with Eqs. (12-14) and (12-16) ultimately yields 
that 


(v> be wes) A S 2h (12-40) 
and that 
(Vv? = wes=\V = 2 (12-41) 
Or? € 
provided the potentials satisfy the Lorentz condition 
od de per at (12-42) 


[Compare Eqs. (6-72), (6-73), and (6-71).] For more general relationships 
between D and E and between H and B, the resulting equations for A and V 
may be more complicated, but they can always be obtained by substituting 
Eqs. (12-37) and (12-38) into Eqs. (12-18) and (12-19) and then substituting 
those results into Eqs. (12-14) and (12-16). 

Although the vector and scalar potentials A and V are the only potentials 
that can always be identified without imposing special conditions on the 
fields, the sources, the polarization, or the magnetization, other potentials 
with more limited applicability can be identified. We have, for example, 
already introduced the magnetic scalar potential, which is useful for static 
fields when J = 0 (for then V x H = 0, which implies that H = —VV”), 
One other potential that is occasionally useful is explored in P12-12. 
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PROBLEMS 


P12-11. Verify that Eqs. (12-40) and (12-41) for the potentials in homo- 
geneous, linear matter follow from Eqs. (12-14) and (12-16) provided that 
the condition in Eq. (12-42) applies. 

P12-12. Consider a situation in which there are no free charges or currents 
but the polarization throughout all space is a specified function of position 
and time. Let the permeability be that of free space. Show that all of Max- 
well’s equations are satisfied if we introduce a single potential I, called the 
Hertz potential or the polarization potential, in terms of which 


D=.,Vx(VXW B= jaa) ae 
provided IT satisfies 
0 le 
Ae ae \ ||, 
(v oto) E, 
Show also that the fields can be derived from the vector and scalar potentials 
A= poe. ey 


and that these potentials satisfy the condition in Eq. (12-42) with we = My. 


12-7 
Boundary Conditions at Discontinuities 
in the Medium 


Because Maxwell’s equations are differential equations, the complete 
statement of a problem in electromagnetism requires the specification of 
conditions that acceptable solutions must satisfy at the boundaries of the 
domain of the problem. In one-dimensional problems, these conditions are 
adequately stated by giving the value of the solution and/or sometimes 
the value of its derivative at both ends of the region of interest. In 7 dimen- 
sions, values and maybe derivatives must be specified over the (n — 1)-dimen- 
sional surface that bounds the n-dimensional volume in which the solution 
is sought. If, for example, the region of interest is the interior of a sphere of 
radius a, the boundary condition might be that the electric field vanish on 
the boundary, expressed analytically in spherical coordinates by the equation 


E(a, 6,6) = 0 (12-43) 
If the volume of interest happens to be infinite, the bounding surface is a 
surface at infinity. In such cases the boundary condition may be stated not 
by giving a value but by requiring that the fields approach a particular asymp- 
totic limit as the boundary at infinity is approached; for example, we might 
require that 


ae) = (12-44) 
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as r—> co. The particular character of boundary conditions of this type is 
very specific to the problem being solved and we can say little more without 
specifying the problem more explicitly. 

In principle, the differential form of Maxwell’s equations and the appro- 
priate conditions at the boundaries of some region are sufficient to determine 
the fields in this region. In fact, such a formulation of an electromagnetic 
problem is suitable only if the properties of space in the region of interest 
vary smoothly from point to point. In many problems of interest, however, 
a boundary in the form of an interface between two media having different 
properties occurs within the volume of the problem. If we can regard this 
boundary to be spread out over some region and if we can regard the prop- 
erties of the medium to change smoothly in some known way from one side 
of this region to the other, then Maxwell’s equations can be integrated across 
the boundary with no difficulty. Despite its physical impossibility, however, 
it is much more convenient to regard an interface between two different 
media (one of which may be vacuum) to be abrupt. For such an idealistic 
interface, the differential form of Maxwell’s equations cannot be easily inte- 
grated across the interface and we must find another way to express the con- 
nection between the fields on one side of the interface and the fields on the 
other side of the interface. As we shall show in this section, the infegral form 
of Maxwell’s equations contains the necessary information. 

Consider, then, an interface between two different media (Fig. 12-1). In 
a sufficiently small region about a selected point P on this interface, the 
boundary between the two media can be regarded as plane. Introduce a unit 
vector fi normal to the interface at the point P and, for definiteness, direct 
the normal vector from medium 1 fo medium 2. Finally, imagine a small 
pillbox with its two plane faces perpendicular to the unit vector fi and its 
remaining side perpendicular to the interface. Let the plane faces of this pill- 
box have area AS and let the pillbox enclose a volume Av. Now, apply 
Gauss’s law, Eq. (12-14), to this pillbox. The left-hand side of this equation 
has the more explicit evaluation 


eee 7 ee _ (contribution from 
$D dS = D,(P)-fi AS + D,(P)-(—f) AS 4 ( the cylinder ) (12-45) 


Fig. 12-1. Interface between two 
media. The pillbox used to obtain 
boundary conditions on the normal 
components of D and B is shown. 
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where D,(P) is the displacement vector at P in medium | and Do(P) is the 
displacement vector at P in medium 2; the right-hand side has the evaluation 


{ p dv = total free charge in pillbox 
a= p,(P) Av, + p,(P) Av, + o(P) AS (12-46) 


where p,(P) and p,(P) are the free volume charge densities at P in medium 
1 and medium 2, o(P) is the free surface charge density at P, and Av, and 
Av, are the portions of Av lying in medium | and in medium 2, respectively. 
All volumes and surfaces have been assumed small enough to justify treating 
the fields and charge densities as constants throughout the region of integra- 
tion. Substituting Eqs. (12-45) and (12-46) into Eq. (12-14), we find that 


[D,(P)-f — D,(P)-f] AS + (contribution from the cylinder) 
= p,(P) Av, + p.(P) Av, + o(P) AS (12-47) 


Now let the two faces of the pillbox move arbitrarily close to the interface, 
each remaining on its own side of the interface. In that limit, Av, and Av, 
approach zero and the contribution to the flux from the cylindrical wall of 
the pillbox also disappears. In this limit, Eq. (12-47) becomes 


D,(P)-f — D,(P)-fi = o(P) (12-48) 


Thus, the normal component of the displacement vector is discontinuous 
across an interface by an amount equal to the free charge density on the inter- 
face. If this charge density is zero, then the normal component of the displace- 
ment vector is continuous across the boundary. 

An essentially identical argument that begins with the application of the 
integral form of the magnetic flux law, Eq. (12-17), to the pillbox of Fig. 
12-1 leads finally to the conclusion that 


B,(P)-fi — B,(P)-fi = 0 (12-49) 


Thus, the normal component of the magnetic induction field is continuous 
across the interface. Because no free magnetic charge exists, the normal 
component of the magnetic induction field is never discontinuous. 

To obtain two additional equations relating the fields on opposite sides of 
an interface, we apply the remaining two Maxwell equations (in integral form) 
to a rectangular path whose plane contains the unit vector fi normal to the 
interface at point P (Fig. 12-2). Let the path enclose a (plane) area that is 
small enough so that two of its sides can be regarded as perpendicular to the 
interface and two as parallel to the interface, and let f be a unit vector tangent 
to the surface and in the plane of the rectangle (which may be any plane 
containing the vector fi). Now, apply Faraday’s law, Eq. (12-15), to this 
path. The left-hand side of this equation has the evaluation 


§ E-dé ~ E,(P)-t AC + E,(P)-(—8 Al 4: ( SOL a ion ) (12-50) 


from sides 2 and 4 
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Fig. 12-2. Interface between two 
media. The path used to obtain 
boundary conditions on the tangen- 
tial components of E and H is 
shown. 


and the right-hand side has the evaluation 


dB 
| ot 


Substituting Eqs. (12-50) and (12-51) into Faraday’s law, we find that 


[E,(P):t — E,(P)-¢] Aé + (; contribution ) = ae Bes (12-52) 


-dS = (some finite factor)AS (12-51) 


rom sides 2 and 4 factor 


Here, the line integral has been evaluated by traversing the path in a direction 
that makes fi x t the direction to assign to the surface bounded by the path. 
Now let the two sides parallel to the interface move arbitrarily close to the 
interface, each remaining on its own side of the interface. In this limit, the 
surface area AS goes to zero and the contribution to the line integral from 
sides 2 and 4 of the path also disappears; Eq. (12-52) yields 


E(?)-t— Et (12-53) 


where ft is perpendicular to fi but is otherwise arbitrary. Thus, all tangential 
components of the electric field (and particularly the two tangential compo- 
nents in mutually orthogonal directions) are continuous across an interface 
between two different media. The alternative expression 


fi x [E,(P) — E,(P)] = 0 (12-54) 


of this condition combines Eq. (12-53) for all t into a single vector expression 
and is derived in P12-14. 

Finally, application of the circuital law, Eq. (12-16), to the path shown 
in Fig. 12-2 gives 


H,(P)-t A¢ — H,(P)-t Aé + fon deat :) 


leer finite 


factor )as + j-(i x f) A (12-55) 


where the final term represents a contribution to the current across the surface 
bounded by the path from a possible free surface current on the interface 
between the two media. Again moving the two sides that are parallel to the 
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interface arbitrarily close to the interface, we can ignore the contributions 
from sides 2 and 4 and also the contribution multiplied by AS in Eq. (12-55); 
Eq. (12-55) then yields that 


H,(P)-t — H,(P)-t =j-( x t) (12-56) 
which applies for any unit vector f tangent to the interface at the point P. 
Thus, the two tangential components of the magnetic field intensity may be 


discontinuous across an interface, but will be discontinuous only if there is 
a free surface current in the interface. The alternative expression 


i x [H,(P) — H,()] =j (12-57) 
of Eq. (12-56) is derived in P12-14. We remind the reader that, throughout 
this section, fi is a normal vector directed from medium | to medium 2. 

Although not related directly to the fields, one additional condition, 
obtained by applying the equation of continuity, Eq. (12-24), to the pillbox 
in Fig. 12-1, should be included in this section; we find that 


; e contribution 
J2(P)-f AS + J,(P)-(—fi AS) + (a the Prides) 


~ —Sip\(P) Av, + px(P) Avs + o(P) AS] (12-58) 


which in turn results in the condition 

J(P)-A — J,(P)-8 = 94) (12-59) 
when the plane surfaces of the pillbox are allowed to approach arbitrarily 
elese ic) Une interface: 

A summary of the boundary conditions that must be imposed on the 
fields at an abrupt interface between two different media follows. In this 
summary, we suppress explicit indication of the point P on the boundary 
at which the fields are evaluated. Further, the vector fi is a unit vector directed 
from medium | to medium 2. The relations expressed in this summary have 
been derived without reference to any special or restrictive conditions and 
hence are perfectly general (although if the fields vary at very high frequen- 
cies, complications will probably arise). In general terms, the necessary 
boundary conditions are 


normal component of D 
} (12-60) 


(D, —D,)-i=oa discontinuous by the free 
surface charge density 


A x (E, —E,)=0 tangential components = (12-61) 


E continuous 
B continuous 


H discontinuous by free (12-63) 


surface current density 


® — 2 pee igerne component 2 (12-62) 
A x (H, — H,) = j ( 


tangential components =| 
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normal component of J 
a do | discontinuous by rate at 7 
ce chy — ~ 9 \which free charge builds (12-64) 
up on surface 


In terms of a specific Cartesian coordinate system whose z axis coincides 
with the vector fi and whose x and y axes are tangent to the interface at P, 
the boundary conditions in Egs. (12-60)-(12-64) have the more explicit 
expressions 


oe ee 0 [oie 1 Dy, — Di Gi 
ce a loie aa dy Ay, wa lah Sees ae B,, a By, = 0 (2-63) 
0 
dip a = a 


Although the conditions on the normal and tangential components do not 
involve the same fields, either in the electric or the magnetic domain, E and 
D and also B and H are related on each side of the interface by the properties 
of the corresponding medium. Taking those relationships into account, we 
therefore have conditions on all three components of all four field vectors 
and Eqs. (12-60)-(12-63) fully determine the fields on one side of an interface 
from those on the other side of the interface. 

We shall mention two remaining boundary conditions. When the fields 
are static, the difference in the sca/ar potential V between two points gives 
the amount of work required to move a unit charge from one point to the 
other. Since physically the electric field cannot become infinite at an interface, 
the amount of work required to move a unit charge an infinitesimal distance 
from one side of the interface to the other must be infinitesimal, and con- 
sequently, with P a point on the interface, 


Vip VP) =O (12-66) 


1.e., the electrostatic potential must be continuous across the interface be- 
tween two different media. In a way, this condition is not independent of Eq. 
(12-61), for Eq. (12-61) implies the validity of Eq. (12-66) at a// points P if 
the potential is continuous at but a sing/e point. (Why?) It almost goes with- 
out saying that, when the fields are static and the media are /inear, the condi- 
tion on the normal component of D is equivalent to the condition 


[e, WV(P) — €, W,(P)]-i = —o (12-67) 


on the normal derivative of the potential. (Why ?) 

To illustrate the use of these boundary conditions, suppose two linear 
dielectric media with permittivities €, and €, meet in a plane interface (Fig. 
12-3). Let the electric fields E, and E, lie in the plane of the paper and make 
angles @, and @, with the normal to the interface. We seek a relationship be- 
tween @, and @, when there is no free charge on the interface. Continuity of 
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Ey 

0; 
Fig. 12-3. Refraction of a static €j €> 
electric field at a plane dielectric qd) Q) 


interface. 


the normal component of D = eE then requires that 


C1, COS 0; — 6,2 cos G, (12-68) 
and continuity of the tangential component of E requires that 


Here, E; = |E,|. Thus, dividing Eq. (12-68) by Eq. (12-69), we find that 0, 
and @, are related by 


CpeOl uw — 96, COL i, (12-70) 


regardless of the strength of the fields. In effect, an electric field is “refracted” 
at a dielectric interface. 


PROBLEMS 


P12-13. The way Eq. (12-48) is written, exchange of what we call medium 
1 with what we call medium 2, which interchanges D, and D,, seems to change 
the sign on the left side but will certainly not affect the right side. Explain 
where this argument is incomplete. 

P12-14. Derive (a) Eq. (12-54) from Eq. (12-53) and (b) Eq. (12-57) from 
Eq. (12-56). Hint: See PO-5 and PO-7. 

P12-15. Derive Eq. (12-65) from Eqs. (12-60)—(12-64). 

P12-16. Solve Eq. (12-70) for @, as a function of 8, and, using a computer 
to obtain the necessary data, plot graphs of 8, versus 8, over the range 0 < 6, 
=. 90° for various values of €,/e,. Include €,/e, < 1, = 1, and > | in your 
study. 

P12-17. Verify that all applicable boundary conditions are satisfied by 
your solution to P10-18. 

P12-18. Suppose that the media in Fig. 12-3 are linear magnetic media 
with permeabilities z, and yz. Replace E, and E, by B, and B, and let there 
be no free surface currents on the interface. Find a relationship analogous 
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to Eq. (12-70). Optional: Explore this relationship after the pattern suggested 
in P12-16. 

P12-19. Suppose that the toroidal core in Fig. 11-9 has a narrow gap of 
length das measured along a center line of the toroid. Determine H and B 
for points along this center line, both inside and outside the toroid. State 
clearly any assumptions made. Hint: Ignore fringing in the gap. 


12-8 
Static Potentials 


The electrostatic field in a linear dielectric statisfies V x E = 0 and 
V-(€E) = p, the first of which implies the existence of a scalar potential in 


terms of which E = —VV and the second of which then requires that this 
potential satisfy Poisson’s equation, 
vy——£ Gem) 


Further, the electrostatic field in a region containing a uniformly polarized 
dielectric (P = constant) satisfies V x E=0 and V-D= V-(e€,E + P) = 
V-(€,E) = p (since V-P = 0), the first of which again implies that E = —VV 
and the second of which then requires that V satisfy Eq. (12-71) with € replaced 
by €,. Yet again, the magnetostatic field intensity in a region containing linear 
matter but no free currents satisfies V x H = 0 and V-(uzH) = 0, the first 
of which implies the existence of a (magnetic) scalar potential V‘°” in terms 
of which H = —VV'™ and the second of which then requires that this poten- 
tial satisfy Laplace’s equation 


vym —0 CE) 


Finally, the magnetostatic field in a region containing uniformly magnetized 
matter (M = constant) but no free currents satisfies V x H = 0 and V-B = 
V-[u.(H + M)| = V-v,H = 0 (since V-M = 0), the first of which again 
implies that H = —VV™ and the second of which then requires V‘” to 
satisfy Eq. (12-72). (See also P9-4.) Thus, many electrostatic and magneto- 
static problems in matter reduce to solving Poisson’s or Laplace’s equation 
in various regions of space and using the boundary conditions developed in 
Section 12-7 to match the solutions together at any interfaces. Many of the 
methods discussed in Chapter 8 can therefore be used even when matter is 
present. 

We shall illustrate this type of problem with a single example. Consider 
an uncharged sphere made of a /inear dielectric and placed in a previously 
uniform electric field. We seek the resulting field both inside and outside the 
dielectric. If we take the direction of the uniform field E, to define the polar 
axis of a spherical coordinate system so that 


Ey = Eok (12-73) 
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and further if we place the origin at the center of the sphere, the external 
field and the sphere are invariant to rotation about the z axis, nothing can 
depend on the coordinate ¢, and the general solution to Laplace’s equation 
has the form of Eq. (8-41). We shall find that all boundary conditions can be 
satisfied by taking only the terms for which » = 0 and 1, and we shall not 
prove explicitly that the other coefficients must be zero. Thus, our solution 
for the electrostatic potential has two pieces, viz., 


Vin(r, 0) = (a, 2) L (ar ai o:) cos 6 


(12-74) 


Voulr, 0) = (4 =!) | (Ar 21) cos 8 


where V,,, refers to the region r < a, with a the radius of the sphere, and 
Vu, refers to the region r > a. Several boundary conditions must be satisfied 
by Eq. (12-74), and each imposes constraints on the undetermined constants. 
First, V,,, must approach the potential —E-r = —E,rcos@ of a uniform 
field as r — co; thus A, = Oand A, = —E,. Next, the sphere was required 
to be uncharged, and hence B, = 0. Thus, V,,, reduces to 


Ve. 6 = ( ppc 23) cos 6 (12-75) 

A third boundary condition requires that V;,(r,@) be finite everywhere, 
particularly at r = 0; therefore, 5) = b, = 0, and V;,(r, 8) reduces to 

Vi" 0) —=—a5 a yr COS. (12-76) 


Finally, we must require that V and the normal component of D be con- 
tinuous at r = a for all @. Mathematically, the first of these conditions re- 
quires that 


nas 0) = es 0) 
==> d, + a,a cos @ = ( Eas *:) cos 0 


ee 0,. kaa = ae 4; (12-77) 


where the final conclusion follows because a condition having this form 
cannot be satisfied for all @ unless the coefficients of cos n@, n = 0,1, 2,..., 
are separately equal on both sides of the equation. The condition on the nor- 
mal component of D provides a second equation involving a, and B,, viz., 


PCLAACE 0) —€ OV ou(a, 0) 
Or nee. Or 


——¢0 cos — €o( Ey 231) cos 8 


ne —€4(Eo i 231) (12-78) 
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Together, Eqs. (12-77) and (12-78) give values for a, and B,, and we find 
on substituting these values and the value a, = O into Eqs. (12-75) and (12-76) 
that 


3€ 
V~ (r A) ——— w Eor COs 0 
in ed 2 
a (12-79) 
= £— €0 2°) Fer cos 6 
ae — =i eo ogra of Cas 


In particular, the electric field inside the sphere is uniform and parallel to the 
original exterior field, as is shown by 


Ba), io 
E., oa Wis a € _ Ne te ( 80) 


(Write r cos @ = z and calculate the gradient directly in Cartesian coordi- 
nates.) Other aspects of this field are explored in P12-20. 


PROBLEMS 


P12-20. (a) Solve Eqs. (12-77) and (12-78) for a, and B, and then obtain 
Eq. (12-79) from Eqs. (12-75) and (12-76). (b) Find the electric field corre- 
sponding to Eq. (12-79) at all points in space and, in particular, show that the 
boundary condition on the tangential components of E at r = ais automat- 
ically satisfied. (c) Find the equivalent charge distribution with which the 
dielectric sphere of Section 12-8 might be replaced. (d) Show that the exterior 
field computed in part (b) consists of the field of a dipole superimposed on 
the original uniform field, and find the dipole moment describing the dipole 
contribution. Optional: Use a program such as that described in P4-56 to 
obtain graphs of field lines and equipotentials for this field. 

P12-21. An infinitely long, uncharged cylinder of radius a made of a linear 
dielectric having dielectric constant K, is placed in a previously uniform 
electric field E = Eyi with its axis coincident with the z axis. Determine the 
electrostatic potential and the electrostatic field at points both inside and 
outside the cylinder. 

P12-22. An uncharged hollow sphere with inner radius a and outer 
radius 6 is made of a linear dielectric having dielectric constant K,. Let this 
sphere be placed in a uniform external electric field E,. (a) Show that the 
field in the hollow interior is constant and is given by 

= 9K, 
CRE C= 2a = 
Note: You do not need to calculate a// of the unknown constants in order to 
determine the required field. (b) Show that E, reduces to E, when K, = 1. 
Optional: Use a computer to obtain graphs of the coefficient in the above 
equation as a function of K, for various values of a/b. (Note that physically 
a/b < 1.) Suggest a possible use for the arrangement of this problem. 


E E, 


Supplementary Problems 345 


P12-23. A uniform field E,, is established in a linear dielectric having 
dielectric constant K,. A spherical cavity is now cut in the dielectric. Show 
that the field in the cavity is given by 3K,E,,/(2K. + 1). Hint: Exchange of 
€ and €, converts the dielectric sphere treated in the text into this problem. 

P12-24. A sphere of radius a made of a linear magnetic material having 
relative permeability K,, is placed with its center at the origin in a previously 
uniform magnetic induction B = B,k. Determine the magnetic scalar poten- 
tial and the magnetic induction field at points inside and outside the gphiete, 
Show that the added field is the field of a dipole and determine the magnetic 
dipole moment of that dipole. 

P12-25. Calculate the fields B and H both inside and outside a sphere of 
radius a having uniform magnetization M = MK. 

P12-26. By solving Laplace’s equation in spherical coordinates, find a 
series expansion for the magnetic scalar potential at points off the axis of a 
circular current loop of radius a carrying current J. Consider particularly the 
region r > a, where r is the distance from the center of the loop to the obser- 
vation point. Hints: (1) The B-field on the axis of the loop is given in P5-4. 
What should V reduce to on the axis? (2) See P8-17. (3) Let the loop lie in 
the x-y plane with its center at the origin. Optional: Consider the regionr < a. 


Supplementary Problems 


P12-27. Describe an experimental setup in which the B-H curve for a 
ferromagnetic material could be displayed directly on the screen of a cathode 
ray oscilloscope. 

P12-28. Show that the ith component of the right-hand side of Eq. (12-34) 
can be written in the form 5), ¢ T;, dS;, where 


T,, = B,D; + HB; — 46;(D-E + H-B) 


provided the material present is characterized by constant, scalar permitti- 
vities and permeabilities. The quantity T;, is called the Maxwell stress tensor. 
(Compare P6-37.) 

P12-29. The depolarization factor L of a dielectric object in a uniform 
external field E, is defined by €,E;, = €,E, — LP,,, where E,, and P,, are the 
electric field and the polarization in the object. Find the depolarization 
factor of a sphere made of a linear dielectric. Note: A similar concept, called 
the demagnetization factor, is often used in discussing objects made of mag- 
netic material. 

P12-30. The method of images can sometimes be extended to solve 
problems involving dielectrics. Suppose, for example, that two dielectrics 
of permittivity €, and €, meet in a plane interface, say the x-z plane. Let 
medium | occupy the region y > 0 and medium 2 the region y < 0. Finally, 
let a point charge g be placed at (0, d, 0) with d > 0. (Suggestion: Sketch a 
figure.) We seek separate expressions V, and V, for the potential in the two 
media. In seeking V,, we can place image charges in the region y < 0 and, 
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further, we can regard that region to be filled with a dielectric of permittivity 
€,. Similarly, in seeking V,, we can place image charges in the region y > 0 
and regard that region to be filled with a dielectric of permittivity €,. In both 
cases, the region modified lies outside the domain in which the resulting 
potential applies. Thus, in seeking V, we might place an image charge gq, 
at (0, —d,, 0), with d, > 0, and have 

eee eee oy 
ae |r — dj| 4ne, |r + d,j| 
Further, in seeking V,, we might place an image charge gq, at (0, d,, 0), with 
d, > 0, and have 


Vir) = 


V(r) = Zo ae ee 
a lr — dj | 
Show that these potentials will satisfy the necessary boundary conditions at 
the interface (y = 0) for all x and z provided that d,, d,, q,, and q, are prop- 
erly chosen, and find these quantities in terms of d, g, €,, and €,. Hint: Write 
|r — dj |, for example, as [x? +- (vy — d)? + z?]!/2. Optional: Obtain graphs 
of the field lines and equipotentials in the y-z plane. (See P4-56.) 


ites 


Plane 
Electromagnetic Waves 
in Linear Matter 


In Chapter 13, we shall transfer our attention from general properties 
shared by all time-dependent electromagnetic fields to the specific description 
of fields that vary sinusoidally with time. These monochromatic fields are of 
particular interest for several reasons: They are analytically simpler than fields 
having a more general time dependence; they can be superposed to build up 
more complicated fields; the response of matter to monochromatic fields is 
often much simpler than its response to more general fields; and monochro- 
matic fields (especially monochromatic plane waves) play an important role 
in applications of the theoretical framework developed in the previous 
chapters to many physical phenomena, including optical phenomena. We 
shall begin by reducing Maxwell’s equations and the associated boundary 
conditions to forms that are convenient for treating monochromatic fields. 
Next we shall obtain analytic expressions for plane monochromatic waves and 
shall illustrate the application of these expressions to problems in macrosco- 
pic optics. Then we shall examine briefly the propagation of monochromatic 
fields in regions bounded by good conductors. Finally, we shall discuss plane 
waves produced by the superposition of two or more monochromatic plane 
waves. 
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13-1 
Maxwell's Equations for Monochromatic Fields 
in Linear Matter 


A field whose time dependence is sinusoidal or, more specifically, a 
field whose time dependence is characterized by a single (constant) angular 
frequency @ is called a monochromatic field and is conveniently represented 
as the real part of a complex field. If we introduce the notation 


E(r, t) = Re &(r, £) DG Khe Dr) 


(13-1) 
BC, t) = Re G(r, 2) H(r, #) = Re H(r, £4) 


then our assumption that the physical fields E, D, B, and H are monochro- 
matic is expressed analytically by letting the complex fields &, D, 8, and # 
have the form 


Sif) = s\n] Det) —D,Her 


; , (13-2) 
Gi, — Ger a(r, 1) = HK, @We > 


In general, the coefficient multiplying the exponential factor in each equation 
will be complex. Further, if the fields vary sinusoidally with time, Maxwell’s 
equations cannot be satisfied unless the free charge and current densities also 
vary sinusoidally with time (P13-1). We therefore represent the physical free 
current density by the real part of a complex current density 


J(r, t) = Re G(r, t) St) — Janer (13-3) 


and we would do the same for the charge density were it not more appropriate 
to the circumstances of interest to set the volume density of free charge equal 
to zero, 


pr.) =0 (13-4) 


(which will be the case if all dielectrics are initially uncharged and the fields 
vary slowly enough so that all conductors can be assumed to respond instantly 
and completely to changes in the external field'!). Now, since Maxwell’s 
equations are linear, we can require the complex fields to satisfy these equa- 
tions with the assurance that the p/iysical fields (1.e., the real part of the com- 
plex fields) will therefore automatically satisfy the equations. Thus, substituting 
Eqs. (13-2)-(13-4) into Maxwell’s equations, Eqs. (12-14)-(12-17), and 
canceling a common factor e~*‘ in each equation, we find that the coefficients 
in Eq. (13-2) are determined by the equations 


V-D(=—0 Vx 8&(r) = io8,(r) (13-5), (13-6) 
V-8(r)=0 VX (tr) = J(r) —i@D,(r) (13-7), (13-8) 

1The latter assumption is not as restrictive as it might seem. It was found in P9-5 that 

a free charge distribution in any conductor decays spontaneously to zero and that in good 


conductors, the time scale of that decay is on the order of 10-18 sec. Thus, as long as 
@ <2n x 1018 sec~!, which is easily satisfied even for frequencies in the visible spectrum 
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One of the ways in which considering monochromatic solutions simplifies 
the discussion of time-dependent fields in matter arises because in many media 
the relationships between E and D and between B and H when the fields vary 
sinusoidally in time can be written by assuming frequency-dependent permit- 
tivities and permeabilities. Further, in many media, the current density can 
be related to a sinusoidal electric field that produces the current by assuming 
a frequency-dependent conductivity. These media are adequately described 
by the relationships 

Do(r) = e(@)E(r) Bo (r) = w(@)K,(r) — (13-9), (13-10) 

Jolt) = g(@)E,(r) (13-11) 

even though the forms D@r, t) = €E(r, f), etc., are not applicable when’ the 
fields have a more general time dependence (P13-45). 

By way of illustration, we shall consider a simple classical model that 
predicts a frequency-dependent conductivity, recognizing, however, that the 
model has now been replaced with better quantum mechanical treatments. 
As in P9-8, suppose that the resistive forces on an electron (mass m,, charge 
—q,) in a conducting medium can be represented by a viscous damping term 
in the equation of motion. When an external electric field & is applied to the 
conducting medium, the individual electrons in the medium then move in 
accordance with the equation 


m, a iy ne (13-12) 


where v is the (complex) electron velocity and b is the viscous damping con- 
stant. Suppose & = E,ie” and, ignoring the (short-lived) transient effects 
associated with turning the field on, assume v = v,ie'. Then, Eq. (13-12) 
gives 


ae —_ — — = Te ie 
(— iam, + by) = —4.Fy > %» = —(-—"_)B,(13-13) 


where the factor e~’°* common to all terms has been canceled. Thus, the 
(complex) mobility uw, of the electron is given by 


n= 2 = (13-14) 
and the conductivity of the material involved is given by 


Gn Opi aoe (13-15) 
orb — iwom, 
where n is the density of electrons in the material [Eq. (9-16)]. For this model, 
the predicted conductivity is not only frequency-dependent but also complex; 
it is expressed in polar form by the equation 


g(@) = | g(a) |e? (13-16) 


(= 10!5 sec~1), the assumption of zero volume charge density is realistic. Surface charge 
densities, of course, may appear, but these will be treated through the boundary conditions. 
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where anf 
qen 

= 71+ om Doe 
To obtain a physical interpretation, note that in this example 

Bp Re{E, ie} = E,i cos ot 

i Re{e(w)E,ie#"} = | 2(@) |E,i cos (wt — 8) 
Thus, we see that |g(w)| relates the amplitude of the conduction current 
density to that of the applied field and @(@) expresses a phase difference 
between the current density and the applied field. For a given applied field, 
the amplitude of the current density falls off and the phase difference between 
the current density and the applied field increases in magnitude with increas- 
ing @. As shown in Fig. 13-1, however, |g(@)| = q2n/b and 0) =~ 0 if 
ao <b/m,; at “low” frequencies, the conductivity is real and independent of 
frequency, and the current density and the applied field are in phase. The 
numerical value of @, = b/m, (which divides “low” from “high” frequencies) 
is determined by the properties of the material. For good conductors, b ~ 
lm ke/cec anda with yy Ol 0 2 ee ieee 0 cen tis imeelie 
microwave region (~ 10!° sec!) and at lower frequencies, we expect the 
conductivity of good conductors to be real and independent of frequency, 
but in the visible region (= 10!> sec”'!) we expect the conductivity of good 
conductors to be complex and dependent on frequency. For dielectrics, on 
the other hand, b is effectively infinite and g(w) = 0 at all frequencies. 

A classical model that yields a frequency-dependent permittivity is 

explored in P13-2. In part, this model predicts (1) that the static dielectric 
constant should be given by 


_ €(0) ngs : 
KO) = a =i ere (13-19) 


O(c) = tan=! = (13-17) 


i318) 


where n, q,, and m, are as in the previous paragraph and q@, is the natural 
frequency associated with the individual atoms composing the dielectric; 
1.€., @ is the empirical frequency at which the atoms absorb electromagnetic 
radiation; (2) that at very high frequencies 


K,(co) = 1 (13-20) 


and (3) that for @ < @, K.(@) = K,(0) and for w >> @, K(w) = 1. Thus, 
according to this model, the dielectric constant and also the permittivity are 
real and independent of frequency except when @ ~ @,. Different substances, 
of course, are characterized by different values of q@,. Indeed, quantum 
mechanically, substances exhibit more than one absorption line. Although 
the classical model then breaks down in detail, we would still expect the 
dielectric constant to exhibit “funny” behavior only at frequencies near to 
each of the absorption frequencies. 

For the remainder of this chapter, we shall confine our attention to matter 
for which Eqs. (13-9)-(13-11) provide an adequate description. Further, we 
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le(w)l 


BIN 


Fig. 13-1. Amplitude and phase of the complex conductivity as 
functions of frequency. 


shall assume that no free currents other than those induced on conductors 
by the field &,(r) are present. Thus, Eqs. (13-5)-(13-8) reduce to 


V-é,()=0 VX &,(r) = fouk,(r) C22), CED) 


V(r) =0 Vx #,(r)= ~io(e AL i£)80(r) (13-23), (13-24) 


Explicit indication of the possible dependence of €, yw, and g on @ has been 
suppressed. We can also show that the fields satisfy 
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[ 4 peor(I 4 i) |ece) = 


a i pea?( ae £) |acot) =C 


(P13-4) and that the time-averaged Poynting vector <S» and the time-averaged 
energy density <p> are given for these fields by 


<8) = CE x HD = 4 Re (8 X HK) (13-26) 


(13-25) 


and 
Ga ED IE 
= 1 Re (€&*-&, + UKT-K,) (13-27) 


[See Eqs. (12-32) and (12-30) and compare P7-26.] In these equations, explicit 
evaluation of &, and J¢, at the point r has been suppressed. 


PROBLEMS 


P13-1. Without making any assumptions about the time dependence of 
G(r, t), substitute the fields in Eq. (13-2) and show that Eq. (12-16) cannot be 
satisfied unless g(r, ¢) varies with time as e'™. 

P13-2. Suppose that the electrons in a dielectric medium are tied to their 
nominal positions with harmonic forces and also experience damping, so 
that each electron (charge —q,, mass m,) moves in an electric field & in ac- 
cordance with the equation of motion m,f + bt + Ar = —q,8, where r is a 
complex vector whose real part gives the displacement of the electron from 
its nominal position. Let 6 = E,e and, ignoring transients, assume r = 
r,e—". Further, remember that the polarization P is given by np, where # is 
the number of electrons per unit volume and p = —g,r.is the dipole moment 
of the electron. (a) Show that the dielectric constant of the material is given by 


iO) ae ng2/[m.€o 
Ore GS = al) 


where w, = ./k/m, is the natural frequency of the oscillating system. (b) 
Verify the two limits given in Eqs. (13-19) and (13-20). (c) Explain what it 
means physically for the permittivity €(@) to be complex and support your 
explanation with an analytic argument. (d) Sketch graphs of Re K,(@) and 
of Im K,(q@) for various values of 6, starting with 6 = 0. Note in particular 
that Im K,(q@) is related to the absorption spectrum of the oscillating system 
and that values of 6 can be inferred from measurements of the width of the 
absorption curve. 

P13-3. Estimate a, for hydrogen (a) by setting the ionization potential, 
13.6 eV, equal to ha@,, where hf is Planck’s constant divided by 2z, and (b) by 
determining the force constant k using the model discussed in P10-3. (c) Use 
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Eq. (13-19) to predict the static dielectric constant of hydrogen gas at 100°C 
and 1 atmosphere pressure, comparing the results with the measured value 
1.000264. Is the agreement good or bad? Suggest possible sources for any 
discrepancy. Hints: (1) Assume that the two atoms in each hydrogen molecule 
respond independently to the applied field. (2) The Bohr radius for the ground 
state of the hydrogen atom is .528 A. 

P13-4. Verify that Eq. (13-25) follows from Eqs. (13-21)-(13-24). Hint: 
Take the curl of Eqs. (13-22) and (13-24) and then use Eq. (C-19). 

P13-5. Show that the average power dissipated per unit volume by a 
monochromatic field in a conducting medium is given by <P>=+1Re 
Jo°&§, and then show that <P> = 0 when g(q@) is purely imaginary (i.e., 
when the electric field and the current are 90° out of phase, as in the high- 
frequency domain shown in Fig. 13-1). 


13-2 
Boundary Conditions on Monochromatic Fields 


As with all differential equations, those in Section 13-1 for the 
amplitudes of the complex fields become specific to a particular problem only 
when supplemented with whatever boundary conditions the problem imposes. 
Since in this chapter we are interested ultimately in the optical problem of 
reflection and transmission of monochromatic fields at the interface between 
two media and in the confinement of monochromatic fields to regions bound- 
ed by conductors, we need in particular to rewrite the general boundary con- 
ditions developed in Section 12-7 in a form applicable to monochromatic 
fields. Essentially, we must write the boundary conditions at an interface so 
that they apply to the complex fields (which is easy, because the boundary 
conditions are linear in the fields and hence apply directly to the complex 
fields) and we must examine what happens if the medium on one side (or 
perhaps the media on both sides) of the interface has nonzero or even infinite 
conductivity. For our present purposes, it is sufficient to assume a plane 
interface that we take to define the x-y plane (Fig. 13-2). Then, assuming that 
all fields, current densities, and charge densities have the time dependence 
et and recognizing that the frequency must be the same on both sides of the 
interface,? we can reexpress the boundary conditions in Eq. (12-65) in the 
form 

Bi = 82 HY — Ki. = bo, (13-28), (13-29) 


6) = gE) 12) = ee (13-30), (13-31) 


2The boundary conditions cannot be satisfied for all times if the frequencies are differ- 
ent. Continuity of a tangential component of &(r, ¢), for example, requires that &!2(r) exp 
[—ioit] = &2@) exp [—i@2t] or equivalently that 82") = 892 exp [ i(@2 — a;)r]. 
Since the left-hand side of this latter form is independent of ¢, the right-hand side must 
also be independent of ¢ and will be so only if@1 =@2. Q.E.D. 
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Medium 
l 


Fig. 13-2. Plane interface between 
two different media. 


€8@ — ESQ) =o, 4,50? = aC (13-32), (13-33) 

I@ — I$) = 92.80? — 218? = twa, (13-34) 

where we have (1) suppressed explicit indication that all quantities are to be 

evaluated at a point on the interface, (2) moved the specification of the 

medium to a superscript to avoid a triple subscript, (3) canceled the factor 

et from every term, (4) written all fields in terms of &) and K,, and (5) 
wemubenog (tt) = Rea ,()es 4 7, (ht) ale eeu cele: 

It is useful to comment specifically on further constraints that more 
specific stipulation of the two media imposes on Egs. (13-28)-(13-34).? If, 
for example, both media are nonconductors so that g, = g, = 0, then there 
can be neither induced surface charge nor induced surface currents on the 
interface. Consequently, gy) = #9. = #0, = 0 and we conclude that the tan- 
gential components of & and 3, and the normal components of €&, and w&€, 
must be continuous across an interface between two nonconductors; i.e., 
He C= Oy 

eves syoep «80 — «ei 
GUSTO AES ice) rac a yciae! 

In a second useful special case, g, and g, may be nonzero but neither is 
infinite. Since a medium with finite conductivity cannot support surface cur- 
rents (existence of a surface current requires the volume current density to be 
infinite, but Ohm’s law J = gE precludes infinite J unless g = oo, since 
physically E must be finite; surface currents are an idealization that can occur 
only in conjunction with the idealization of a perfect conductor), 45, = doy = 
0 for this case. The surface charge density aj, however, may or may not be 
zero. If gy = 0, then Eqs. (13-32) and (13-34) are contradictory unless 


(13-35) 


3The classification of boundary conditions presented in this section is patterned after 
a similar classification in Chapter 16 of Foundations of Electromagnetic Theory by J. R. 
Reitz and F. J. Milford (Addison-Wesley Publishing Company, Inc., Reading, Mass., 
1967), Second Edition, and is used here by permission of Addison-Wesley Publishing Com- 
pany, Inc. 
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€182 = €28;. (Why?) When this particular relationship among €,, €,, g,,and 
g, obtains, the boundary conditions to be imposed are the same as those in 
Eq. (13-35). More often, however, this special relationship will not be satis- 
fied. Then o, #0 and Eqs. (13-32) and (13-34) can be combined to give a 
single condition that does not involve o,; except for the special case €,2, = 
€22,, we thus find that, when g, and g, are finite and at least one differs from 
zero, the fields must satisfy 


a eS CS Cd ( 

@ @ 
se = se sey — seg) use = peg = 
In words, the tangential components of & and 3€, and the normal com- 
ponents of [€ + i(g/w)]& and w3C, must be continuous across an interface 
between two imperfect conductors. Once the fields have been found, Eq. 
(13-32) can be used to calculate the charge density on the interface. 

A third special case occurs when one of the media, say medium 2, can be 
approximated as a perfect conductor (g, = o¢) but the other medium is 
either an imperfect conductor or a nonconductor. In this case both surface 
currents and surface charges may appear on the interface, and the simplifica- 
tions lie in the requirement that all fields be zero in the perfect conductor. To 
prove that & = 0, for example, suppose first that g, is finite. Then Eq. 
(13-24) gives 
Voie) 


0) 
2, — Iw@eé 


(13-37) 
Thus, if V x #{ is finite (which must be required on physical grounds), 
& —> 0 as g, — oo. Coupled with the vanishing of &% in the (perfect) 
conductor, Eq. (13-22) yields the conclusion that 3€ also approaches zero 
as g, —> oo. Thus, on the interface between a general medium (g, 4 00) and 
a perfect conductor (g, = co), the fields must satisfy 


OU) Oy 6) RON 2. BE) ay €1802 = —o, 
ee —= se — 0) as 0) ee 
obis = © 13-38) 
cee — fay cae = Fox 
iH 1,50? = pyIC® = 0 
SC) 6) Jc == 0 


the tangential components of &, and the normal component of “3, must be 
zero on both sides of an interface between a general medium and a perfect 
conductor; the normal component of €&, and the tangential components of 
#, must be zero in the perfect conductor and will be nonzero in the general 
medium by amounts determined by the charge and current distributions that 
the fields themselves induce on the interface. These charge and current densi- 
ties induced on the interface are, of course, not part of the information given 
at the beginning of a problem and the above boundary conditions often are 
used to determine these densities after the fields have been found by other 
means. 
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13-3 
Plane Monochromatic Waves in Unbounded, 
Isotropic, Homogeneous, Linear Media 


Before we can apply the boundary conditions developed in Section 
13-2 to the optical problems of transmission and reflection, we need to obtain 
analytic expressions for more explicit solutions to Eqs. (13-21)-(13-25). In 
this section we shall examine the properties of plane wave solutions in 
unbounded, isotropic, homogeneous, linear media. In Chapter 7, we expressed 
the fields in a sinusoidal plane wave propagating in the z direction as trigo- 
nometric functions of the argument («z — wt), where x represents the wave 
number. More generally, for a plane wave propagating in the direction of the 
unit vector fi, we expect that the coordinate fi-r, which measures the distance 
of the point r from a plane through the origin whose normal is fi, will replace 
the coordinate z = k-r, which measures the distance of r from the x-y plane 
(whose normal is k). Thus, we expect the more general plane wave to be 
described analytically by trigonometric functions of the argument Kfi-r — 
wt = K-r — wt, where K is a constant analogous to x—we use a different 
symbol because we shall find that K is sometimes complex—and the pro- 
pagation vector K is defined by 
K = Ki (13-39) 


Thus, in terms of this vector, whose meaning is yet to be explored, a sinu- 
soidal plane wave propagating in the direction fi is expressed as the real part 
of the quantity 

(constant)e’E1-o) (13-40) 


where the constant may be complex and contains information about both the 
phase and the amplitude of the corresponding wave. The general monochro- 
matic field expressed in Eqs. (13-2) and (13-3) is therefore reduced to a sinu- 
soidal plane wave by requiring the spatially dependent coefficients to have the 
form 
Slt) — fe "> S),(F) =e ae 
@,(r) = B,e** 5C(0) ees © (13-41) 
Jolt) = Joe'*" 
where the amplitudes &,D ), 8), Ho, and Jy are now constant vectors, 
although they may have complex components. Further, substitution of Eq. 
(13-41) into Eqs. (13-9)-(13-11) yields the relationships 
Dy = €& By = WK, Io = 8&o (13-42) 
among these constant amplitudes and the parameters €, 4, and g that charac- 
terize the medium. 
Instead of solving Maxwell’s equations directly and systematically, we 


have in a sense guessed the spatial dependence of the complex fields represent- 
ing a monochromatic plane wave. We must now determine whether these 
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fields actually satisfy Maxwell’s equations. Note first that 
V[e*"] —= Nig) 
= i(K A + K,j + K ke = iKe®+ (13-43) 


Thus, substitution of Eq. (13-41) into Eqs. (13-21)-(13-24), use of the vector 
identities in Eqs. (C-8) and (C-11), and cancellation of the factor e** yields 
the relationships 


Kp = 0 1h 2 ay eee, (13-44), (13-45) 
Kove OK x Gea —of€ a i£)a, (13-46), (13-47) 


that must be satisfied by the constant vectors &, and 4, if the assumed fields 
are to satisfy Maxwell’s equations. The so-called dispersion relation 


eh)? G ait i£) (13-48) 


connecting K and q@ is implied by Eqs. (13-44)-(13-47). [Evaluate the cross 
product of Eq. (13-45) with K and then use Eq. (C-1); see P13-6.] In words, 
Eqs. (13-44) and (13-46) require that both & and #, be perpendicular to fi, 
which is the direction of propagation [see Eq. (13-39)]; the plane monochro- 
matic electromagnetic wave is thus a transverse wave. Further, Eqs. (13-45) 
and (13-47) require #, and &) to be mutually perpendicular. Finally, Eq. 
(13-48) determines K if @ is given. Paralleling the discussion in Section 7-5, 
we can think of this plane wave as being defined as follows: 


(1) Specify the direction of propagation fi and the frequency q@ arbitrarily. 

(2) Specify &, arbitrarily, subject only to the constraint that &, be perpendicu- 
lar to i. 

(3) Determine 3, from Eq. (13-45) and K from Eq. (13-48). 


Substituting Eqs. (13-42) and (13-44)-(13-47) into Eq. (13-41) and reinstating 
the exponential time factor, we find finally that the general plane monochro- 
matic solution to Maxwell’s equations in unbounded, isotropic, homogene- 
ous, linear media is represented analytically by the real part of the complex 
fields 

D(r, t) 


cn ee) 


& ef(Kr-2n (13-49) 


—_ Br, t) = K xX & i(K+r-ot) = 
act, f) — Hee S rea (13-50) 
where K and w must satisfy Eq. (13-48) and & must be perpendicular to K. 
It is shown in P13-8 that the Poynting vector and the energy density for these 
fields are given by 


(8) = Loe heen ime (13-51) 
ou 
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and 


2 
uo = l@ol?(e + Lette (13-52) 
where | &, |? = &-&*, K has been written as in Eq. (13-39), and we have as- 
sumed that € and yw are real. Note that whenever K has a nonzero imaginary 
part, both <S> and <ugy,> (and in fact also the fields—see the next paragraph) 
have a real exponential factor. Since physically the fields cannot increase in 
amplitude as the wave propagates into the medium, we anticipate that Im 
ie Os 
As we have already recognized, plane waves propagating in a general 
medium are characterized by a propagation vector K that is complex. The 
physical significance of this vector is therefore to be sought in the separate 
significances of its real and imaginary parts, which we introduce explicitly by 
writing 
K = Ki = (kK + ia)h = K + in (13-53) 
where K = «fi and a = af, and x and @ are both real. The exponential factor 
in Eqs. (13-49) and (13-50) then has the more interpretable expression 


ei (K-r-ot) ESS) ES (13-54) 


where ¢ = fi-r is in essence the single spatial coordinate on which the plane 
wave depends (analogous to z when the wave propagates in the z direction). 
Further, the exponential factor e~?"* ™* in <S> and <ugy> as given by Eqs. 
(13-51) and (13-52) reduces to e~?%*. Clearly, x = Re K relates to the oscil- 
lations of the wave in space and a = Im K describes an attenuation or absorp- 
tion of the wave. (We assume « > 0.) More specifically, « determines the 
wavelength J and the velocity of propagation‘ v, of the monochromatic wave 
by 


ieee i,=8 (13-55) 


[compare Eqs. (7-21) and (7-20)] and a determines the penetration length or 
skin depth 6 by 


ei 
5=— (13-56) 


where 6 is the distance within which the amplitude of the wave decays to 1/e 
of its value at € = 0. With c representing the speed of light in vacuum, we 
also define the (ordinary) index of refraction of the medium by 


ee eee = 
n ; (13-57) 
and the complex index of refraction by 


‘In some treatments of this subject, the exponential factor in plane waves is written 
in the form exp [/(@t — K-r)]. In that form, decaying waves occur when Im K < 0. 

5In Section 13-6, we shall refer to this velocity as the phase velocity to distinguish it 
from the group velocity to be defined there. Hence, we use the subscript p at the outset. 
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Ox @ a : 
7] oe US t+ ia) =n+i 


Cc 
wd 
both of which are in general dependent on frequency. The complex index of 
refraction is particularly useful in theoretical considerations, because it 
combines both the (ordinary) index of refraction and the penetration depth 
in a single quantity that reduces to the ordinary index of refraction in the 
absence of absorption (i.e., when a = 0). However we choose to express these 
properties analytically, the essential physical features are a wavelength, veloc- 
ity of propagation, and an (ordinary) index of refraction determined by x = 
Re K and an attenuation determined « = Im K. Note also that the factor 
K x &, = (x + ia) X &, in Eq. (13-50) 1s complex when a + 0, and at- 
tenuation of the wave is thus accompanied by a phase difference between 
& and K. 

To connect « and x more directly with the physical characteristics of the 
medium, we begin by substituting K = « ++ ia into the dispersion relation, 
Eq. (13-48), obtaining 


ee Sav = joo? (€ 4 i=) (13-59) 


(13-58) 


We now explicitly assume that €, uw, and g are real at the particular frequency 
involved. (An interesting case in which this assumption is violated is treated 
in P13-57.) The real and imaginary parts of Eq. (13-59) are then readily 
separated to give the two equations 


kK? — a? = pE@? 2aK = Ugo (13-60) 
which can be solved for x and a. In terms of the quantity 
= ea 13-61 
plo) =1+/1+(£) (13-61) 
the results are 
i = HE y 62), (13-63 
2 2 Ps ome AST tee © a 
at x Hew B % ae (13 de 3 ) 


(P13-9). Thus, nonzero « and the consequent attenuation of the wave occur 
physically in media with nonzero conductivity. Further, in terms of the prop- 
erties of the medium, the wave length A, the velocity of propagation v,, the 
penetration length 6, and the (ordinary) index of refraction n are given by 


Ra (#,/)£ 5 (13-64) 


(13-65) 


Ge 
ena wou 


n=£ = Wo [4 (13-67) 
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Equations (13-64)-(13-67) are of particular interest in two special cases. 
Suppose first that the medium is a good conductor; i.e., suppose that g is 
large, specifically g >> eq. (Equivalently, we can think of this case as a low- 
frequency limit, o < g/e; see P13-16.) In this limit £ as given by Eq. (13-61) 
approaches g/eq@, and Eqs. (13-64)-(13-67) have the limits 


1» In| 2 “2 > i (13-68), (13-69) 
i ia aes ee (13-70), (13-71) 


(P13-10). In particular, we expect these limits to apply for good conductors 
(4 = My = 4a X 10-7 N/A?; g ~ 107 mho/m) in the microwave region 
(@ = 10!° sec-!; 2, = wavelength in vacuum =~ 20cm) where g is real 
(Section 13-1). With these values for the parameters, 1 = 10°‘A,, v, = 
10-*c, 6 = 4 x 10-4 cm, and n = 10*. Microwaves in good conductors there- 
fore have much smaller wavelengths than in vacuum, travel slowly (for elec- 
tromagnetic waves), penetrate only very little, and are characterized by a 
very large index of refraction. Another aspect of wave propagation in good 
conductors is explored in P13-12. 

The general results in Eqs. (13-64)—(13-67) can also be simplified when the 
medium is nonconducting (g = 0) or approximately so (g < €q@). (Equiva- 
lently, we can think of this case as a high-frequency limit, @ >> g/e; see P13- 
16.) In this limit, 8 as given by Eq. (13-61) approaches the value 2, and Eqs. 
(13-64)-(13-67) reduce to 


2n I 
, = eee (=o 28 13-72), (13-73 
r/ LED Ove - 
ee aide ns (13-74) 
Ug? 
fi = r/ eC? = HE a ty Kae BS iG, (13-75) 
Ho€o 


[See Eq. (7-20).] The final form in Eq. (13-75) follows because most optically 
transparent nonconductors are nonmagnetic and K,, is therefore approxi- 
mately unity for the cases of interest. Although @ appears explicitly only inthe 
expression for A, all of these quantities may nonetheless depend on w because 
€, #, and g may depend on q. Tabulated indices of refraction, for example, 
can therefore be expected to agree with the square roots of tabulated dielec- 
tric constants only if the compared values are measured at the same frequency. 
Numerically, for a typical nonmagnetic transparent dielectric (a glass), for 
which K,~ 2, K, = 1, and g = 107! mho/m in the visible spectrum 
(@ = 4 x 10! sec™!, 2, = wavelength in vacuum = 5000 A), we find that 
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Fig. 13-3. Wavelength, velocity of propagation, penetration length, 
and index of refraction versus frequency for a plane wave in a con- 
ducting medium. The graphs show the indicated quantities under 
the assumption that €, uz, and g are independent of frequency. 


A 1h, 0, & .1c,0 = 7X 10° m(!), and n = 1.4. Graphs of A, v,, 6, andn 
reflecting the limiting forms in Eqs. (13-68)-(13-75) are shown in Fig. 13-3. 
A further aspect of the limit g = 0 is that o is small enough to be set equal 


to zero [Eq. (13-63)]. Thus, the dispersion relation in Eq. (13-48) becomes 


fo—ay ie © (13-76) 
and the vector K, given by Eq. (13-53) as 
K = Ab — xk = (13-77) 
becomes real. The results in Eqs. (13-49)-(13-52) therefore reduce to 
© (in ge (13-78) 
Kirt) = J eee (13-79) 
[Sie 7 Re 2A : 
C= Hgts Ge rie (13-80) 
Ga = Cole (13-81) 


and there is no attenuation. 


PROBLEMS 


P13-6. (a) Substitute Eq. (13-41) into Eqs. (13-21)-(13-24) to derive the 
conditions of Eqs. (13-44)-(13-47) on the constant amplitudes of a plane 
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monochromatic field. (b) Derive the dispersion relation, Eq. (13-48), by the 
method outlined in the text and also by evaluating the cross product of Eq. 
(13-47) with K. (c) Show that Eq. (13-48) also follows if the fields in Eq: 
(13-41) are required to satisfy Eq. (13-25). 

P13-7. Given the dispersion relation, Eq. (13-48), rewrite the boundary 
condition on &), in Eq. (13-36) in terms of K’. 

P13-8. Derive Eqs. (13-51) and (13-52) for <S> and <ugq> from Eggs. 
(13-26) and (13-27). Hints: (1) Allow for the possibility of complex K, so that, 
for example, [exp (iK-r)]* = exp (—iK*-r). (2) See Eq. (D-10). 

P13-9. Solve Eq. (13-60) for « and @, obtaining Eqs. (13-62) and (13-63). 
Hints: (1) Solve 20 = ge for o and substitute into x? — a? = ew. The 
result is an equation quadratic in x?. (2) Physically, « is real and so x? > 0. 

P13-10. Verify that Eqs. (13-68)-(13-71) follow from Eqs. (13-64)-(13-67) 
when g >> €@. 

P13-11. The conductivity of sea water is about 4.3 mho/m. Assume uh = Ly 
and take € = 75€, which is about the value of € for pure water at low fre- 
quency. (a) For what frequencies can Eq. (13-70) be applied? (b) Calculate 
the penetration depth in sea water at the typical radio frequency of 10° Hz 
(@ = 2x X 10° sec~!) and comment on the suitability of ordinary radio 
signals as a means of underwater communication, say, between submarines. 

P13-12.Show that for a) 200d conducton (2 > cw) k — 7c 
/ ge exp (in/4) and hence infer from Eqs. (13-49) and (13-50) that the 
g¢- and &-fields are out of phase by 45° in a good conductor. 

P13-13. Show that when ¢, yw, and g are real, the complex index of refrac- 
tion can be written in the form 9 = vf{l + (2i/ug@d*)]. What does 7 become 
in the two limits g >> ew and g < ew? 

P13-14. Use a computer to determine representative points on the graphs 
in Fig. 13-3 and verify the quantitative correctness of those graphs. 

P13-15. Examine x and «as given by Eqs. (13-62) and (13-63) in the limits 
g < ew and g > ew and sketch graphs of x and @ versus €@/g. 

P13-16. In the context of this section, high and low frequencies are divided _ 
by the frequency w, = g/e. Numerically, what is this frequency for good con- 
ductors (g = 10’ mho/m; € = €,) and for poor conductors (g = 107! mho/ 
m; € = 2¢€,)? In what region of the spectrum does q, lie in each case? 

P13-17. Show that a plane monochromatic wave having frequency @w and 
wave number x, propagating in a nonconductor in a direction fi lying in the 
x-z plane at an angle @ to the z axis, and linearly polarized in the y direction 
is described by the fields 


&(r, t) — 6 jeux’ cos #+x sin 8)-wt] 
a(n, 1) = Ne &(—cos Oi ++ sin Ok)eil ce 9+ #18 2) 
Lu 


The angle @ is positive when measured from the positive z axis toward the 
positive x axis. 
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13-4 
Transmission and Reflection at Plane Interfaces 


When a beam of light is incident on the interface between two 
different media, in general some of the incident energy is reflected back 
into the medium of incidence and some is transmitted across the interface. 
An important problem in classical optics therefore is to relate the intensity 
of the transmitted and reflected beams to the characteristics of the inci- 
dent beam and to the properties of the two media. Representing beams of 
light (which we assume to be monochromatic) by electromagnetic waves, we 
can now bring classical electromagnetic theory to bear on this optical prob- 
lem. To be sure, we should represent a physical beam of light by a wave of 
finite (temporal) duration rather than by a monochromatic wave of infinite 
duration. Even when we recognize that macroscopic beams of light are 
usually made up of individual wave trains whose duration is comparable to 
the lifetime of excited atomic states (= 10-* sec), however, the individual 
wave trains contain very many (+ 6 x 107 at 5000 A) complete cycles and 
each wave train is difficult indeed to distinguish from one that contains an 
infinite number of cycles. If the “light bulb” used as a source is a laser, in 
which wave trains from individual atoms are locked together into much 
longer wave trains, the approximation of infinite wave trains is all the more 
applicable. We do, however, confine our attention to interfaces whose area is 
large compared to the square of the wavelength of the light (so we can ignore 
diffraction) and to wavelengths that are large compared to atomic dimen- 
sions (so we can treat matter as a macroscopic continuum). Although we shall 
consider reflection and transmission only at plane interfaces, in fact (properly 
interpreted) our results will be valid also for curved interfaces provided the 
curvature is not significant over distances on the order of several wavelengths. 
With these restrictions on applicability, we therefore conclude that a suitable 
qualitative electromagnetic model for treating an optical transmission and 
reflection problem theoretically involves picturing three plane monochromatic 
electromagnetic waves: an incident wave, a reflected wave, and a transmitted 
wave (Fig. 13-4). In a general problem, the amplitude, polarization, direction, 
and frequency of the incident wave will be given and we seek these charac- 
teristics of the reflected and transmitted waves. A suitable general strategy 
involves the following steps: 


(1) Using whichever of the results in Section 13-3 is appropriate, write ana- 
lytic expressions for the incident, reflected, and transmitted waves. 
Several unknown amplitudes, directions, etc., will be introduced. 

(2) Obtain a set of equations for the unknowns by imposing the appropriate 
boundary conditions at the interface. 

(3) Solve the resulting equations for the unknowns in terms of the (known) 
characteristics of the incident wave. 
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Fig. 13-4. The three waves present in a reflection/transmission prob- 
lem. The medium of incidence lies in the region z < 0 and the 
medium of transmission lies in the region z > 0. The plane interface 
dividing these two media coincides with the x-y plane. 


(4) Calculate the rates J, = |<S,)-k|, 7, =|<S,>-K|, and 7, = |<8,>-k| at 
which the incident, reflected, and transmitted waves transport energy in 
a direction along the normal to the interface. Here, k is the unit vector 
normal to the interface in Fig. 13-4. 

(5) Calculate the reflection and transmission coefficients R and T by applying 
the definitions 


=( fraction of incident )=4 _ 1<8,>-k] k| (13-82) 
energy that is reflected i Wisk 
BY =( fraction of incident )=4 = Keo (13-83) 
energy that is transmitted Fe | <$>° 


Let us illustrate the approach with a simple example before ae the 
more general case of Fig. 13-4. Consider a linearly polarized plane wave 
propagating in a nonconductor and incident normally on the plane surface 
of an imperfect conductor. Let the incident direction define the z axis and let 
the interface be at z = 0. The three waves involved are shown in Fig. 13-5. 
We first write analytic expressions for these three waves. If the incident wave 
is polarized in the x direction, we take &, = Erol, K = «kK, and f = k in 
Eqs. (13-78) and (13-79) to find that the incident wave is represented analyti- 
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Fig. 13-5. A reflection/transmission : 
problem at normal incidence. y (out) 
cally by 
&(z, t) = Sj piel**-09 “te 
&, 1) (incident) (13-84) 


Be Vi Sipheteron 


Now, the frequencies of all three waves must be the same (Section 13-2) and 
hence by Eq. (13-76) the wave numbers of the incident and reflected waves 
must be the same. Thus, with €, = Bol, f — —k, andx = —x kk, we find 
from Eqs. (13-78) and (13-79) that the reflected wave is represented analyti- 
cally by the fields 


EA 10) = gle IE 


_ (reflected) (13-85) 
Hh a t) = —/-£ Gale oe 
Finally, the analytic representation 
& — $ i(Kiz—on) 
a a (transmitted) (13-86) 


Kz, = an E,o§eike-o 
t 


for the transmitted wave follows from Eqs. (13-49) and (13-50) on setting 
S— i and K = K,k. In Eqs. (13-85) and (13-86), we have made the rea- 
sonable (but tacit) “assumption” that the reflected and transmitted waves are 
polarized in the same direction as the incident wave. (It is shown in P13-18 
that, in fact, this requirement follows from the boundary conditions.) 
Throughout Eqs. (13-84)-(13-86), the dispersion relations 


mone — KP= wor(e, +i) (13-87) 


are assumed. 
We now find the unknown amplitudes in the reflected and transmitted 
waves by imposing the proper boundary conditions on the fields at z = 0. 
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We must, of course, add the incident and reflected waves to find the total 
field in the medium of incidence. Then, identifying medium 1 with the medium 
of incidence and medium 2 with the medium of transmission, we find by ap- 
plying the conditions on &, and 4H,, in Eq. (13-36) that 


So + bro = 10 (13-88) 


&, K 
rs (= 6) & 
Al L, ( 0 o) UL, 0 


(remember: z = 0); all of the remaining conditions in Eq. (13-36) are auto- 
matically satisfied by the above fields. The solution of Eq. (13-88) for the un- 
knowns &,, and &, now is 


PSG ee ; — SO 
So 1 a rte eo Be tiga Oa : 
and we have found the amplitudes of the reflected and transmitted waves. 
Finally, we find the reflection and transmission coefficients. From Eqs. 
(13-80) and (13-51) with f = +k, we find first that 


(13-89) 


= = S k a 
Pe oe, 
T= Sek _ Kb, |? Me 
Bey ola (13-90) 
Gaile Res 
eG) = Eales 
I<8,>-k| = Eo 


(Remember again: z = fi-r = 0.) Substituting Eq. (13-90) into the definitions 
in Eqs. (13-82) and (13-83), we then find the expressions 


R= 4 Bol |) 


I; 8,0 /? 
(13-91) 
(oa (SSS, 18,0 /? _ 4u; Re K, 
I; UK; | 8.0 fe Kl 1 AP ai 


for the reflection and transmission coefficients R and T. 

Two limiting cases of these general results are of interest. In the first case, 
the medium of transmission is a perfect conductor, for which g, —> oo and 
K, > /u,g,we'*'* (P13-12). Thus, ¢ as given by Eq. (13-89) becomes infinite 
in proportion to ./ g, and, in accordance with Eqs. (13-89) and (13-91), we 
find that, as g, > oo, 


9 = 6 Sg (13-92) 
——sall T—~>0 (13-93) 


Thus, if the medium of transmission is a good conductor, the incident wave 
is (almost) completely reflected and there is a 180° phase shift between the 
incident and reflected waves. 
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The second interesting limiting case occurs when the medium of transmis- 
sion is a nonconductor, for which g, = 0. Then K, = x, = @./u,€, [Eq. 


(13-87)], and 
v= [Slt x x (ie a ~ ah, Cee) 


i 


where n; and n, are the indices of refraction of the two media. [See Eq. (13-89), 
recall that w;and uw, wy for nonmagnetic, optically transparent dielectrics, 
and then note Eq. (13-75).] For reflection and transmission at normal inci- 
dence on an interface between two dielectrics, we therefore find from Eqs. 
(13-89) and (13-91) that 


— hig = he oe 2 ny; es 
§,0 5 n; as n, 0 S10 fom op JE n, S:0 qs 9) 
_ {n, — n,\? ae 5 
San) Up @ =a: ae 


Thus, at normal incidence on a real interface (n, 4 n;) between two dielec- 
trics, both the reflected and transmitted waves have nonzero amplitude and 
there is a phase shift of 0° or 180° between the incident and reflected waves 
depending on whether n, > n, or n; < n,, respectively; the transmitted wave 
is always in phase with the incident wave. Graphs of R and T are shown in 
Fig. 13-6, and it is shown in P13-19 that R+ 7 = 1. 

We now turn to the more general problem illustrated in Fig. 13-4. Let the 
interface define the x-y plane; let the incident, reflected, and transmitted 
waves be characterized, respectively, by propagation vectors K,, K,, and K,, 
making angles @,, 6,, and 9, with the normal fi (or here k) to the interface; 


1.0 
T 
0.5 
R 
n iy 
A - Fi en ae 


Fig. 13-6. Reflection and transmission coefficients for a wave inci- 
dent normally on a dielectric interface. 
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Fig. 13-7. Coordinates and vectors for treating a general reflection/ 
transmission problem. 


and let the plane of incidence determined by the vectors K, and fi define the 
y-z plane. The angles 6;, 6,, and 6, are measured positively as shown by the 
arrows in Fig. 13-7 and are called the angle of incidence, the angle of reflection, 
and the angle of transmission (or the angle of refraction), respectively. Several 
general requirements on these waves can now be demonstrated : 


(1) The incident and reflected waves are characterized by the same value of 
K, i.e., K; = K,. We have already argued (Section 13-2) that all frequencies 
must be the same. In view of the dispersion relation in Eq. (13-48), the quan- 
tity K can therefore change only when the properties of the medium change. 
But the incident and reflected waves are in the same medium. Q.E.D. 


(2) The incident, reflected, and transmitted propagation yectors are all 
parallel to the plane of incidence. Each term in the boundary conditions 
at z = 0 will involve a factor of the form e¢**|,_, = e****™, where the 
vector K will refer to one of the three waves. Continuity of the tangential 
component of &, for example, will require in part that 


Ge ess Kaa aE FN a Si) —_ Gig Mex) (13-97) 
This boundary condition must be satisfied for arbitrary values of x and y 


(Why?), which is equivalent to requiring that the exponential factors cancel 
from Eq. (13-97). Cancellation will occur for arbitrary x and y, however, 
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only if 

Kin = Kee = Kx (13-98) 
and 

iS 1a (13-99) 
Now, the incident wave certainly lies in the plane of incidence, so K,, = 0. 
Equation (13-98) then requires that K,, = K,. = 0. Q.E.D. 


(3) The angle of incidence is equal to the angle of reflection. From the 
geometry of Fig. 13-7, 


Ky = —K;, sin 0; K,, = —K, sin 6, (13-100) 
Since K; = K, [item (1) above], Eqs. (13-99) and (13-100) together yield the 
proof: 
1 SI (13-101) 
This property is, of course, the classical law of specular reflection. 


(4) The angle of incidence and the angle of transmission satisfy Snell’s law, 
4; sin 0; = y, sin @,, where y; and y, are the complex indices of refraction of 
the two media. [See Eq. (13-58).] Again, combining the geometry of Fig. 13-7 
with Eq. (13-99), we find that 
ee —— he Si 7 = SG, 

SS Sinte. = Sel (Z) (13-102) 
where the final form follows after multiplying the original form by c/@ and 
using Eq. (13-58). Q.E.D. In particular, when both media are nonconduc- 
tors, 4; and y, reduce to the ordinary (real) indices of refraction n; and n,, and 
Eq. (13-102) becomes 

Sill G2 — 71, sin 0; (13-103) 
Depending on the nature of the two media, Eq. (13-102) or Eq. (13-103) 
determines 0, when @, is given. Now, 0; can range from 0 to 47 and is a real 
angle. Since 4; and y, are in general complex, however, Eq. (13-102) cannot 
be satisfied unless we sometimes interpret 0, as a complex angle. (See Ap- 
pendix D.) Even when Eq. (13-103) applies and n, and n, are real, @, will be 
complex when (n,/n,) sin 8; > 1, which occurs when n; > n, and sin 0, > 
n,|n,. In the case of two nonconductors, complex @, corresponds physically 
to what is called total reflection; there is a “transmitted” wave, but it has a 
number of curious properties and in particular all of the incident energy 
appears in the reflected wave (P13-51). 


(5) The incident wave may be polarized at any direction in a plane perpen- 
dicular to K;, and in particular an incident wave with an arbitrary polarization 
can be regarded as a superposition of a wave polarized perpendicular to the 
plane of incidence [Fig. 13-8(a)] and a wave polarized parallel to the plane of 
incidence [Fig. 13-8(b)]. It is therefore sufficient to treat only these two special 
cases. 
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Interface 


Fig. 13-8. Waves polarized (a) perpendicular to and (b) parallel to 
the plane of incidence. 


(6) If the incident wave is polarized parallel (perpendicular) to the plane 
of incidence, the reflected and transmitted waves are also polarized parallel 
(perpendicular ) to the plane of incidence, as shown in Fig. 13-8. To prove this 
property, assume an incident wave containing only one polarization, assume 
reflected and transmitted waves containing both polarizations, and then show 
that the boundary conditions at the interface cannot be satisfied unless the 
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“wrong” polarizations in the reflected and transmitted waves have zero am- 
plitude. The details are left to P13-24. 


To illustrate the more general calculation, let us determine the amplitudes 
of the reflected and transmitted waves when the incident wave is polarized 
perpendicular to the plane of incidence. To find analytic expressions for the 
three waves, we set 

£55 = Syl Sy = Sol bo = oni (13-104) 
and 
K; = K[cos 6;k — sin 6,j] 
K, = K{—cos 6,k — sin 6,j] (13-105) 
K, = K [cos 6,k — sin 6,5] 


(Remember: 0, = 6, and K, = K,.) The vectors in square brackets are unit 
vectors fi;, f,, and fi, in the direction of propagation of the three waves, and 
all of these vectors were found by examining the geometry of Fig. 13-7. We 
now find analytic expressions for the waves by substituting Eqs. (13-104) and 
(13-105) into Eqs. (13-49) and (13-50); the results are 


&(r, £1) = Ejpiel Ker? 


iC ; (13-106) 
Kr, 1) = oi &,.[cos 8,j + sin 0;k]e’%er-2 
&,07, 1) = ao en mit 
H,(r, 1) = Ayr &,o[—cos 6,j + sin @,k]e’Krt-2 
&(r, f) = &,oie’Ker-o agit 


(0, 1) = - &,o[cos 6,j + sin 6,k]eKer-29 
‘G 


The boundary conditions in Eq. (13-36) are applicable to the present case, 
with medium | identified with the medium of incidence and medium 2 identi- 
fied with the medium of transmission. Many of these conditions are automa- 
tically satisfied; only the conditions on &),, Hy,, and 3, are nontrivial, and 
they yield 


Eo ae E,0 — E10 3-107) 

ae, — 6,9) cos 0, — & & 5 cos @, (13-110) 
HL; Ly 

K,(8: + &,o) sin 0; = K,&,o sin 0, (13-111) 


where the exponential factors must cancel and will if (as we have already as- 
sumed) the conditions discussed in items (2)-(4) above are satisfied. Now, 
since K; sin 6, = K, sin @, [Eq. (13-102)], Eq. (13-111) is identical with Eq. 
(13-109). Thus, Eqs. (13-109) and (13-110) are two equations for the two 
unknowns &,, and &,). In terms of the complex index of refraction [Eq. 


372 Plane Electromagnetic Waves in Linear Matter 


(13-58)], Eq. (13-110) assumes the more convenient form 
Lnk&i9 — &,0) COS A; = LN,Er0 COS 9, (13-112) 
Finally, simultaneous solution of Eqs. (13-109) and (13-112) yields the results 


= aa cos) + Da cond ( ) 


ee 


2u.y; cos 0; 

le i i gt 13-114 
Bi Ln; cos 8; + 1:4, cos 9, ( ) 
where the superscript | has been added as a reminder that these results 
apply when the incident wave is polarized perpendicular to the plane of inci- 
dence. Equations (13-113) and (13-114) are two of Fresnel’s equations, the 
other two being 


gh — — Ln, cos 8; + dl: cos O; » ¥ 
ro in, cos 0; + uy; cos 8, Crane) 


1 21M: COS 8; 

Se WH cos O) + LN: Gee, Gee) 
which apply to the case of an incident wave polarized parallel to the plane of 
incidence provided unit vectors in the direction of the electric field are chosen 
to point in the directions indicated in Fig. 13-8(b) (P13-25). These equations, 
which give the amplitudes of the reflected and transmitted waves for the two 
polarizations, are quite general; they apply not only when y; and y, are com- 
plex but also when @, must be interpreted as a complex angle. 

We shall examine the predictions of Fresnel’s equations only for the 
special case in which both media are nonmagnetic (u; = uu, = mo) and are 
nonconductors (4; = n;; 4, = n,). Further, we shall restrict our considera- 
tions to circumstances for which 9, 1s real (i.e., we do not consider total 
reflection). Under these circumstances, Fresnel’s equations reduce to 


4 = ea Bl Geuiien 
84, = aah eh (13-118) 
Se 
gi, = ——2m COS, __ ny (13-120) 


n, cos 9; -+- n; cos 8, 


Further, we find from the definitions in Eqs. (13-82) and (13-83) that the 
reflection and transmission coefficients for the two polarizations are given by 


R, — de = KSd-K1 _ [84 cos 6, 
I IXS>-K| [84 |? cos 8, 


ms, (" cos 8; — n, cos z) 
n, cos 8; + n, cos 6, 


(s-121) 
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rH KBd-Rl __ [esl os 
iG |<S>-k | H,€, | 845 |? cos 6; 


An.n, cos @; cos 8, 


~ (n, cos 6, + n, cos 8° (ssl) 
ey cos cos Gg 

« ( n, cos 0; + n; cos 0, ) (13-123) 
_ __4nwn, cos 8; cos 0, 

cS (11, cos 6, + n; cos @,)? (13-124) 


where the Poynting vectors have been evaluated by substituting Eqs. (13-104) 
and (13-105) (and the analogous expressions for the parallel polarization) 
into Eq. (13-80) and the multiplying square root in Eq. (13-122) has been 
written using the approximations w = yw, and ./é€ —n,/€, for both media. 
We note now the following properties of these results: 


(7) All of these results for both polarizations reduce to Eqs. (13-95) and 
(13-96) at normal incidence (@; = @, = 0), for which special case the plane of 
incidence is not defined. 


(8) For both polarizations, the transmitted wave and the incident wave are 
in phase, because the coefficients multiplying 84; and &,, in Eqs. (13-118) and 
(13-120) are real and positive. 

(9) For the perpendicular polarization, the reflected wave and the incident 
wave are in phase when n, <n; and 180° out of phase when n, > n,. At normal 
incidence (0, = 0, = 0), the coefficient in Eq. (13-117) is positive when 
n, <n; and negative when n, > n;. At oblique incidence, the coefficient will 
be positive when 

n, cos 6; — n, cos 8, > 0 (13-125) 


or (in view of Snell’s law and some trigonometric identities) when 


ni; sin 6; cos 6, = n; sin @, = 6.) Sp 0 
n@, sin 6, 


Ey (13-126) 


lp cos 6; a 


Again from Snell’s law, however, 0, > 6; requires that n, < n,. In reverse, the 
coefficient will be negative when 8, < 0; orn, > n,, and all aspects of property 
(9) are established. 


(10) For the parallel polarization, the reflected wave and the incident wave 
are in phase (a) ifn, <n, and 0, + 0; < 42 or (b) ifn, > n; and 0, + 0, > 4n 
and out of phase otherwise. For normal incidence, 6, + 0; = 0 and case (a) 
applies. At normal incidence, the coefficient in Eq. (13-119) is positive for 
n, <n, and negative for n, > n,. At oblique incidence, we use Snell’s law (and 
some trigonometric identities) to rewrite the numerator of that coefficient in 
the form 
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fem 0), = oi 20) 
—n, cos 9; + 1; COs 9, = nisin. — sin 2 


n, sin (9, — 0,) cos (0, + 4) 127 
ar TSN) aan) 


which can be positive only if 0, > 6, (n, <n,) and 0, +- 0; < 4n or if 0, < 0; 
(n, >, and 6,+60,> 42. Q.E.D. 


(11) For the perpendicular polarization, the transmitted wave has zero am- 
plitude only at grazing incidence (0, = 4n) and the reflected wave has zero 
amplitude only in the trivial case of no interface, n, = n; From Eq. (1 Salas 
&4 = 0 only if 6, = 47. For the reflected wave at normal incidence (CA 
6, = 0), 8&4 as given by Eq. (13-117) will be zero only if n, = n,. For the 
reflected wave at oblique incidence, &, can be zero only if 0, = 6, [see Eq. 
(13-126)], which implies n, =n; Q.E.D. 


(12) For the parallel polarization, the transmitted wave has zero amplitude 
only at grazing incidence (9; = 42) and the reflected wave has zero amplitude 
not only for the trivial case of no interface, n, = n,, but also when n, 4 n, and 
6, + 0, = 42, equivalent to 6, = tan! (m,/n,). The proofs for the transmitted 
wave and for the reflected wave when n, = , are similar to those in item (11) 
above and are left to the reader. The remainder of this property follows from 
Eq. (13-127), which gives the numerator in Eq. (13-119). When n, 4 7; 
(@,4~ 6,), Eq. (13-127) yields zero for that numerator if 6, + 0, = 42. 
Q.E.D. Snell’s law in turn then gives 


n, sin 0; = n, sin Ax ~— 0,) = n, cos 6, ==> 6, = tan-'(n,/n,) (13-128) 


The critical angle 6, = tan~! (n,/n,) is called Brewster’s angle. Unpolarized 
light incident at this angle results in a reflected beam polarized perpendicular 
to the plane of incidence, and this phenomenon can be used to produce 
polarized light. 


Several graphs showing various aspects of the results in Eqs. (13-117)- 
(13-124) appear in Fig. 13-9. 

We shall conclude this section with a reminder that all of the results 
contained herein have been obtained by formal application of the principles 
of electromagnetic theory. We have made no reference to direct results of 
optical experiments per se. Thus, as we have obtained them, the results of this 
section are predictions of optical behavior, not summaries of experimental 
observations, even though in most cases the optical properties were known 
long before electromagnetic theory was developed. The agreement of these 
predictions with observations is therefore substantial indirect evidence sup- 
porting the correctness of Maxwell’s equations and represents one of the 
major achievements of late nineteenth-century physics. 
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PROBLEMS 


P13-18. Add waves polarized in the y direction to Eqs. (13-85) and (13-86) 
and show that the boundary conditions cannot be satisfied unless the am- 
plitudes of these added waves are zero. 

P13-19. Show that R+ T= 1, with R and T given by Eq. (13-96). 
Optional: Show that R +- T = 1, with R and T given by Eq. (13-91). 

P13-20. Find an expression for the transmission coefficient given by Eq. 
(13-91) in the limit of large (but not infinite) conductivity. Take the medium 
of incidence to be vacuum and assume yz, = Lo. Substitute a typical conduc- 
tivity for a good conductor (g, = 107 mho/m) and determine numerical values 
of T for radio waves, microwaves, and visible light. 

P13-21. Substitute Eq. (13-92) into Eqs. (13-84)-(13-86) to obtain expres- 
sions for the incident and reflected waves when the plane wave in Eq. (13-84) 
is incident normally on a perfect conductor and then use the boundary con- 
ditions in Eq. (13-38) to find the surface charge density and the surface cur- 
rent density induced on the surface of the conductor. 

P13-22. Obtain graphs of @, versus 0, as given by Eq. (13-103) for several 
different values of 7,/1,. Include values both larger and smaller than unity. 
Suggestion: Use a computer. 

P13-23. Assume @, and @, are real in Eq. (13-102). Then the real part of 
the equation is identical with Eq. (13-103). Show that the imaginary part of 
the equation can be written in the form (,g;/n,) sin 0; = (4,g,/n,) sin 6, and 
that this form is identical with Eq. (13-103) when both media are good con- 
ductors. 

P13-24. Following the method outlined in the text, prove property (6) 
for one or the other of the polarizations. 

P13-25. Write down equations analogous to Eqs. (13-104) and (13-105) 
but describing waves polarized parallel to the plane of incidence, find the 
fields in the three waves, and apply the boundary conditions to derive Eqs. 
(13-115) and (13-116). 

P13-26. Derive the law of reflection from a perfect conductor by consid- 
ering a wave that is linearly polarized perpendicular to the plane of incidence 
and incident obliquely on the plane surface of a perfect conductor. Find also 
the surface charge density o and the surface current density j induced on the 
surface of the conductor. Optional: Do the same for an incident wave polar- 
ized in the plane of incidence. 

P13-27. A linearly polarized, monochromatic plane wave having wave- 
length 4 (in vacuum) is incident normally on a thin, transparent dielectric 
film in vacuum. Let the film have thickness d and index of refraction n. 
Determine the transmission and reflection coefficients and sketch graphs of 
each as functions of A, assuming # to be independent of frequency. Hint: Take 
the plane of the film to be vertical and introduce five waves: incident and reflect- 
ed waves in the medium of incidence, left and right traveling waves in the film, 
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Fig. 13-9. Reflection and transmission coefficients as a function of 
angle of incidence. Graphs are shown for both incident polariza- 
tions and for several values of 17,/11;. 
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Fig. 13-9. (Continued) 
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and a transmitted wave in the medium of transmission. This problem 
involves techniques similar to those used in the theory of nonreflecting 
coatings. 

P13-28. Obtain graphs of Brewster’s angle and of the critical angle for 
total reflection as functions of n,/n, over the range 0.1 < n,/n, < 10 and, in 
particular, show that (when both angles exist) Brewster’s angle is always the 
smaller one. Note that only real angles in the range 0° to 90° are physically 
meaningful. Suggestion: Use a computer. 

P13-29. (a) Find the expression to which R, as given by Eq. (13-121) 
reduces when the angle of incidence is Brewster’s angle. (b) Find Brewster’s 
angle and R, numerically if n, = 1 and n, = 1.5. Optional: (1) Obtain a graph 
of R, versus n,/n; for incidence at Brewster’s angle. (2) Three glass plates with 
n = 1.45, 1.55, and 1.70 are available. Which would you select to build a 
polarizer to use with incident beams in air? Why? 


13-5 
Wave Guides and Cavity Resonators 


We shall consider now some characteristics of monochromatic 
solutions to Maxwell’s equations in regions that are partially or totally 
bounded by perfectly conducting surfaces, beginning with a wave guide con- 
sisting of an evacuated hollow pipe made of a perfect conductor and having 
a rectangular cross section (Fig. 13-10). The most general monochromatic 
electromagnetic field in this wave guide can be very complicated, but it can 
also be constructed as a superposition of simpler basic fields or modes. We 
shall examine only some of these modes. Suppose first that we seek a solution 
to Maxwell’s equations having an electric field that is (1) independent of x, 


Direction of 
propagation 


Fig. 13-10. A wave guide with a rectangular cross section. All four 
walls of the wave guide are constructed of perfect conductors. 
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(2) polarized parallel to the x axis, and (3) propagating in the positive z direc- 
tion along the guide. The (complex) electric field in such a solution has the 
analytic representation . 

S(t) —=6 (te aa (13-129) 


and, in accordance with Eq. (13-22), the associated (complex) magnetic 
intensity is 
V X &@, £) 


gy) = a 
0 


ee eC ony) ee 
a, 8 0 i(x2z—cot) = 
eras -(ir, (yj — ae Ke (13-130) 


Now, the field &,(r) obtained from Eq. (13-129) by deleting the factor e~* 
must satisfy Eq. (13-25) with we = uo€, = 1/c? and g = 0. Thus, if we set 


2 
—— = (13-131) 
then &,(y) must satisfy 
as, 2 
a + «28 = 0 (13-132) 
and we find that 
&.(y) = Asin k,y + Boos r,y (13-133) 


As in Eq. (13-38), the tangential components of &,(r) must now be made zero 
at all (perfectly) conducting surfaces. In particular, the x-component of 
&,(r) must be zero on sides | and 3 in Fig. 13-10 and will be so only if &,(0) = 
&(6) = 0 or if B= 0 and x,b = nz, where n = 1, 2, 3, ---. With these restric- 
tions on &,(y), we find finally that the fields in the wave guide are given by 


SG. 8) = Acta (72) etme os (13-134) 


A (HY oe 0G AIV\ © | iter 
acre ee =.~ ( ) —_ ( ) «| i(2Z—@t) 7 
TE(p, 1) a sin (722) j — 7 cos (2) £ |e (esis) 
Here the subscripts and superscripts have been added to specify the mode to 
which these fields apply: The superscript TE indicates that the mode is a 
transverse electric mode, in which the electric field has no component in the 
direction of propagation along the guide (i.e., the electric field is transverse 
to this direction of propagation); the subscript On is a conventional two-index 
subscript that relates to the dependence of the fields on x and y, the value 0 
here for the first index indicating that the fields are those in a mode that does 
not depend on x. Finally, the equation 
2 2 

Ki = & (7) (13-136) 
determining x, from @ for the TE,, mode follows from Eq. (13-131) when x, 
is set equal to nz/b. The reader may now verify that all of the boundary con- 


380 Plane Electromagnetic Waves in Linear Matter 


ditions in Eq. (13-38) either are satisfied by the fields in Eqs. (13-134) and 
(13-135) or yield values for surface currents and surface charges at each con- 
ducting boundary of the wave guide. Thus, Eqs. (13-134)-(13-136) certainly 
express a solution for the fields in the guide, even though they do not express 
the only solution. 

Several properties of this guided wave are of interest. Note first that x, 
as given by Eq. (13-136) is purely imaginary if 

o<o,="" Gee 

where @, is a (lower) cutoff frequency below which the exponential factor in 
Eqs. (13-134) and (13-135) expresses a decay rather than a sinusoidal oscil- 
lation. Thus, waves for which @ <q, or, equivalently, waves having a 
vacuum wavelength 1 > 4, = 2b/n are attenuated rather than propagated 
in the guide. Practically, guides whose dimensions are on the order of centi- 
meters are most common. Thus, the typical laboratory guide has a cutoff 
wavelength on the order of a few centimeters and propagates waves in the 
microwave region (and at shorter wavelengths) but attenuates waves at 
longer wavelengths. 

A second property of guided waves can be inferred if we write the sine in 
Eq. (13-134) in its complex exponential form, finding that 


Sher, t) —_ (Maes ae = Ce IE) 22) (13-138) 


We can thus interpret the solution as the superposition of two plane waves, 
the first having a propagation vector 


Ky Sj ak (13-139) 


and the second, whose electric field is 180° out of phase with that of the 
first, having a propagation vector 


ky = =o eek (13-140) 


The relative orientation of these two vectors is shown in Fig. 13-11. Since 
K, and kK, have the same z-component and have y-components differing only 
in sign, they both make the same angle with the walls, namely 

f= 0, = tan! (<2) (13-141) 

an 

and we can therefore think of either wave as the reflection of the other in one 
of the walls. Even the phase difference between the two waves is consistent 
with that view. Propagation of this wave along the guide therefore involves 
successive reflections of the wave first from wall 1, then from wall 3, then from 
wall 1 again, and so on. The angle at which the wave is incident on the walls 
decreases as the mode number » increases, so higher modes involve more 
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Fig. 13-11. The two propagation vec- x (out) , 


tors for waves in a rectangular wave 
guide. 


reflections per unit length along the guide than lower modes. At the cutoff 
frequency for the mth mode («, ='0) Eq. (13-141) gives 8, = 0, = 0, and the 
two waves described in this paragraph are incident normally on the walls; 
«, and kK, have no component along the guide and no wave is propagated. 
Several different velocities and several different wavelengths are used to 
describe the guided wave in Eqs. (13-134) and (13-135). As measured in the 
direction of the vectors K, and k,, for example, the wave is characterized by 
a wavelength 4, given by 
2n 21 
= SS 13-142 
a a ( 
and propagates with speed c; the wavelength /, is the vacuum wavelength 
corresponding to the frequency @. As measured across the guide, the wave 
is characterized by a wavelength 4, given by 
A ae ea ee : 
is a Ue (13-143) 
which supports the conclusion that the allowed wavelengths for a given guide 
are those that establish standing wave patterns between two of the walls. 
Finally, as measured along the guide, the wave is characterized by a wave- 
length 4, given by 


-# = 144 
Me, — Tare — aay JT Uae 


and propagates with a speed v, given by 


ee ee @ = é 
 K, — /(@?/c?) — (nalby — ./1 — (nac/bay 
Note that 2, > 4, and v, > c. This apparent contradiction of the limitations 
imposed by special relativity will be resolved in the next paragraph when we 
find that information (i.e., energy) is transmitted along the guide not with 
speed v, but with a different speed that in fact is less than c. 


(13-145) 


v\ 
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Consider now the energy in the fields in this guide. We find first that the 
time-averaged Poynting vector is given by 


(8) = 4 Re (8 x *) = eal sin (2) (13-146) 
0 


As expected, <S> is directed along the guide. Similarly, we find that the time- 
averaged energy density is given by 


Mus) = a Re (8-D* + B-*) 


l ke reat ey 1 (2) (“) | 
=a JAP (€0 a. = sin (=) + Tee COs F 
(13-147) 
Neither the energy flux nor the energy density is uniform over the cross sec- 
tion of the guide. We can, however, calculate the average rate at which energy 
is transported along the guide by integrating <S> over that cross section; we 
find that r 


average rate 2 | ce I. eA sin? (2) (aa 
= a y) 
( Cy > 20Ou b 


energy transport 0 


_ abx,| Al? (13-148) 
4a Lo 
Similarly, we find that the average energy stored in the fields in unit length of 


the guide is given by 


Gre. energy 


5 
= eel 4 : 
in unit Seat) a I (sm) a dy = 4 abe,| A| (13-149) 


If we now think of the average energy given by Eq. (13-149) as propagating 
down the guide with speed v, so as to produce the average energy transport 
given by Eq. (13-148), it must be that 


(ae rate °) Ee ae sae (13-150) 
energy transport *\in unit length 


and thus that 


= —>v,v, = 0? (13-151) 


Since v, > c, the speed v, at which energy is propagated along the guide is 
smaller than c, in agreement with the limits imposed by special relativity. 
Another aspect of energy in guided waves relates to losses arising from the 
finite (even though large) conductivities of any real material used for the 
walls; the essential idea of a method for treating this complication 1s explored 
in P13-53. 

As our notation indicates, we have considered only a very few of the 
possible waves in a rectangular wave guide. There are additional TE modes 
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Fig. 13-12. A simple cavity resonator. Y 


depending only on x and not on y (the TE,,, modes), there are more involved 
TE modes depending on both x and y (the TE,,, modes), and there is an 
analogous family of transverse magnetic modes (TM,,,,) in which the magnetic 
intensity H is normal to the direction of propagation along the guide. Fur- 
ther, for each mode representing propagation toward z = -++co there is a 
corresponding mode representing propagation toward z = —co. The main 
characteristics of the propagation of guided waves, however, have emerged 
in our simple example and we therefore leave a treatment of these other 
modes (and also of wave guides having nonrectangular cross sections) to the 
problems and to other authors. We leave a discussion of wave guides that 
turn corners, change dimension, or contain dielectric fillers entirely to other 
authors. 

As a second example of fields in a region bounded by conductors, consider 
a cavity resonator, which consists of an evacuated volume completely sur- 
rounded by conducting walls. The simplest such devices are shaped like 
rectangular parallelopipeds, right circular cylinders, and spheres. We shall 
consider here only the first shape (Fig. 13-12). Again we seek simple solutions 
in the interior of this region, realizing that more general solutions can be 
constructed by superposition. Thus, let us assume that 


(lt aaa (h er (13-152) 
with ; . " 
Eo(r) = &o.(0)i + &o,(r)j 1 0.(0)k (13-153) 
Now, &,(r) and hence each of its (Cartesian) components must satisfy Eq. 
(13-25) with we = foo = I/c? and g = 0; e.g., 


2 2 2 Ds 
(a =F ie + = “ O) Bond, Te ==) (13-154) 
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Assuming that & ,(x, y, Z) can be factored into the form X(x) Y(y)Z(z) (as in 
Section 8-4), we find that Eq. (13-154) is equivalent to 


ed leat ie ee (13-155) 
Ra i eee Ae 

which can be satisfied only if each of the first three terms is a constant by 

itself. Writing the separation constants as —K?, —K;, and —x?, we thus have 


that 


OX 1 2X = 0 => X(x) = Asinn,x + BeosK,x (13-156) 
Be 

tee a? — 0) ==> 7 = A Si B' (13-157) 
Ag — (et SI ee COs7e 


us ale eed = 0=>> Z(z) = Al” sim KZ ae B" cos K,Z (ISS) 


where the separation constants must satisfy 
2 
K2 foe a (13-159) 


The relevant boundary conditions, Eq. (13-38), require that the tangential 
components of & be zero on all conducting surfaces. Since &,(x, y, Z) is a 
tangential component on four of the six surfaces, we must then have that 


See) = 0 1 (0) 0 a (13-160) 
Con Ds 2) = Oe (ae (13-161) 
See Sa AO SS eS (13-162) 
SCG.) — 0 20 ee (13-163) 
where n and p are nonnegative integers. Further, we must require that 
V-8) = 0 > Sian 4. os _ _ Sos (13-164) 


In particular, this equation must be satisfied when x = Ot and x = a~, for 
which coordinates &), and &, must both be zero for all y and z because 
they both are tangential components to the planes x = 0 and x = a. Con- 
sequently, neither &, nor &), change with y and z if x = 0+ or x — a~ and 
Eq. (13-164) reduces to 0&,/0x = 0 at x = 0 and x = a. This condition in 
turn requires that 


dX 

a 0=—>A=0 (13-165) 
a) Pe 

al. eo ee (13-166) 


where m is a nonnegative integer. Thus, the boundary conditions reduce 
X, Y, and Z substantially and their product, which gives &,, now is 


&o.(x, Y, Z) = E, cos K,X sin K,y sin K,z (13-167) 
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Similar calculations give 
Eo (x, y, Z) = E, sin K,x cos K,y sin K,z (13-168) 
&0(x, y, z) = E, sin k,x sin K,y cos K,z (13-169) 


for the remaining two components of the &-field. Here E,, 2 andes vate 
constants that are arbitrary except for the condition 


ieee Eoin E —) (13-170) 


imposed by Maxwell’s equation V-& = 0. Throughout these expressions, 
K,,K,, and K, can assume only the values 


R= K=O OK, = (13-171) 


where m, , and p are nonnegative integers, at most one of which can be zero. 
(If two or more are zero, the field is zero.) Evaluation of the #-field is left 
to P13-37. Note finally that when m = 0, &), = 8), = 0 and the €-field in the 
cavity reduces to 


G(r yf) =~. Silky sim K,zie 


— a sin K,yilelez 29 ae Boe) (13-172) 
which can be viewed as a superposition of two waves of the TE), mode of the 
rectangular wave guide [Eq. (13-134)], one propagating toward z = +co and 
the other propagating toward z = —oo. The coefficients (+1, —1) in the 
superposition and the values of «,, however, are restricted so that (1) each 
TE,, wave can be regarded as a reflection of the other in the planes z = 0 and 
z = d and (2) the tangential component of the resulting &-field is zero on the 
planes z = 0 and z = d. Those more general modes that follow from the 
above fields when » + 0 but E, = 0 can also be viewed as a similar super- 
position of the TE,,, modes of the rectangular wave guide and are referred to 
as the TE,,,,, modes of the resonator. The remaining modes of the resonator 
(in which E, is not zero but H, is zero) arise from a superposition of TM, 
modes of the guide and are called the TM,,,, modes of the resonator. The 
fields in all of these modes can be viewed as forming standing wave patterns 
in all three coordinate directions. 

In contrast to the wave guide, in which all frequencies exceeding the cut- 
off frequency are allowed, the cavity resonator has a discrete frequency 
spectrum. Substitution of Eq. (13-171) into Eq. (13-159) gives 

2 2 
= ne? (a +o+ r) (13-173) 
for the frequency o,,,, characterizing the TE,,,,, mode. Since this frequency 
also characterizes the TM,,,, mode, there are at least two different modes 
corresponding to the frequency w,,,, and all frequencies in this cavity are at 
least doubly degenerate. Additional degeneracies will occur when a, b, and d 
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are so related that «,,,, has the same value for two or more different values 
of mnp. (For example, 23 = @433 When a = 26.) Finally, since only one of 
m,n, and p can be zero, the lowest resonant frequency of the cavity is that 
one of W110, M101, ANd @o1, for which the zero corresponds to the direction 
of the smallest dimension of the cavity. Thus, for example, a cavity with 
dimensions | cm X 2cm X 4cm will have a lowest resonant frequency aw, 
given by 
ane ne? (55 + i) CM? === ee Osc 

which corresponds to a vacuum wavelength of 3.5 cm. 

As we have seen, wave guides and cavity resonators of reasonable 
dimensions are characterized by frequencies in the microwave region of the 
electromagnetic spectrum. This property contributes significantly to the 
importance of these devices in experimental work involving microwaves, for 
wave guides and cavity resonators are distinctly superior to conventional 
circuitry at these frequencies. 


PROBLEMS 


P13-30. Derive the final expressions in Eqs. (13-146) and (13-147) for 
<S» and <igy> In a rectangular guide carrying a TE), wave. 

P13-31. Find the (surface) charge and current densities induced on all 
walls in Fig. 13-10 when the guide carries the TE), wave. 

P13-32. (a) Draw three figures like Fig. 13-1] (but without the propaga- 
tion vectors) and then draw lines along which the physical E-field is zero at 
time t = 0 for the modes TE,,, TE,2, and TE,;, marking each region with 
a + or — sign to indicate the direction of the field in that region. (b) Find 
the physical H-field for these modes and sketch the lines of H in each figure. 

P13-33. (a) For the rectangular wave guide of Fig. 13-10, find the complex 
fields for the transverse electric modes TE,,. in which the &-field is in the 
j direction and all fields are independent of y. (b) Sketch figures showing the 
MEGS Mole WE ay Wiban. auntel Wee, sonetles. 

P13-34. Find the complex fields for the transverse electric modes TEm, in 
the rectangular wave guide of Fig. 13-10. Hints: (1) Let &(r, 1) = [80.(%, y)i + 
&o,(x, YJ] exp [/(«,z — wt)] and use separation of variables on the equation 
analogous to Eq. (13-132). (2) The tangential components of the electric 
field must be zero at all conducting walls. (3) V-& = 0 for all x and y. (4) 
Find & first; then find # from Eq. (13-22). 

P13-35. Let a cylindrical wave guide of radius a have its axis along the 
z axis. Assuming an electric field of the general form 


E(r, 1) = Bo(r)hei#-09 


find the fields and then find the longest three cutoff wavelengths if @ = 5 cm. 
Hints: (1) Be careful with the Laplacian of a vector in cylindrical coordinates. 
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(2) The equation for &(2) is Bessel’s equation of order one, and the only 
solution that is finite at the origin is the first-order Bessel function usually 
denoted by J,(x), which is a standard, tabulated function. In particular, 
Ji CoeerO for x 3.8317, 7.0156, 10.1735, «+, 

P13-36. The systematic development of Eqs. (13-168) and (13-169) by 
the method used to obtain Eq. (13-167) does not by itself require x, K,, and 
k, to be the same in all three components of the field. Present a supplementary 
argument proving that «,, «,, and x, in fact must have the same value in all 
three components. 

P13-37. Find the #-field corresponding to the 8-field in Eqs. (13-167)- 
(13-169). 

P13-38. Let a = 1 cm, b = 2.cm, and d = 3 cm; use a computer to cal- 
culate Gn, for 0 < m,n, p <4, and show the allowed frequencies as hori- 
zontal lines in a diagram with a vertical frequency axis, labeling each line 
with the number(s) of the mode(s) to which it corresponds. This diagram is 
analogous to a quantum mechanical energy level diagram. Suggestion: Use 
the computer also to arrange the frequencies in increasing order. 


13-6 
Superposition of Waves of Different Frequency: 
Dispersion 


Plane monochromatic waves in matter can be superposed in all of 
the ways that were discussed in Sections 7-3 and 7-4 for plane monochromatic 
waves in vacuum. Waves in matter therefore can be circularly and elliptically 
polarized and they can interfere with one another. They can also be super- 
posed by summing or integrating over a spectrum of wave numbers to pro- 
duce plane waves that are no longer sinusoidal. In this section, we shall 
consider briefly a phenomenon that occurs in matter but not in vacuum, 
restricting our consideration to unattenuated waves and therefore to non- 
conducting matter. The phenomenon is called dispersion, and it arises because 
in matter the velocity of propagation of a purely monochromatic wave depends 
on frequency. Thus, the different frequencies composing a polychromatic wave 
travel through matter at different speeds and, as a result, the overall wave 
form (think of a pulse of some initial shape) changes shape as the wave prop- 
agates through the matter. Further, as we shall see, the speed of propagation 
of the envelope of a polychromatic pulse will be different from—perhaps even 
quite different from—the speed of propagation of any one of its component 
frequencies. We must therefore distinguish two velocities: (1) the phase 
velocity v,, which is the speed at which a purely monochromatic wave prop- 
agates and is given by 


a (13-174) 
K 
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and (2) the group velocity v,, which is the speed at which the envelope of a 
polychromatic pulse propagates. 

An expression for the group velocity is quickly obtained by considering a 
simple superposition of two linearly polarized waves having the same ampli- 
tude but slightly different frequencies and propagating toward z = +-o°. If 
the wave number x depends on frequency, then two different wave numbers 


K = K(w) (13-175) 


and 
Kk’ = K(a') = k(@ + Aw) = Kk + Ak (13-176) 


must be introduced. The electric field in this superposed wave is then given by 


&(z t) _— le ol. ean 
? 
= Boe fee z—Ao t) ae e /2ilax z—-Aw )] 


Elle "2a cos |1( Aico? )) (13-177) 
where 
= Ue ge be) (13-178) 
and 
O(a a) (13-179) 


Physically, Eq. (13-177) represents a sinusoidal wave of frequency @ propagat- 
ing with a phase velocity 

. OM Ogee oO : 
02 Saas i eae) ook Coy 


on which has been superimposed an envelope (the cosine factor) that modu- 
lates the wave (Fig. 13-13). The envelope, however, propagates with the 
group velocity 


v, = 42 = (13-181) 
which is equal to the phase velocity when @ is proportional to « (P13-40) but 
more generally may be either larger or smaller than the phase velocity. 
Since a sinusoidal wave can be considered to transmit information (.e., 
energy) only to the extent that it is modulated, we conclude that any informa- 
tion resides in the modulation and hence must be propagated through matter 
at the group velocity. 

We shall conclude this section by examining briefly the propagation of a 
linearly polarized pulse in a medium in which v, depends on frequency, i.e., 
in a dispersive medium. In general, we can represent the electric field in a pulse 
propagating toward z = +co and linearly polarized in the x direction by the 
superposition 


Se ei | é Sow )el"2-— die (13-182) 


ai J : Eol(K ee” de (13-183) 
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where we assume that each frequency present propagates at the appropriate 
phase velocity (which now, however, we must think of as a function of kK). 
For our present purposes, we shall not need the accompanying magnetic 
intensity. As in Chapter 7, it is here convenient to express the field as an 
integral over the range —co < x < oo, which we accomplish by extracting 
the physical field, finding 


fea) 
= 
a 
=~ 
— 
I 
tle 
= 
ine] 
os 
is 
~~ 
— 
au 


Se (2, 7)] 


a i Coke lie 


A 0 
a ti ( GA —Ke en dk 


=j i A(x)ei™ts V(x) ox (13-184) 


where we have defined the spectral function A(k) as in Eq. (7-63), 


76(K), k> 0 
A(k) = (13-185) 
n&¢(—k), K<0 
and further we have defined a phase velocity V(x) that applies over the entire 
range of x by 


(13-186) 


Bp 


v (kK), K>0 

V6) = AK) 

OS ee) 

This “capital” phase velocity is thus the even extension of v,(x) into the region 

xk < 0. Given Eq. (13-184), we conclude in particular that the field at t = 0 is 
given by 

E(z, 0) =i | A(kyei*? on (13-187) 


oo 


which by Fourier inversion (Appendix D) yields the expression 
A(k) = i "EB (z, Oe dz (13-188) 


where E(z,.0)— 2 (Zz, 0)i, for A(x). Thus, if we know the field £,(z, 0) at time 
zero and we know the phase velocity V(x) as a function of x, we can find the 
field at other times by calculating A(x) from Eq. (13-188) and then calculating 
E,(z, t) from Eq. (13-184). In general, numerical methods will be needed for 
at least part of this calculation.°® 


6See, for example, J. R. Merrill, Anz. J. Phys. 39, 539 (1971). 
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To illustrate even more clearly the nature of wave propagation in a dis- 
persive medium, suppose that at f = 0 the pulse in the previous paragraph Is 
the triangular pulse for which 


1071 —{z|), |z|<1 
0, Je Il 
as shown in Fig. 13-14(a) and is propagating toward z = + oo. By using Eq. 


E,(z,0) = (13-189) 


Mi é 
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(a) 


(b) 
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(c) 


Fig. 13-13. Superposition of two sinusoidal waves of slightly dif- 
ferent frequency. Part (a) shows the real part of the rapidly oscillat- 
ing factor in Eq. (13-177) as a function of z at t = 0; part (b) shows 
the modulating envelope at ¢ = 0; and part (c) shows the superposi- 
tion [i.e., the product of (a) and (b)]. These graphs are drawn for 
Ax/# = 0.1, The rapid oscillations in part (a) propagate with speed 
vp and the envelope in part (b) propagates with speed v,. 
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A(k) 
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(b) 


Fig. 13-14. Propagation of a pulse in various dispersive media. 
(13-188), we find that the spectral function is 


1 
Ae) = 10 [1 —[2perrdz = 202 SE 13-190) 
-1 


which happens for this pulse to be a real, even function of x; it is graphed in 
Fig. 13-14(b). Continuing, we then find from Eq. (13-184) that 


BA 1D) — 20 | Task eixlz Vole) 4) oe 
= = i} 5 cos faelz — v(t] dx (13-191) 
0 


where the second form follows by writing the exponent as cos (+--+) + 
isin (---) and then noting that the real part of the resulting integrand is even 
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1B, AB, © Uy 0.05x 


(d) 
Fig. 13-14. (Continued) 


in « and the imaginary partis odd in x. Although analytically Eq. (13-191) is 
essentially intractable for all but the simplest functions v,(«), numerical 
integration yields E,(z, t) quite easily for any function v,(x«), provided the 
infinite interval of integration is truncated to some finite range, sayO << K < 
Kmax, Outside of which A(x) is approximately zero. From the many possible 
formulas for numerical integration, we select Simpson's rule, which gives’ 


Ez, t) = 4 An S fists 251) (13-192) 
i=0 


where N (which must be even) is the number of subintervals into which 
O< kK < Kus divided, Ak = x.42/No kp A (ee ee 


7See, for example, H. D. Peckham, Computers, BASIC, and Physics (Addison-Wesley 
Publishing Company, Inc., Reading, Mass., 1971), Chapter 5. 
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E..(z, t) = 1 — 0.05k 


(e) 


Ct) Ura 1 O02 (= 2.5)? 


(f) 
Fig. 13-14. (Continued) 


ya, Was 7 increasestrom i = 0to71 — WV, and 


LU COS ee {x[z — 0,(k)t]} (13-193) 


K i) = 
ee, 2,0) = 7m 


The writing of a computer program to evaluate this sum as a function of z 
for selected ¢ and v, is left to P13-43. Figure |3-14(c)-(f) shows the output of 
such a program when v, = | (no dispersion), when v, = 1 -+ .05x« (phase 
velocity increases steadily over the range 0 < x < x,,,,), When v, = 1 — .05x 
(phase velocity decreases steadily over the range 0 < K < k,,,,), and when 
v, = 1+ .02(« — 2.5)? (phase velocity has a minimum at « = 2.5). In dis- 
persive media, the pulse becomes less sharp and oscillatory leading and/or 
trailing “edges” become more pronounced as the pulse propagates further 
into the medium. 
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PROBLEMS 


P13-39. Show that the reflected and transmitted waves resulting when a 
circularly polarized wave is incident nonnormally on a dielectric interface are 
in general elliptically polarized. 

P13-40. Let the dispersion relation for a particular medium be w = ak, 
where a is a constant. Show that v, = v, = a. In particular, this dispersion 
relation describes electromagnetic waves in vacuum if a= c. 

P13-41. The group velocity of electromagnetic waves can be expressed in 
many different ways. Show that 


ee ree ae 
aa aaa lats 7 
a dv, 
al ena) ~ De 
=o) — ae 


where 4 = 27/x is the wavelength in the medium and n = c/v, = Kc/q@ is the 
index of refraction at the frequency . 

P13-42. In the visible region of the spectrum, the index of refraction n of 
some media can be adequately represented as a function of wavelength by the 
two-constant Cauchy equation n = A + B/A?. Find the phase and group 
velocities as functions of 2. Optional: For barium flint glass, n = 1.58848 at 
A = 6563 A and n = 1.60870 at 2 = 3988 A. Find A and B and then plot 
graphs of v, and v, versus J in the visible spectrum. Suggestion: Use a com- 
puter. 

P13-43. Write a program to evaluate the sum in Eq. (13-192) as a function 
of z for specified t, determine suitable values of N and x,,,,, and run your 
program on an available computer to reproduce some of the results in Fig. 
13-14. Hint: The function (1 — cos «)/x? is indeterminate at « = 0. Show 


that 
20 1— Disp COgs K =F = c(i =) | 
va 30 


to within about +2 « 10°!° when |x| < .1 and use this series for that range 
of x. Optional: (1) Try other values of N and x,,,, and other functions v,(x). 
(2) Try to increase the running speed of your program by thinking of ways to 
minimize the number of calls to cosine and sine routines. Note, for example, 
that cos [(k + Axk)z] = cos («z) cos (Ak z) — sin (Kz) sin (Ak z). How can 
this and similar identities be used to determine cos (m Ax z) for all m using 
only two calls to the sine and cosine routines? Note also that cosines and 
sines that are used repeatedly can be calculated once and stored. 

P13-44. Without evaluating any integrals, sketch a labeled graph of the 
likely spectral function for the pulse shown in Fig. P13-44. How would 
increasing the number of cycles to 10 and to 100 affect the spectral function? 
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E,(z, 0) 


Figure P13-44 


Supplementary Problems 


P13-45. At a particular point in space, the electric field is given as a 
function of time by &(t) = 8(t)1, where &(¢) can be expressed in terms of a 
Fourier transform 


a= i 8(nel dt 


Suppose the medium is such that D and E are related by a frequency-depen- 
dent permittivity €(@) so that D(@) = €(w)&(@). Show that 


D(t) = J i e(t’)&(t — t’) dt’ 


where 
ei) = 5 | Raden" de 


etc. The relationship between D(r) and &(f) in this case is far less simple than 
the relationship between D(@) and &(a). 

P13-46. The Q of a medium is defined as the absolute value of the ratio 
of the displacement current density to the conduction current density. Con- 
sider a linear medium carrying a monochromatic plane wave. (a) Show that 
QO = €w/g. (b) Express « and @ as given in Eqs. (13-62) and (13-63) in terms 
of Q by eliminating @ and then express K = x +- ia in the form | K| exp (ig), 
finding | K| and ¢ in terms of Q. (c) Sketch graphs of x, a, | K|, and ¢ as func- 
tions of Q. (d) Determine the ratio of the electric to the magnetic energy 
densities in the wave of Eqs. (13-49) and (13-50), expressing the result in 
terms of Q, and sketch a graph of this ratio as a function of Q. 

P13-47. Letting O = €,w/g, (compare P13-46) and y = ,/4,€,/€;44,, and 
taking K, = x, + ia, with x, and a, given by Eqs. (13-62) and (13-63), find 
¢ [Eq. (13-89)] and then obtain graphs of R and T [Eq. (13-91)] as functions 
of QO for typical values of y, including y = 1. 

P13-48. Show that for a good nonmagnetic conductor Eq. (13-91) for 
the reflection coefficient at normal incidence reduces to R = | — ./8€,a/g,. 
Hint; Evaluate T first; then find R from R = 1 — T. 
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P13-49. Using a computer to calculate the points, obtain a few graphs of 
R,,7,, R,, and 7, and compare your results with Fig. 13-9. 

P13-50. If the media of incidence and transmission are both nonmagnet- 
ic, show that Eqs. (13-113) and (13-114) can be written in the form 


1 _ sin (O, — 6) p14 gi — 2008 8; sin 8, 91 
Ce cine) 2 sine 
and find similar expressions for &/, and &/y. 
P13-51. In the case of total reflection at an interface between two non- 
magnetic nonconductors, Snell’s law requires @, to be compex and 


cos 9, = ./1 — sin? 6, = Ve sin? G, — | 


t 


Show from Eqs. (13-113) and (13-115) that the reflection coefficients for both 
polarizations are unity. 

P13-52. A plane wave in air is incident on a nonmagnetic nonconducting 
slab as shown in Fig. P13-52, producing a reflected wave and also a transmit- 
ted wave. The transmitted wave is subsequently partially reflected and partial- 
ly transmitted at the second interface. Let the incident wave be polarized 
perpendicular to the plane of incidence and have amplitude a. Finally, 
introduce reflection and transmission coefficients r, t, r’, and t’ at the two 
interfaces so that the amplitudes of the several waves are as shown in the fig- 
ure. Using Eqs. (13-113) and (13-114), find r, ¢, r’, and ¢’ in terms of @,, 0,, 
and n and then show that r = —,’ and that tt’ — rr’ = 1. Do these final two 
results also apply for parallel polarization? Defend your answer. 


Incident 
wave 


Reflected 
wave 


Transmitted 
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Nonconductor 
with index of 
refraction n 


Reflected 
wave 


Transmitted 
wave 


Figure P13-52 
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P13-53. The following procedure is sometimes used to calculate energy 
losses when plane waves are incident on nearly perfect conductors: (1) Solve 
the problem assuming the conductor to be perfect; (2) determine the surface 
current density j in the perfect conductor and then, assuming that the same 
total current appears for the real conductor and that that current is distributed 
in a layer of thickness 6 at the surface, take the current density J in that layer 
to satisfy j — 6J; (3) estimate the electric field in that layer from Ohm’s 
law, J = gE; and (4) estimate the magnetic intensity in that layer by requiring 
continuity of the tangential component of H across the interface. (a) Apply 
this procedure to estimate J, &, and & in the surface layer of a nearly perfect 
conductor when the incident wave strikes the surface normally. (b) Find the 
average power dissipated in an area A of the conducting surface. Optional: 
Consider an area A of the conducting surface bounded by a rectangle having 
sides L and W, with the sides of length L directed perpendicular to the direc- 
tion of J. (1) Find the root mean square (rms) value of the total current 
flowing between the two sides of length L. (2) Express the average power dis- 
sipated in the area bounded by this rectangle in terms of the rms current and 
identify a resistance to associate with the surface. (3) What is the surface 
resistance of a square sheet between two parallel edges ? Can you understand 
why this resistance does not depend on the size of the sheet? (Note: The 
quantity 1/g6 is sometimes called the surface resistivity.) 

P13-54. Determine the fields in the TM,,,,, modes of the cavity resonator 
in Fig. 13-12. Hint: See P13-37 and require 4, to be zero. 

P13-55. Suppose a portion of the cylindrical wave guide in P13-35 is 
closed off by conducting planes at z= 0 and z = b to make a cylindrical 
cavity resonator. What are the frequencies of the resonant modes correspond- 
ing to the traveling modes found in P13-35? Optional: Choose reasonable 
dimensions for the cavity, calculate several of the lowest resonant frequen- 
cies, and plot a “frequency level” diagram as described in P13-38. 

P13-56. Let a general monochromatic wave in an evacuated wave guide 
be given by 

&(r, t) = &(x, DO ee ae 
H(r, 1) = Ko(x, pero? 


where &, and #, may have components in all three coordinate directions. 
Show from Maxwell’s equations [Eqs. (13-5)-(13-8)} that 


. aol aaa (oe ae #a2) 
COE: a? OY | My Ox 


find similar expressions determining &),, 3C,,, and 3,, from &), and K,,, 
and hence conclude that all components of a guided wave are known if the 
z-components of the two fields are known. In particular, TE modes have 
&), = 0 and TM modes have JC,, = 0. 
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P13-57. In a tenuous plasma, collisions between particles are infrequent 
enough that resistive forces can be neglected and € = €9, u =~ Mo. In sucha 
case b = 0 in Eq. (13-12) and the conductivity given by Eq. (13-15) becomes 
g = ig?N/@m, and is purely imaginary. (We switch from a to N for particle 
density in order to avoid confusion with the index of refraction 7.) (a) What 
is the dispersion relation [Eq. (13-48)] for this plasma? Write your result in 
terms of the so-called plasma frequency w, defined by w? = q?N/m.€ . (b) 
Sketch a graph of « versus @. (c) Describe qualitatively the nature of the 
waves given by Eqs. (13-49) and (13-50) for this plasma. Consider both @ > 
@, and @ < q@,. (d) In what region of the electromagnetic spectrum does the 
frequency @, lie when N ~ 10!' particles/m?, a value characteristic of the 
ionosphere? What limitations does the ionosphere impose on the frequencies 
used for communication with moon-bound astronauts ? (e) Recognizing that 
K = nw/c, where n is the index of refraction, find n for this plasma. 
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14 


Radiation from 
Prescribed Sources 
in Vacuum 


Makxwell’s equations not only predict that electromagnetic waves 
propagate through space but also provide the theoretical framework for 
relating those waves to their ultimate source in some charge and current 
distribution. This relationship is the subject of this chapter. The discussion 
is confined to radiation produced by free charges and currents in space free 
of matter, and Maxwell’s equations therefore assume the form 


fe? _ _oB : : 
vE-£ Vx E=—£ (14-1), (14-2) 
1 dE 


where 1/c? = po€o. In treating radiation problems, however, it is usually 
convenient to seek first the scalar and vector potentials V and A and then 
derive the fields by applying the relationships 


ev ze B=VXA (14-5), (14-6) 


obtained in Section 6-6. We elect to work in a Lorentz gauge. The potentials 
therefore satisfy the inhomogeneous wave equations 


io : 
(v2 ~ saya = Sr (14-7) 
1 @ | 
De prs )aista —a = 
(Vv - sn) V=——p (14-8) 
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and, in addition, are related by the Lorentz condition, 
1 oV 
. ee ee 0 14-9 
Wess cor ( ) 
[Compare Eqs. (6-71)-(6-73).] In brief, the objectives of this chapter are (1) 
to solve Eqs. (14-7) and (14-8) for the potentials and (2) to examine these 
solutions and the corresponding fields for a few representative source distri- 
butions. 


14-1 
The General Solution of the Inhomogeneous 
Wave Equation; Retardation 


In this section, we shall seek general solutions to Eqs. (14-7) and 
(14-8). The results, of course, will be general solutions to Maxwell’s equations 
in vacuum and, once we have obtained these solutions, a// problems of elec- 
tromagnetism in vacuum are solved, at least in principle. We have already 
found this general solution when the potentials are static, namely 


Py oe 2, 
Aa) = #2 | AO ay (14-10) 
We) —= Le | Bea (14-11) 


4ne, |} |r —r'| 

[Compare Eqs. (5-41) and (4-50).] The solution for the time-dependent poten- 
tials, however, is more complicated. Because of the time derivatives in the 
basic equations, we cannot obtain the solutions in the time-dependent case 
simply by allowing the sources in Eqs. (14-10) and (14-11) to become time- 
dependent. The effect of the time derivatives is more subtle, but it is not at 
all surprising once it has been obtained. Any one of several methods of solu- 
tion might be pursued. Mathematically elegant methods exist but cannot be 
used here without an extended digression to develop the necessary mathemat- 
ical techniques (but see P14-26). We adopt instead an approach that draws 
on no more mathematics than has already been introduced. 

Consider first a small, spherically symmetric charge distribution, which 
we shall ultimately allow to approach a point. If we can find the potentials 
established by this distribution, we can obtain the solution for a more realistic 
distribution by superposition. Let the charge be located at the origin (we can 
translate coordinates any time we wish) and, disregarding temporarily the 
requirements of charge conservation, suppose that the total charge in the 
distribution varies with time in accordance with 


q = qt) (14-12) 
If this distribution is confined to a region of radius a centered at the origin, 
then p(r, ¢) is zero outside this region and the scalar potential V satisfies 


(v? ae oa) Mr, ed (14-13) 


ey} 
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when r > a. Since the supposed spherical symmetry of the charge distribution 
implies that V depends only on r and ¢, we can write this equation more sim- 
ply in spherical coordinates, obtaining 


lo 016 oz 
pe oa 7) el v ey 
The substitution V = h(r, t)/r reduces Eq. (14-14) to 
07h 1 O*h 
oF 2 OP a) 
whose solution 
Air, t})} =f(r — ct) + ge 4+ ct) (14-16) 


where f and g are arbitrary functions, is immediate (P7-1). Thus, the general 
solution to Eq. (14-14) is 


Van iG Eva) ce sgt ay (14-17) 
(Compare P7-27.) 


Two physical conditions must yet be imposed on this solution. First we 
must set g = 0, for that term represents a wave propagating inward and such 
a wave is incompatible with our expectation on physical grounds that the 
electromagnetic wave produced by a changing charge cannot be present at 
any point in space before the charge has changed.' Thus, the most general, 
physically acceptable solution to Eq. (14-14) is 


Aan = at aoe, (14-18) 


The second condition to be imposed on V(r, £) determines the function /- 
Essentially, we must require that the solution, Eq. (14-18), reflect the presence 
of the charge q(t) within the (small) sphere r < a. If a is small enough, how- 
ever, the field established by the changing charge in the region r < a propa- 
gates to the surface r = a in negligible time. Thus, if a is small enough, the 
potential at and just outside of r = a follows changes in the charge with neg- 
ligible time lag. At each instant, the potential at and just outside of r = a is 
therefore equal to the static potential appropriate to the value of the charge 
at that instant. More specifically, near r = a, the time-dependent potential 
should be given by 


Vee ae Ge > 0) (14-19) 


As r — 0, however, Eq. (14-18) becomes 
Ke, pai Ge 30) (14-20) 
r 
1This general conviction of the physicist that event A at (ri, f1) is a possible cause of 


event B at point (r2, 2) only if tf; < fz is usually called the principle of causality, and it 
plays a particularly significant role in some aspects of quantum field theory. 
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Equations (14-19) and (14-20) are the same only if 
fe) = gd) /@= wet) 421) 


Gc 


and the function fis determined for any argument €. The potential expressed 
in Eq. (14-18) now assumes the more explicit form 


g(«—+) (14-22) 


Cc 


Ge 4n€ or 
More generally, if the localized (point) charge is at r’, we would interpret r 
in Eq. (14-22) as |r — r’| and conclude that 
1 | ; 
= —__ = |= 14-23 
Veet) = ema a(t — Sle 2") (14-23) 
A potential of this form is referred to as a retarded potential because the 
potential at time ¢ is determined by the state of the charge at the so-called 
retarded time t’ given by 


pe (14-24) 


which, not surprisingly, is earlier than time ¢ by an interval precisely sufficient 
for an electromagnetic wave to have propagated from the source point to 
the observation point by the time of observation. In effect a change in a 
charge at r’ is not detected at some other point r until sufficient time has 
elapsed after the change for an electromagnetic signal to propagate from r’ 
tor. 

Since Eq. (14-8) is linear, we find its general solution by adding up ele- 
mental contributions having the form of Eq. (14-23). Because different points 
in space have associated with them different retarded times, however, it is 
here more suitable to imagine space (rather than the charge distribution 
itself) to be divided into infinitesimal elements, with the element of volume 
dv’ being centered at r’ and having retarded time ¢’ associated with it. If the 
charge density at (r, t) is p(r, t), then the charge dq in dv’ at the retarded time 
t’ is given by p(r’,t’) dv’ and the contribution made by the charge in this 
volume element to the potential at (r, f) is given by 


AUERD) = poe ae (14-25) 


Finally, the total potential at (r, rf) is obtained by integrating Eq. (14-25) over 
all volume elements; we find that 


Vir, t) = 


eiesra EY ay’ (14-26) 


By similar arguments, we find that the general ee to Eq. (14-7) is given 
by 


la 


A(r, t) = [ao elise: dv' (14-27) 
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Extension of the solutions in Eqs. (14-10) and (14-11) to time-dependent 
potentials thus not only involves allowing the sources to become time-depend- 
ent but also requires evaluating these sources at the retarded time. Unfortu- 
nately for the more explicit evaluation of Eqs. (14-26) and (14-27), evaluation 
of p and J at the retarded time complicates the expressions considerably for 
at least two reasons. First, since we seek potentials at a fixed (even though 
general) observation time ¢, the integrals must be evaluated at fixed ¢. For 
fixed t, however, f’ as given by Eq. (14-24) varies from point to point in the 
distribution. Hence, p(r’, t’) and J(r’, 2’) depend not only explicitly on r’ but 
also implicitly on r’ through a dependence of ¢’ on r’. Even for simple charge 
distributions, the integrands in Eqs. (14-26) and (14-27) may be compli- 
cated functions of r’. 

The appearance of the retarded time also complicates finding the region 
of space over which the nominally infinite integrals in Eqs. (14-26) and (14-27) 
actually extend. Generally charge distributions are specified by giving p(t’, t’) 
and J(r’, ¢’) as functions of r’ for fixed ¢’, which in part involves specifying 
the regions, say R’ and S$’, within which p(r’, t’) and Jr’, ¢’) differ from zero 
at fixed ¢’. The integrals of interest, however, extend over the regions, say 
Rand S, in which p(t’, ¢’) and J(’, ¢’) differ from zero at fixed f. Since the 
relationship between ¢ and ¢’ is generally complicated, the relationship be- 
tween the (probably simple) regions R’ and S’ and the regions R and S is 
also complicated. 

In summary, we have in this section found general solutions for the poten- 
tials established by arbitrary charge and current distributions in vacuum. 
In principle we therefore have found solutions to all electromagnetic problems 
in vacuum. In practice, however, the phenomenon of retardation makes the 
integrands and regions of integration so complicated that explicit evaluation 
of these general solutions for particular sources is typically very difficult. 
Some specific situations that can be treated fairly simply are discussed in the 
remainder of this chapter. 


PROBLEM 


P14-1. Show that the potentials given by Eqs. (14-26) and (14-27) satisfy 
the Lorentz condition, Eq. (14-9). 


14-2 

Radiation from Monochromatic Sources: 

The Oscillating Electric Dipole 

If in particular the source distribution varies sinusoidally (mono- 
chromatically) with time, it is convenient to express the charge and current 
densities as the real parts of the complex densities 
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alr, t) = pore = (t,t) = Fol(te™ (14-28) 
the potentials as the real parts of the complex potentials 
UO (nea GQi,j=—]=Gane (14-29) 
and the fields as the real parts of the complex fields 
&(r, 1) = Ee 6G, ) = G,(He™ (14-30) 


Equations (14-24), (14-26), and (14-27) then yield that the potentials are 
given by 


Ce | 2c, : 
Ora iacsaiim @ (14-31) 
and 
ie Phe ee a. ‘ 
aoe ge | eer (14-32) 


where kK = w/c. Further, from Eqs. (14-5) and (14-6) we find that the fields 
are given by 
€,(r) = —V0U,(r) + i@@,(r) (14-33) 
Galt) — ye (1) (14-34) 
although outside the source (where J = 0) the electric field can often be more 
readily obtained from the expression 


eo = fy x B(r) (14-35) 


derived from Eq. (14-4). 
Consider now the special case of the oscillating electric dipole shown in 
Fig. 14-1, Let the charge at z = 4a vary sinusoidally in accordance with the 


Fig. 14-1. Coordinates and vectors for evaluating the fields of an 
oscillating dipole. 


14-2 Radiation from Monochromatic Sources 405 


expression Q, = Q,e , let the charge at z = —4a vary in accordance with 
Q, = —Q,e *, and let the wire connecting the two charges run along the z 
axis and carry the current § = J,e"*’. The equation of continuity applied 
to a spherical surface surrounding the charge at z = 4a requires that J, = 
—iwQ,. Replacing J,(t’) dv’ by 9,(r’) dé in Eq. (14-32), we find that 
a/2 ix|r—z’E| a 
@,(r) = He | eR (14-36) 
via —a/2 |r ay zk 

We now confine our attention to distant observation points, i.e., to the region 


r > a, in which case z’/r < 1 for all values of z’ within the range of integra- 
tion. Thus, ignoring terms of order (a/r)*, we find the expansion 


GEO) = ae of [2 eer (z'/r) cos O+++*] - dz ; 14 a7 
: I. ,1—(C]/rncos8 + - ae) 


Ho) 
_ son coe ses ertcoers dt (14-38) 
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where cos @ = k-f. Further, we confine our attention to radiated wavelengths 
A that are long compared to the dimensions of the dipole, i.e., to wavelengths 
for which xa = 2ma/4 < 1, in which case xz’ < 1 within the range of integra- 
tion and the Taylor expansion 

ew ine’ cos? — ] __ fxg’ cos Q + rer (14-39) 
can be employed. Under the conditions 7 >> a and xa < 1, the vector poten- 
tial is therefore given approximately by 

1 +2 cosa + o(% =) | 


ip) = od 0 bin 
GB o( )= Geis "| 
x - — kz’ cos 8 + O(«*a*)] dz’ 


= —jgy HoPo pier 4 o(S Ween, xa") (14-40) 
Arr © r 


where in the second expression J, has been replaced by its evaluation in terms 
of Q,, namely, by —i@Q, and py = Q,ak is the maximum dipole moment 
of the oscillating distribution. In both expressions the notation O(- - -) indi- 
cates the lowest order of the terms that have been neglected. Finally, using 
Eqs. (14-34) and (14-35), we find that the fields are given by 


_ Ho pele 14-41 
te An oT r (1 =f * Po ( ) 


&) = ee 


sae Tee = in BE: “Pot — Pol (14-42) 


Note that @, (and hence ne is perpendicular to f at all points but that & in 
general has a component parallel to f. 
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To simplify the discussion of these fields, we have assumed (1) that the 
dimensions of the source are small compared to the observation distance, 
a<r, and (2) that the dimensions of the source are small compared to the 
wavelength of the emitted radiation, a< 4 = 22/x. These conditions do not 
impose any constraint on the relationship between the wavelength and the 
distance of observation. It is useful to distinguish three zones as follows: 


xr <1: the near (static) zone, where r<< A 
xr 1: the intermediate (induction) zone, where r = 4 
xr >> 1: the far (radiation) zone, where r >> A 


In the near zone the fields have the limiting expressions 


— jg tto® X Po 4 
Gy. — ioe 7) (14-43) 
| 
& = pees Lb =) (14-44) 


Since xr < 1 and r is therefore small in the near zone, the additional power 
of r in the denominator of Eq. (14-44) means that the electric field dominates 
the magnetic induction in the near zone. Further, apart from the sinusoidal 
time dependence whose explicit appearance in Eqs. (14-43) and (14-44) has 
been suppressed [Compare Eq. (14-30)], the field given by Eq. (14-44) is the 
field established by a static electric dipole. Thus at any instant in the near 
zone the fields are essentially those of a static charge distribution in which the 
charge density is the charge density in the distribution at that instant. In the 
particular limit x — 0 (in which case @ — 0 also) the fields are truly static 
and the néar zone extends 10 r — ca, 

In contrast to Eqs. (14-43) and (14-44), the fields in the far zone have the 
limiting expressions 


eixr 


Co mat X Po (14-45) 
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ae 
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& = Sconce (F x pp ot — oe (14-46) 


4n 
Both are perpendicular to f, and each is perpendicular to the other; both vary 
as l/r; and the electric field at a particular observation point is polarized in 
the direction given by (? < p,) X ?, which is the direction of —6 if p, defines 
the polar axis. Further, since the time average of the Poynting vector in the 
far zone is given by 


<8) = 5 — ~ Re E> x Bf = Bor PoE (14-47) 

3277 cr? 
(see P7-26), the fields in the far zone describe a transport of energy radially 
away from the dipole; the time average of the total radiated power, which 
is given by the integral of Eq. (14-47) over a large sphere centered at the 
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dipole, then has the explicit evaluation 
. Y Qn nt : 
<radiated power> = lim i { (<S>-P)r? sin 6 dO dd (14-48) 
r—-08 0 0 


ey : 
= 5 (4egleel) (14-49) 
where a coordinate system in which p, defines the polar axis (p) = p,k) has 
been chosen for evaluating the integral. Note particularly the dependence of 
the radiated power on the fourth power of the frequency; broadcasting at 
low frequencies is difficult by comparison with broadcasting at higher fre- 
quencies. Further, we conclude from Eq. (14-48) that the time average of the 
power radiated per unit solid angle by this dipole is given as a function of @ 
and @ by 


(40) = lim rX8)-7 (14-50) 


roc 


a* ‘ s j aoe 2 

i atc Ps oe 

where dQ = sin @ d@ dd is an element of solid angle.* Because of their con- 

nection with emitted radiation, the fields given by Eqs. (14-45) and (14-46) 

are referred to as the radiation fields of an oscillating dipole. 

In the intermediate zone, the fields undergo transition from the quasi- 

static fields of the near zone to the radiation fields of the far zone, but the 
details of that transition are very involved and will not be treated here. 


sin? 0 (14-51) 


PROBLEMS 


P14-2. Verify that Eqs. (14-31) and (14-32) follow from Eqs. (14-26) and 
(14-27). . 

P14-3. Letting p, = p,k with p, real, work out the spherical components 
of the physical fields E(r, r) and B(r, f) represented by the complex fields in 
Eqs. (14-45) and (14-46). Describe the polarization of the radiation fields. 
A sketch, as, for example, Fig. 5-10 in J. M. Stone, Radiation and Optics 
(McGraw-Hill Book Company, New York, 1963), might be helpful. 

P14-4. Starting with Eq. (14-51), draw a careful polar graph of the angu- 
lar distribution of the radiation emitted by an oscillating dipole. Are the 
lobes in the graph circles? 

P14-5. Several aspects of the derivation of the fields of an oscillating 
dipole were not worked out in detail in the text. To complete this derivation, 
(a) derive Eqs. (14-33)-(14-35) from the starting points indicated in the text, 
(b) derive the fields given in Eqs. (14-41) and (14-42) from the potential in 


2Although Eg. (14-50) can be applied to any monochromatic field, it is not correct for 
fields exhibiting a more general time dependence. For these more general ficlds, the phe- 
nomenon of retardation must be more carefully handled; see Section 14-5. 
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Eq. (14-40) by using Eqs. (14-34) and (14-35), (c) derive the final term in Eq. 
(14-47), and (d) carry out the integration to obtain Eq. (14-49). 

P14-6. From the point of view of an oscillating dipole, radiation to dis- 
tant space looks power dissipation. Express the total power given by Eq. 
(14-49) in terms of the current in the dipole and, recalling that the power dissi- 
pated in a resistive circuit can be expressed as the product of a resistance and 
the square of the rms value of the current, infer that an oscillating dipole can 
be thought of as radiating into a resistance Rr, given by 

2 2 
Ree 2 eo(*.) = 790(-5-) ohms 

P14-7. Let the source of an electromagnetic field be a sinusoidally varying 
current of amplitude J, in a circular loop of radius a, and let the loop lie in 
the x-y plane with its center at the origin. Following the pattern illustrated 
in Section 14-2, find the magnetic vector potential @, established by this 
source in the region where r >> a and xa < 1, find the corresponding fields 
®, and &,, and compare the results with Eqs. (14-41) and (14-42). Finally, 
determine the fields in the far zone and compare the angular distribution of 
energy and the polarization of the radiation fields for this oscillating magnetic 
dipole with those of an oscillating electric dipole. 


14-3 
The Liénard-Wiechert Potentials 


One of the few situations for which the scalar and vector potentials 
given by Eqs. (14-26) and (14-27) can be evaluated in closed form occurs 
when the source distribution is confined to a small region of space and Is 
observed from far away. (Ultimately, we shall reduce the distribution to a 
point charge and ai// observation points will be far away.) For such an ar- 
rangement, the integral in Eq. (14-26), for example, extends over a small 
region of space centered about the nominal retarded location R(t’) of the 
charge distribution and, since r’ ~ R(t’) throughout the region of integra- 
tion, we can approximate |r — r’| by |r — R(t’)| to find that 


Vr, t) & p(t’, t’) dv’ (14-52) 


I 
4nze, |r — R(t’)| | 
The approximation, of course, becomes better as the region occupied by the 
charge distribution becomes smaller. It is now very tempting to replace the 
integral in Eq. (14-52) with the total charge in the distribution. This evalua- 
tion would be correct, however, on/y if the integral extended over the region 
of space in which p(t’, t’) is nonzero at some fixed retarded time t’. Unfortu- 
nately (as we remarked in Section 14-1), the integral extends over the volume 
in which p(t’, t’) differs from zero at some fixed observation time t. This 
integral is therefore more complicated than one might at first sight suppose, 
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Fig. 14-2. Positions of a moving, charged rectangular parallelopiped 
at a fixed observation time. 


and (as we shall see) the complications do not become negligible as the charge 
distribution shrinks to a point. 

To obtain a correct evaluation of the integral under debate, suppose first 
that the charge distribution (at fixed ¢’) has the shape of a rectangular paral- 
lelopiped and that (at the retarded time) it is moving directly toward a remote 
observation point along the path shown in Fig. 14-2. Further, let this charge 
distribution be observed from the observation point at observation time t. In 
Fig. 14-2, the points labeled and(2)at distances R + AR and R from point 
(3)are the positions at which an observer at point(3) sees the far and near 
surfaces of the charge distributions to be located at the fixed observation 
time t. These two points therefore bound the region of space within which 
p(r’, ¢’) differs from zero at the fixed observation time ¢ and hence also bound 
the volume over which the integral in Eq. (14-52) extends. These two points 
do not, however, bound the region within which the charge distribution is 
confined at any fixed instant of retarded time, for the observer at a fixed 
observation time t sees the far surface of the charge distribution where it was 
at the (retarded) time 
_ K+ AK (14-53) 


t(i=t 
: C 
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and the near surface of the charge distribution where it was at the J/ater 
(retarded) time 
Lt z at + a (14-54) 


In the time interval Ar’ = ¢, — ¢', = AQ@/c, the charge distribution moves 
(by our above hypothesis) toward the observer. Thus, the region within 
which p(r’, t’) is nonzero at the fixed observation time ¢ is larger than the 
region within which p(r’, t’) is nonzero at a fixed retarded time t’, the latter 
region at the retarded time ¢’, being bounded_by points (1) and (4) in Fig. 
14-2. [The region bounded by points(1)and is the region over which the 
integral in Eq. (14-52) would extend if it were evaluated at the fixed retarded 
time ¢',.] Quantitatively, if points (1) and 4) are separated by a distance a 
and At’ = A@/c is small enough to justify approximating the velocity v(t’) 
over the interval 7’, < t’ <t, by v(t), then the charge distribution moves 
(approximately) a distance v(t',) AR/c in the time Ar’ and 


AR 


a (14-55) 
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Thus, if the observer at time f sees a charge density p, (assumed uniform) in 
the region between points(1)and(2),we conclude that 


pare pod AS : 

I. pat )dy =p, An AS = ane (14-56) 
where AS is the cross-sectional area of the charge distribution in a plane at 
right angles to the direction of view. Finally, however, the charge density py 
seen by the observer is exactly the same as the charge density existing within 
the charge itself. Thus, p,a@ AS is the actual total charge q in the distribution 
(as reckoned by an observation made at a fixed retarded time) and we find 
that 


eo) 3 14-57 
la AA ) VS ( ) 


Substituting Eq. (14-57) into Eq. (14-52), we find then that the scalar potential 


established by a small charge distribution is given approximately by 
Vay, t) = 


I g 
ane, [FRO — Wel oe 


3In looking at a fixed observation time f, the observer is not seeing the same total charge 
merely distributed over a larger volume. He is seeing the combination of several portions 
of this charge at different retarded times. Since this charge is moving, the portions that the 
observer sees at different retarded times will contain some of the same fundamental charges. 
Thus, when he looks at a fixed observation time, the observer will in general see some of 
the same charges in more than one place (if the charges are moving toward him). Hence, 
the apparent total charge at a fixed observation time will be larger than the actual total 
charge at a fixed retarded time. Anyone who has tried to count monkeys at the zoo has 
encountered a similar phenomenon. 
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where t’ is a retarded time somewhere in the interval ¢’, < t’ < ¢. This 
approximation, of course, becomes progressively more accurate as the 
dimensions of the charge distribution shrink to zero; it becomes exact for an 
idealized point charge, for which ¢’, — ¢, and 


si q 
4ze€, |r — R(t’) | [1 — v(t’)/e] 


where R(?’) is the position and v(t’) the speed of the charge q at the retarded 
time ¢’ determined (as a function of t) by the equation 


Ks = (14-59) 


(a — Ir — R(’)| (14-60) 


[Compare Eq. (14-24).] 

The generalization of Eq. (14-59) to point charges not moving directly 
toward the observation point is immediate. We replace the speed v(t’) by the 
component of the velocity in the direction of the observation point; i.e., we 
make the replacement 


v(t’) —> vr’) - TORT] ~ Pia = v(t’): fie’) (14-61) 
where 
oe, r — R(t’) : 
Ace’) = Tr— RW’)) eee) 


is a unit vector directed toward the observation point from the (retarded) 
position of the charge. Thus, defining 


Ge Re) 6 = —— A(t’) (14-63), (14-64) 


we find finally from Eq. (14-59) that the scalar potential established at (r, r) 
by a moving point charge is given by 


] q 
Va) = $$ ___ 4+ —__,_____ 
4n€ |r —_ R(z’)| (1 = we < a(r’)) 
ep (14-65) 
Ame (RE 
Explicit indication that ® and € are to be evaluated at the retarded time is 


suppressed. . 
By arguments similar to those presented above, we find that a moving 


point charge establishes a vector potential at (r, t) given by 
_ MoV’) 14-66 
Ac) = ee (14-66) 
Together, the potentials given by Eqs. (14-65) and (14-66) are called the 
Liénard-Wiechert potentials and they apply specifically to a moving point 
charge. 
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PROBLEMS 

P14-8. Derive Eq. (14-66) from Eq. (14-27). 

P14-9. In deriving the Liénard-Wiechert potentials, we assumed (1) that 
the charge was shaped like a rectangular parallelopiped and (2) that the 
charge density within the charge was uniform. Present an argument showing 
that both of these assumptions can be relaxed without changing the final 
results. 

P14-10. Consider a particle carrying charge g and moving with constant 
speed along the z axis toward z = +co. Imagine further several observers 
stationed at points on the circumference of a circle of radius a lying in the 
y-z plane and centered at the origin. Each observer measures the scalar poten- 
tial at that instant of observation time t when the particle appears to him to be 
at the origin. (a) Show that all observers make their measurements simulta- 
neously. (b) Calculate the value obtained by an observer located at polar 
angle @ from the z axis and sketch graphs of the scalar potential versus @ for 
several different values of v/c. Draw a careful graph for at least one value of 
v/c. Hint: Present your graphs in dimensionless form by plotting V/(q/4ze,a) 
versus @. (c) Describe the differences between these graphs in the nonrelativ- 
istic (v/c < 1) and extreme relativistic (v/e ~ 1) regions. 

P14-11. A charged particle moves with constant speed v along the z axis 
toward z = +o and at the retarded time 7’ is located at the point R(t’) = 
vt’k. Show that the resulting scalar and vector potentials are given at the point 
r and observation time ¢ by 


a he | 
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where x, y, and z are the Cartesian coordinates of the point r. Optional: 
Examine the equipotential surfaces of V(r, 0) for selected values of v/c. 


V(r, t) 


14-4 
The Fields of a Moving Point Charge 


Once the potentials established by a particular source distribution 
have been determined, finding the fields “merely” involves substituting the 
potentials into Eqs. (14-5) and (14-6). In applying this method to determine 
the fields established by a moving point charge, however, we must exercise 
considerable mathematical care, first, because Eqs. (14-5) and (14-6) require 
spatial derivatives at constant observation time t (not at constant retarded 
time ft’) and, second, because the derivative 0/dt (not 0/dt’) is needed. In 
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evaluating the necessary derivatives of the potential, we must therefore not 
overlook the dependence of the retarded time (in terms of which the poten- 
tials have been expressed) on both r and f. [See Eq. (14-60).] In this section, 
we shall summarize the mathematical manipulations that yield the fields when 
the potentials in Eqs. (14-65) and (14-66) are substituted into Eqs. (14-5) and 
(14-6); several of the detailed mathematical evaluations, however, are rele- 
gated to P14-12 and P14-13. 

Let us begin by evaluating the negative gradient of V(r, t). From Eq. 
(14-65) and then Eqs. (14-62)-(14-64), we find that 


See ee ee ee 
aS gets) «Ame, R2G? MES 


= eqnee Vit ROI— SP fe RO) (14-67 


which breaks into two terms. Writing the first of these terms in the form 


1 
ie 


Wr— Rl = Viir — RP] 


= ki Vi(r — R)-(r — R)] (14-68) 


[see Eq. (C-6)] and then using the vector identity in Eq. (C-15) and the two 
identities V X r = O and (f- V)r = fi (P14-12), we find that 


Vir — R| = (@-V)(r — R) + fi X [V X (r — R)] 
= fi— (f- V)R — fi xX (V X R) (14-69) 
where ft is given by Eq. (14-62). Further, remembering that R is a function 


of t’ and is therefore implicitly a function of r, we find that 


(@WR= Y) nXRS, 


i, j=l 
=—3 oe _ (We (14-70) 


where v is the velocity of the particle evaluated at the retarded time. Similarly, 
we find that 
Veg — Vie ewy (14-71) 


(P14-12). Finally, substituting Eqs. (14-70) and (14- -71) into Eq. (14-69) and 
using the vector identity in Eq. (C-1), we find that the first part of the gradient 
in Eq. (14-67) has the alternative expression 


Vir — R| = fi — (f-y) We’ (14-72) 


Turning now to the second part of the gradient in Eq. (14-67) and using 
vector identities already referred to above, we find that 
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c 
Then, using results similar to Eqs. (14-70) and (14-71), we find that 


vj — (= R) | tN (= vy (aa-ver) 
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(14-74) 
where ® is given by Eq. (14-63) and 
.  av(t’) . 
lar (14-75) 


is the acceleration of the particle at the retarded time. 
Finally, substituting Eqs. (14-72) and (14-74) into Eq. (14-67), we find that 
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By a similar calculation, we find from Eq. (14-66) that 
dA dA dr! 
ot = ot’ Ot 
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(See P14-12.) Further, we find from Eq. (14-60) not only that 
df ee eee OE 
Frm eee = Ue 
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but also that 
v= Sih — R(’)| 
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(14-79) 


Thus, substituting Eqs. (14-78) and (14-79) into Eqs. (14-76) and (14-77), 
substituting those results in turn into Eq. (14-5), and finally using a number 
of by now familiar vector identities, we find that the electric field established 
by a point charge is given by 


E(r, ) = —W(r, ) — oe 


gN gM 


— Fre WE * Wre,088 Cea) 
where, for brevity, we have introduced the quantities 
__ fe Vv Oe 
N= (a = ~)(1 _ 2) (14-81) 
and 
M=fx (i be ~) x v| (14-82) 


(See P14-12.) An equally lengthy but similar argument leads ultimately to 
the expression 


B(r, 1) = V x A(r, 1) = a x E(r, 1) (14-83) 


for the magnetic induction field accompanying the electric field in Eq. (14-80). 
(See P14-13.) We remind the reader that all quantities with unspecified time 
arguments in Eqs. (14-80)-(14-83) are evaluated at the retarded time. 

The fields produced by a point charge in uniform motion along a straight 
line are calculated explicitly in P14-15. Pictures of the field lines produced not 
only by charges in uniform motion but also by accelerated charges may be 
found, for example, in E. M. Purcell, Electricity and Magnetism (McGraw- 
Hill Book Company, New York, 1965), pp. 163-165; in J. C. Hamilton and 
J. L. Schwartz, Am. J. Phys. 39, 1540 (1971); and in R. Y. Tsien, Am. J. Phys. 
40, 46 (1972). 


PROBLEMS 


P14-12. To complete the derivation of the electric field established by a 
moving point charge, (a) show that (fi-V)r = fi, (b) derive Eq. (14-71), (©) 
derive Eq. (14-77), and (d) combine the expressions indicated in the text to 
derive Eq. (14-80). 

P14-13. Derive Eq. (14-83). Shorten the labor as much as possible by 
using results already obtained. 

P14-14. Show that the fields established by a particle moving nonrelativi- 
stically are given by 
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where all quantities on the right-hand side of these equations are evaluated 
at the retarded time. A discussion of the properties of these fields is presented 
in C. W. Sherwin, Basic Concepts of Physics (Holt, Rinehart and Winston, 
Inc., New York, 1961), Chapter 5, and also in J. B. Brackenridge and R. M. 
Rosenberg, Principles of Physics and Chemistry (McGraw-Hill Book Com- 
pany, New York, 1970), Chapter 16. 

P14-15. The position of a charge g as a function of time f is given by 
R = ork, where v is a positive constant and K is a unit vector in the z direction. 
Let the observation point have coordinates (2, ¢, z, ¢) in cylindrical coordi- 
nates. (a) Show that the fields established by this charge and current distribu- 
tion are given by 


ee db, Z; | 7 ee) VA + (2 . vtyk 
page! fai-“\ae-my | ae 


(byiCalculate | E(u, 6, 2, f= 0) | express the resultin terms of the saverica! 
polar coordinates of the observation point, and draw a polar graph of this 
quantity as a function of the polar angle for fixed radial coordinate. Describe 
how this graph is altered as v moves from nonrelativistic values to relativistic 
values. It might be wise to make a careful plot of this quantity for one value 
of w/c, say v/c = 0.707. Optional: Derive the above fields by applying Eqs. 
(14-5) and (14-6) to the results of P14-11. 
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The energy transported by any electromagnetic field is determined by 
the Poynting vector 8 = (E X B)/,o. For the fields of a point charge [Eqs. 
(14-80) and (14-83)], the Poynting vector has the more explicit evaluation 


et 
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_ @[M x (i x M)] , o( 4s) 
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where (1) the final form follows because M and fi are perpendicular [see Eq. 
(14-82)] and (2) terms in 1/®? and [/R* have been indicated only symbolically 
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because they will prove to play no role in determining the radiation emitted 
by the charge. As we expected, the dominant term in Eq. (14-84) is directed 
away from the (retarded) position of the charge. 

To connect the Poynting vector more explicitly with the distribution of 
radiated energy, note first that an observer who measures the total energy 
AW transported across a small surface of area AS during the (observation) 
time interval ¢,; < ¢ <r, will obtain a result given by 


AW = i. (S-AS) dt (14-85) 


It is, however, more appropriate for our present application to rewrite this 
integral as an integral over the retarded time interval #’, < t’ < 1’, where 


| ti / i 
RC) =i R(Z))| (14-86) 


and r is the position of the area element AS. Sincc 


dt # — i 
dt =F dt’ = Eat (14-87) 


[see Eq. (14-78)], we find that 
AW = i E(S- AS) dt’ (14-88) 


from which we conclude that the rate at which energy is radiated toward the 
surface AS [or equivalently the power AP(t’) radiated toward AS at the retard- 
ed time ¢’] is given by 

AP(t') = €8-AS (14-89) 


Now let AS specifically represent a surface of area | AS| oriented with its 
plane perpendicular to the vector from the retarded position of the charge 
to the surface; i.e., let AS = fi] AS|. Then, | AS| = ®? AQ, where AQ is the 
solid angle subtended by the surface as viewed from the retarded position of 
the charge (Section 2-3), and we find from Eq. (14-89) that 


AP(t’) = ES-AR2 AQ 


) — ERS +A (14-90) 


where dP(t’)/dQ gives the power emitted per unit solid angle at the retarded 
time ¢’. More usefully, if R —> co, Eq. (14-90) then gives that portion of the 
power emitted per unit solid angle at the retarded time fr’ that is destined to 
escape from the charge altogether; 1.e., 


aPC) _ jim ER28-f 14-91 
ome ee Oe 


gives the angular distribution of the power actually radiated away from the 
charge. Specifically, from the Poynting vector in Eq. (14-84), we find that 
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Direction 
of 
é acceleration 


Fig. 14-3. Angular distribution of the 
radiation from an accelerated point 
charge when the motion is non-rela- 
tivistic. The distance from the origin 
to the curve in the direction at an 
angle @ to the direction of the accel- 
eration is proportional to dP(t)/dQ 
at that angle. 
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By way of reminder, all time-dependent quantities in this equation are evalu- 
ated at the retarded time. Further, the vector whose square magnitude appears 
has the same direction as the radiative part of the electric field given in Eq. 
(14-80) and hence conveys the polarization of the radiation at the observation 
point. Finally, note that there is no radiated power at all (dP/dQ = 0) unless 
the charged particle is accelerated. 

Equation (14-92) assumes its simplest form in the nonrelativistic limit 
(v/e < 1), in which case € — | [Eq. (14-64)]. Further, if we assume that the 
particle is near the origin, then fi = f and Eq. (14-92) reduces to 

dP(t’) — g?|® x v[? — q?0? sin? 8 
ao omen ~ 16n7€,c3 i) 
where (in the final form) @ is the angle between the direction of the accelera- 
tion and the direction to the observation point. The radiated power is there- 
fore distributed in space as shown in Fig. 14-3. Further, the total power 
emitted into all directions is given by the integral of Eq. (14-93) over all solid 
angles, viz., by 


P(t’) = [0 [GP sino a0 as = 


which is known as Larmor’s formula; its generalization to include relativistic 
motion of the charge is 


ae ee 


P') = a (14-95) 
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and is known as Liénard’s formula.* 


4See J. D. Jackson, Classical Electrodynamics (John Wiley & Sons, Inc., New York, 
1962), Section 14-2; see also P15-40. 
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Equation (14-85) also provides the starting point for determining the 
frequency distribution of the emitted radiation. Again, we take AS = 
fiR?AQ [see the sentences following Eq. (14-89)] but this time we retain the 
observer’s time and extend the integral over all time. We find that the total 
energy emitted per unit solid angle is given by 


dw a 


— i nh 2 es 
FQ = | __ tim (S-A)R? at (14-96) 


Substituting from Eq. (14-84), however, we find more explicitly that 


dw % x 
where 
_ gq? 12M 
Qi) = Gea) SB (14-98) 


and M and € continue to be evaluated at the retarded time. To obtain the 
frequency distribution of the radiated energy, we first introduce the Fourier 
transform 


O(@) = { a eQ(t) dt (14-99) 


(See Appendix D, but note that, in keeping with the established convention 
for this topic, we use the exponential e’ rather than e~'”' in defining the 
transform.) Then, we use Parseval’s theorem [Eq. (D-34), which holds no 
matter which sign is taken in the exponential in Eq. (14-99)] to write Eq. 
(14-97) as the integral 


dw il Pas 2 - 
=| 180)! deo (14-100) 


where | Q(@) |? = Q*(@)-Q(@). Next we write Eq. (14-100) as an integral 
over positive frequencies only, i.e., as 
aW | 1 Go)? 2 O(a) F1 4 14-101 
oe = 3q | WOW)! + |O(—a)/" de (14-101) 
which simplifies to 


ae | | ieee 14-102 
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because Q(f) is real and Eq. (14-99) then yields that 
Q*(o) = Q—w) => | Q(—o) P = |Q()? (14-103) 


Finally, we note that the integrand in Eq. (14-102) is just the distribution of 
dW/dQ in frequency. Thus, the frequency distribution of the total energy 
emitted per unit solid angle is given by 
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QU = ayeaye (14-104) 
Evaluation of Q(@) can be simplificd in two ways. First, we substitute 
from Eq. (14-98) and then rewrite Eq. (14-99) as an integral over retarded 
times, obtaining 
ry a=, q* M2 is M(¢’) pio (t+ ]r—- R(t’) |/c] ane 14-105 
O(c) tea) =: &2 € ( ) 
[Compare Eq. (14-87).] Second, we assume that the observation point is 
remote from the charge and that motion of the charge is confined to a region 
close to the origin of coordinates. Under these conditions, fi is approximately 
constant and r ~ rfi'so that 


jr — R(t’) | =r 
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and, apart from a phase factor e'/* [which we can ignore because only the 
square magnitude of Q(@) is given a physical interpretation], we find from 
Eqs. (14-105), (14-82), and (14-64) that 


q? UR fr ax[(i—+) x 4] ‘a 
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in which R, v, ¥, and fiare all evaluated at the retarded time ¢’. Thus, in prin- 
ciple, the problem of finding the distribution in frequency and in solid angle 
of the energy emitted by a charged particle following a prescribed trajectory 
is solved: We evaluate Q(@) from Eq. (14-107) and substitute the result into 
Eq. (14-104). In practice the task is rarely trivial; two examples may be found 
in P14-21 and P14-22. 


PROBLEMS 


P14-16. Do the necessary integration and obtain Eq. (14-94). 

P14-17. (a) Show that an electron moving nonrelativistically in a constant 
magnetic induction field of magnitude B no larger than about 10,000 G 
radiates a very small fraction of its total energy per cycle of its orbit. (b) 
Obtain a differential equation for the energy E of the particle as a function of 
time and integrate the equation. Hint: The total power radiated is equal to 
the rate of change of kinetic energy. Why? 

P14-18. A particle experiences a constant acceleration in the direction of 
its velocity. Determine the angular distribution of the emitted power as given 
by Eq. (14-92). Do not assume the motion to be nonrelativistic. Show the 
results in a polar graph and indicate how this graph changes as the particle 
velocity approaches the speed of light. Optional: Determine the angle at 
which the maximum power appears and draw a graph of that angle as a 
function of v/c. 
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P14-19. Consider an electron moving (perhaps relativistically) along a 
straight line, as, for example, in a linear accelerator, and let the line define 
the x axis. (a) Taking the momentum of the electron to be given By 
my/,/1 — (v/c)?, show from Eq. (14-95) that the total power radiated is given 
by 


ai py 
. 672€n?c3 (Z 
(b) Show for this particle that the rate P at which energy is radiated bears the 
ratio 
power radiated P| q dE 
powerinput dE/dt ~ 672€,c3m?v dx 


to the rate dE/dt at which external forces do work on the particle. Hint: 
dp/dt = dE/dx. Why? (c) In a typical linear accelerator, dE/dx < 10 MeV/m. 
Estimate P/(dE/dt) numerically for such an accelerator, taking v = c, and 
comment on the importance of radiative losses in linear accelerators. 

P14-20. Once the speed v of a particle moving in a circle of radius r 
approaches c, the acceleration of the particle is approximately perpendicular 
to the velocity and has magnitude v?/r. (a) Show from Eq. (14-95) that the 
energy radiated per revolution dW is given by 


= ele) ee) 
3€or\ ec me? 

where E = mc?/,/1 — (u/c)? and m is the (rest) mass of the particle. (b) To 
what maximum energy (in MeV) can an electron be accelerated in a synchro- 
tron having a radius of 10 m and capable of supplying about 5 MeV/revolu- 
tion to the particle ? Comment on the importance of radiative losses in circular 
particle accelerators. Hint: Assume that the maximum energy is high enough 
Souuhat @ = 12) 

P14-21. Consider a charged particle constrained to move along the z 
axis so that the acceleration and the velocity necessarily are either parallel 
or antiparallel. Suppose further that the velocity of the particle is as follows: 


A 
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which represents a smooth deceleration from some initial (constant) velocity 
to a condition of rest at time 7. Calculate the distribution of the emitted 
energy in frequency and in solid angle; i.e., calculate dW/dQ dw. Then calcu- 
late the integral of this quantity over all solid angles, sketch a graph of the 
result as a function of w, and determine how this graph is affected by changes 
in the time 7 required for the particle to be brought to rest. Assume that 
the motion is nonrelativistic. Hint: For nonrelativistic motion, v/¢ << 1, and, 
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in particular R(t’) is on the order of (v>T, where <v> is a characteristic velocity 
of the particle. Thus, fi-R(t’)/c = <v>r’/e and can be ignored relative to ¢’ 
in the exponent in Eq. (14-107). This neglect of f-R is called the dipole ap- 
proximation. 
P14-22. A charged particle moves in a circular path described by the 
trajectory ; 
R(t’) = Ro(cos ot’i + sin cot’j) 


during the time interval —-T < t < T and is at rest for |t| > 7. Assume that 
the motion is nonrelativistic. (a) Show that the term fi- R(¢’)/c in the exponent 
in Eq. (14-107) can be neglected. Hint: See the hint in P14-21. (b) Find 
dW/dQ do and the integral of this quantity over all solid angles. Sketch the 
latter distribution as a function of @ for several different values of 7 and 
describe the emitted spectrum in words. Radiation by this particular particle 
is called (nonrelativistic) cyclotron radiation. 

P14-23. Assume that the electron in the hydrogen atom moves non- 
relativistically in a circular orbit of radius r and that the amount of energy 
radiated per cycle is a small fraction of the total energy. (a) Show that the 
total energy E of the electron and the total power radiated P are given by 


ye = ae 
ae 8E or ees GOR ie mi r* 
where g and m are the charge and mass of the electron. (b) Argue that dE/dt 
= —P, obtain a differential equation for r, and solve that equation for r as 
a function of ¢. (c) How long does it take for the initial radius—say r,—to 
be reduced to zero? Insert appropriate numerical values for all quantities 


and estimate the (classical) lifetime of the hydrogen atom. 


14-6 
The Radiation Reaction 


In the previous sections, we have confined our attention to calcu- 
lating the radiation emitted by a charged particle following a prescribed 
trajectory. In those cases (e.g., P14-17 and P14-23) where the trajectory was 
determined by forces on the particle from external electric and magnetic 
fields, we first calculated the trajectory by assuming that there was no radiation 
and then we calculated the radiation by assuming that the trajectory in the 
presence of radiation differs only slightly from the trajectory in the absence 
of radiation. Frequently, this two-step solution of a complicated radiation 
problem yields a valid approximation, because the energy radiated in some 
characteristic time is often a small fraction of the total energy of the particle 
and changes in the trajectory arising because of radiative losses can therefore 
be treated quasi-statically. Strictly, however, this two-step procedure is not 
correct, for the radiated field carries off energy and momentum and hence 
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must result in a back force or a radiative force (usually called the radiation 
reaction) on the radiating particle. This radiation reaction, of course, affects 
the trajectory of the particle and should be taken into account when that 
trajectory is calculated. The complete problem, however, is extremely difficult 
and—to the author’s knowledge—no fully satisfactory solution has yet been 
developed. In this book, we shall be content with a very simple, approximate 
treatment that is restricted to nonrelativistic motion. Essentially, we add a 
radiation reaction F,,, to the external forces F on the particle and write 


my =F-+ F,,, (14-108) 


: : : . : 
for the equation of motion. We then determine F,,, so that it accounts 
properly for the total energy radiated; i.e., we choose F,,, so that 


eee | ee , 
i Euacy or = [ Eaeree Vv dt (14-109) 
where the left-hand side is the work done on the particle by F,,, and the right- 
hand side is the negative of the energy radiated away [Compare Eq. (14-94)] 
in the time interval +; < ¢< t,. Integration of the right-hand side of Eq. 
(14-109) by parts gives 
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We now assume that the interval r, < 1< fr, covers the entire time during 
which the particle is accelerated so that v(t,) = V(¢,) = 0. Then, the first term 
on the right in Eq. (14-110) is zero and we find that the total energy radiated 
throughout the motion is given by either side of the equation 


pee ee, 14-111 
[ F,.a°V at | ee v dt ( ) 
This equation in turn suggests that we take 
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and thus the equation of motion for a radiating charged particle [Eq. (14-108)] 


becomes 
Ff ( = rd) iF (14-113) 
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which is called the Abraham-Lorentz equation of motion. By our derivation, 
of course, we cannot expect Eq. (14-112) to be correct except in the average 
sense expressed by Eq. (14-111), but a more detailed treatment must be left 
to other authors. A few properties of the solutions to Eq. (14-113) are ex- 
plored in P14-24 and P14-25. 


5See, for example, J. D. Jackson, Classical Electrodynamics (John Wiley & Sons, Inc., 
New York, 1962), Chapter 17. 
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PROBLEMS 

P14-24. (a) Dimensionally, the quantity q7/62€gmc? = T in Eq. (14-113) 
must be a time. What is the numerical value of t for an electron? (b) As- 
suming that the force F in Eq. (14-113) is zero, show that the runaway solution 
¥ = (constant) exp (f/z) exists and discuss whether this solution is physically 
admissible. 

P14-25. Assume that the force F in Eq. (14-113) is known as a function 
of time and let t = q?/6n€,mc?. Show that 


et 


| e-' F(t’) dt’ 
T t 


my = 


where the upper limit has been chosen so that as t — 0 (no radiation) the 
equation approaches mv = F. Discuss what it means for the acceleration at 
a given time f to be determined by the forces acting at times into the indefinite 
future. 


Supplementary Problems 


P14-26. The four-dimensional Fourier transform of a function @(r, f) is 
defined by 


Bee, ) = f gle, erste ded 


where the integral extends over all space and time. (a) Apply the Fourier 
inversion theorem to all four variables of integration independently to show 
that 


f(r, t) = (2n)* | b(k, we dic, di, dk, da 


(b) Multiply the wave equation for the scalar potential, Eq. (14-8), by exp 
[—i(k-r — q@f)] and integrate the result over all space and time to obtain an 
equation from which an explicit solution for the Fourier transform of the 
potential can be found. (c) Finally, express the solution for the potential 
itself as an integral in (xk, @)-space. Note: Strictly, the result obtained here is 
only a start toward a solution, because the integral obtained in part (c) is 
an improper integral. The careful treatment of this integral is most easily 
accomplished using the theory of contour integration in the complex plane 
and involves also an examination of the requirements of causality (that 
cause precede effect). Correctly manipulated, the result in part (c) leads 
directly to Eq. (14-26). 

P14-27. A charged particle interacts with an incident linearly polarized 
plane electromagnetic wave whose electric field is 


E = E,(cos yi + sin wj)e#-2” 


and hence experiences an acceleration given by 


References 425 


—— L E,(cos Wi sin je ee! 


where g and m are the charge and mass of the particle. Assume that the mo- 
tion is nonrelativistic, note that the particle moves in the plane z = 0 (why?), 
and let @ and ¢ be the polar and azimuthal angles of a distant observation 
point in a coordinate system with the particle near the origin. (a) Calculate 
<dP(t')/dQ> for this particle, where the average is evaluated over a single 
cycle of the motion. (b) The differential cross section for scattering of incident 
light by a free particle is defined by 


do ___ power radiated/unit solid angle — <dP/dQ> 
dQ incident energy/unit area/unit time  —- [<8 | 


where § is the Poynting vector of the incident wave. Evaluate da/dQ for the 
present case. (c) The cross section for scattering of unpolarized incident light 
is obtained by averaging the result of part (b) over yw. Determine this cross 
section and sketch a graph showing this cross section as a function of 9. The 
resulting expression is referred to as the Thomson formula. (d) The total 
cross section o for scattering is obtained by integrating da/dQ over all solid 
angles. Obtain the total cross section corresponding to the result of part (c). 
This result is referred to as the Thomson cross section. Evaluate the Thomson 
cross section numerically if the particle is an electron. Note: The discussion 
of this problem is valid only at low frequencies. At higher frequencies, when 
the photons in the electromagnetic wave have energies comparable to or 
exceeding the rest energy of the particle, quantum and relativistic effects 
become important and classical scattering goes over into Compton scattering, 
the cross section for which is given by the so-called Klein-Nishina formula. 
[See, for example, J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Publishing Company, Inc., Reading, Mass., 
1955), Chapter 11.] 
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Relativistic Formulation 
of Maxwell’s Equations 


When Maxwell’s equations were first presented in the late nineteenth 
century, physicists were convinced that all physical phenomena would ulti- 
mately be explained by applying Newton’s laws and known (or to be dis- 
covered) forces to predict the behavior of suitable particles. Within this 
mechanical view, any wave phenomenon required a medium to support and 
transmit the wave. The late nineteenth-century physicist therefore introduced 
a medium to transmit electromagnetic waves. This ether was imagined to 
pervade all of space, the electromagnetic field was interpreted as a stress or 
distortion of the ether from its normal equilibrium “state” in the absence of a 
field, and electromagnetic waves were thought of as propagating “oscillations” 
in the ether. Collectively, physicists invested considerable effort in attempts to 
convert this qualitative view of the electromagnetic field into a satisfactory, 
quantitative model. But there were many difficulties with this model, and, by 
the early twentieth century, the ether (and with it the hope of a completely 
mechanical physical world) had generally been abandoned. The electromag- 
netic field had been accepted as a physical manifestation that could exist in 
otherwise empty space—a view that we have, in fact, adopted without serious 
question throughout this book. 

To set the stage for this chapter, we shall describe briefly just one of the 
fundamental difficulties that plagued the concept of a mechanical ether. A 
classical, mechanical wave propagating in a medium moves through that 
medium with a fixed velocity, say v,,, relative to the medium regardless of the 
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Fig. 15-1. Two general frames of 
reference in uniform relative motion. 


state of motion of its source, and an observer at rest relative to the medium 
sees the wave propagate past him with this same velocity. If, however, this 
(classical) observer is moving relative to the medium with velocity v4, he will 
measure the velocity of the wave relative to him to be Vy — Yo. This result is, 
of course, in complete agreement (P15-1) with the predictions of the (classical) 
Galilean transformation 

r =r—vt 

ae (15-1) 
relating the coordinates of an event in space-time as measured in two different 
frames of reference, where the origins of the two frames are assumed to 
coincide at the common time ¢t = ¢’ = 0 but (as shown in Fig. 15-1) the 
primed frame is in uniform motion relative to the unprimed frame with 
velocity v. If, now, the electromagnetic wave is a classical wave in a me- 
chanical ether, it should propagate relative to the ether with a fixed speed and 
an observer whois moving relative to the ether should measure some different 
value for the speed of electromagnetic waves relative to him. Indeed, from 
such measurements, an observer should be able to determine his speed rela- 
tive to the ether. Equivalently, it should be possible to locate a frame of 
reference fixed with respect to the ether (and hence to locate a viable candidate 
for the absolute frame of reference that Newton assumed was fixed with 
respect to distant “fixed” stars). Furthermore, if the speed of electromagnetic 
waves is different for observers in relative motion, Maxwell’s equations as 
we have developed them cannot be correct for all observers, because the cor- 
rectness of these equations for all observers would imply that the speed of 
electromagnetic waves should be the same for all observers and this implica- 
tion contradicts the above-outlined properties of classical waves. Thus, the 
classical physicist inferred that there must be a preferred frame of reference 
(presumably a frame fixed with respect to the ether) in which Maxwell’s 
equations are valid, and a search for Newton’s absolute frame of reference is 
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then also a search for that preferred frame of reference in which Maxwell’s 
equations are valid. 

One of the early crucial experiments bearing on the search for this pre- 
ferred frame of reference was the Michelson-Morley experiment,! which used 
the interference of light in attempts to detect any difference between the 
speeds of light (relative to the earth) in two directions at right angles to one 
another. Measurements were taken for various “absolute” orientations of 
the apparatus and at all times of the year in order to make sure that all pos- 
sible motions of the earth relative to the ether were examined. In repetitions 
of the experiment by others, both stellar and terrestrial sources of light have 
been used. Overall, the experiment was very carefully designed and was more 
than adequate to detect differences in the speed of light comparable to the 
orbital speed of the earth (about | part in 10,000), and the results of numer- 
ous measurements were unequivocal: The speed of light relative to the earth 
is the same in all directions and at all times of the year. This (at the time) 
startling observation means either (1) that the earth is af all times at rest 
relative to the ether and the experiment provides no information about the 
form of Maxwell’s equations in a frame of reference moving relative to the 
ether or (2) that Maxwell’s equations are, in fact, valid in all frames of refer- 
ence in uniform relative motion and something is wrong with the Galilean 
transformation (and hence also with Newtonian mechanics). The first of these 
conclusions can be accepted only if the earth is imagined to drag the ether 
along with it; accepting the second conclusion requires drastic conceptual 
changes in a long-standing and very successful world view. Neither alternative 
was particularly palatable when the results of the Michelson-Morley experi- 
ment were first presented. There is, however, at least one further pertinent 
experimental observation: The apparent direction from the earth to any star is 
slightly different at different times of the year, even after correction for the 
different positions of the earth with each observation. This phenomenon, 
called aberration (P15-7 and P15-39), is readily and quantitatively explained 
if the earth moves through the ether but cannot be understood at all easily if 
the earth drags the ether along. Apparently, we are forced to conclusion (2) 
by direct experimental observations. The full story is, of course, not quite 
that simple. It is more accurate to say that, although numerous ingenious 
attempts were made to preserve the ether, Newtonian mechanics, and the 
Galilean transformation, the complexity and artificiality of these attempts 
gradually convinced the physical community that conclusion (2) was the 
simpler and the more attractive alternative. After a few decades of hope that 
a preferred frame of reference in absolute rest might at last be located, at- 
tempts to locate this frame were abandoned and physicists returned to an 
earlier conception that no experiment performed in a given frame of reference 
could determine the absolute motion of that frame of reference. Absolute 


1 American Journal of Science 34, 333 (1887); Phil. Mag. 24, 449 (1887). 
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motion once again became undetectable and the Galilean principle of relativ- 
ity, which asserts that the laws of physics are the same for all observers in 
uniform relative motion, was returned to the roster of basic beliefs about the 
nature of the physical world. This principle, however, did not emerge un- 
changed from the several decades of turmoil over the ether. Prior to these 
decades, the principle applied to the laws of mechanics; following this period, 
the principle was taken to apply to a// laws of physics, including in particular 
the laws of mechanics and the laws of electromagnetism, and in this extended 
form the principle is more properly called the Einsteinian principle of relativ- 
Thy 

In summary, we have decided in this introduction to adopt the point of 
view that all laws of physics must conform to the Einsteinian principle of 
relativity. Further, from the observation that the speed of light is the same 
for all observers regardless of their relative motion, we are led to assume that 
Maxwell’s equations as we have developed them are already consistent with 
this broad principle. If that is the case, however, the Galilean transformation 
(which contradicts the universal validity of Maxwell’s equations) cannot be 
the correct transformation relating coordinates in two frames of reference 
that are in uniform relative motion. Still further, if the Galilean transforma- 
tion is replaced by a new transformation that is consistent with the univer- 
sal validity of Maxwell’s equations, this new transformation is almost certain 
to be inconsistent with the assumption that Newton’s laws have universal 
validity. Thus, replacing the Galilean transformation with another transfor- 
mation to “save” Maxwell’s equations will almost certainly “lose” Newton’s 
laws in their classical form, and, in addition to seeking a replacement for the 
Galilean transformation, we should also seek at least a modified form of 
Newton’s laws to preserve their invariance under whatever transformation 
replaces the Galilean transformation. We assume here that the reader is 
already acquainted with the concepts of Einstein’s theory of special relativity 
and that he knows that the correct transformation relating coordinates in two 
frames of reference in uniform motion is the Lorentz transformation. In this 
chapter, we shall summarize the Lorentz transformation, describe some of 
the mathematical machinery that is useful in working with the Lorentz trans- 
formation, and then develop a reexpression of Maxwell’s equations that 
makes their invariance to the Lorentz transformation (and hence their con- 
formity with the principle of relativity) manifestly obvious. We shall also 
find how several electromagnetic quantities, such as charge density, current 
density, vector and scalar potentials, and the electromagnetic field itself, 
transform when one shifts his point of view from one frame of reference to a 


27n fairness to the earlier form of the principle, it should be noted, however, that in the 
mechanical view of its time, the laws of mechanics were the only laws of physics; everything 
was ultimately mechanical. Thus, the Galilean principle of relativity by implication really 
did include the Jaws of electromagnetism. The real difference resulting from the years of 
turmoil was the discovery that electromagnetism could not be interpreted (easily) as a 
mechanical phenomenon. 
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second in uniform motion relative to the first. We shall leave to other authors 
a description of how Newton’s laws must be modified to make them invariant 
to the Lorentz transformation instead of to the Galilean transformation. 


PROBLEMS 

P15-1. A particle follows a trajectory given by R(¢) in the unprimed frame 
of reference and R’(r’) in the primed frame of reference, where coordinates 
in the two frames of reference are related by the Galilean transformation, Eq. 
(15-1). Show that the velocities V and V’ and accelerations A and A’ as deter- 
mined in the two frames are related by 

y= ASA 
and hence argue that force defined by Newton’s second law is a Galilean 
invariant. What assumptions did you make about the behavior of mass under 
a Galilean transformation ? 

P15-2. Explain why it should be Maxwell’s equations and not Newton’s 
laws that turn out to be consistent automatically with the Einsteinian princi- 
ple of relativity. 

P15-3. Suppose a scalar function u(r, f) satisfies the wave equation 

2 
(a — = $3) u=0 
in the unprimed frame of reference in Eq. (15-1). What equation does this 
function satisfy in the primed frame of reference? Hint: Assume that the 
x, y, and z axes are parallel to the x’, y’, and z’ axes, respectively, and let the 
x axis be chosen so that vy = vi. 


15-1 
A Review of Special Relativity 


Although Lorentz is credited with discovering a coordinate trans- 
formation and an associated transformation of the electromagnetic field that 
together leave Maxwell’s equations unchanged in form, the theory of special 
relativity advanced by Einstein? in 1905 placed this transformation on a firm 
theoretical and philosophical footing by deriving it directly from the funda- 
mental postulates described in the above introductory paragraphs. The 
usual statement of these postulates involves the notion of inertial frames of 
reference, which in totality consist of any single frame of reference in which 
the laws of physics have their simplest form and all other frames of reference 
in translation at constant velocity relative to the first frame of reference. 
The postulates of special relativity themselves are 


3 Annalen der Physik 17 (1905). This original paper is extremely readable and is available 
in English translation in a collection of reprints titled The Prineiple of Relativity (Dover 
Publications, Inc., New York). 
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Z 


Fig. 15-2. Two frames of reference in uniform relative motion along 
a common axis. O’ moves with velocity vi relative to O. 


(1) that the laws of physics are the same in all inertial frames of reference, 
and 

(2) that the speed of light is a universal constant, the same in all inertial 
frames of reference regardless of the motion of these frames relative to 
the source of the light. 


Together these postulates dictate uniquely the transformation that must relate 
the spatial and temporal coordinates of an event observed from two different 
inertial frames of reference. If (for simplicity) the two frames of reference are 
related as in Fig. 15-2, with the x, y, and z axes parallel to the x’, y’ and z’ 
axes, respectively, and with their origins coinciding when t = ¢’ = 0, then 
the resulting Lorentz transformation between the coordinates (x, y, z, t) and 
ficceoondinates (0. 42 yf )1S 


pe — I) 2 (15-2) 
Vay ct’ = y(ct — Bx) 
where 
2s ee aes i 
7 a Sa 


and »v is the velocity of the primed frame relative to the unprimed frame, this 
velocity being in the (common) x and x’ directions.‘ 

For our purposes, it is useful to stress that the Lorentz transformation is 
a linear transformation between the four primed and four unprimed coordi- 
nates and to express that transformation in a matrix form. (The algebra of 


4A full deduction of this transformation from the basic postulates may be found in 
many sources, including, for example, the original paper of Einstein (see footnote 3); 
R. Resnick, Introduction to Special Relativity John Wiley & Sons, Inc., New York, 1968), 
Section 2.2; and J. D. Jackson, Classical Electrodynamics (John Wiley & Sons, Inc., New 
York, 1962), Section 11.2. 
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matriccs is discussed in Appendix A.) Two choices for the four coordinates 
are common; the first, 

vy ct ed xy ae wy 2 (15-4) 
involves entircly real numbers and the second, 

ne Sy Saas Ne ch (15-5) 
introduces a complex coordinate. We shall adopt the second altcrnative, in 
terms of which the Lorentz transformation, Eq. (15-2), has the expression 


se a ina) X43 = Ny (15-6) 
eS oe Xa = Y(%a — 18%) 
or, equivalently, 
x y CO yp, 
x2 | 0 [POO ec (15-7) 
x 0 Oe @ sO ex: 
a —iyB 0 O yi \xg 
Thus, if we introduce the 4 x 4 transformation matrix 
y 0 0 iyBp 
fs 0 I 06 (15-8 
(B) = hoe a oe ) 
ip Oey 


whose elements we denote by £,,(f) or by £,,, we can express the Lorentz 
transformation in the form 
ee ne y= EEN: (15-9) 

where we have adopted the summation convention in which a sum from I to 
4 is understood on every repeated Greek index. Further, we shall use boldface 
sans serif characters (e.g., x) for four-component vectors. Finally, we under- 
stand without cxplicit mention that any index appearing only ouce in a given 
term assumes all four possible values in succession; the first member of Eq. 
(15-9), for example, expresses four separate equations. 

Physically, the izverse transformation (from the primed to the unprimed 
coordinates) must be obtainable by replacing v by —v (or f by —f) in the 
matrix &. Thus, we must have that 


x = [LCP] ix’ = £(— f)x’ > [£(P)y' = £(— 8B) (15-10) 

Direct observation of Eq. (15-8), however, reveals that £(— B) = [£L(B)]’, the 
superscript 7 denoting the transposed matrix. We conclude that 

[Q(B ' = [Lc py] (15-11) 


and the matrix £ is therefore a (complex) orthogonal matrix (Appendix A). 
Thus, the Lorentz transformation in Eq. (15-7) can be interpreted as a rigid 
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rotation of the four coordinate axes in a four-dimensional space. (Compare 
PA-12 in Appendix A.) In fact, the Lorentz transformation between frames of 
reference whose axes are not parallel and whose relative velocity is in some 
arbitrary direction is also represented by a (complex) orthogonal matrix and 
is therefore also equivalent to a rigid rotation in a four-dimensional space; a 
portion of this more general conclusion is explored in P15-35. 

Typically, physical quantities of interest in a given frame of reference are 
functions of the spatial and temporal coordinates in that frame of feletenee: 
and the way in which these physical quantities transform under a Lorentz 
transformation provides a useful means to classify them. The simplest such 
quantities are scalars, which we can define by considering a physical quantity 
that we believe to have but a single component. Let $(x) = (x,, X25 X3, X4) 
express the spatial and temporal dependence of this quantity as measured in 
the unprimed frame of reference and $’(x’) express the spatial and temporal 
dependence of this same quantity as measured in the primed frame of refer- 
ence. The quantity @ is a scalar if 


$'(x’) = $(x) (15-12) 


where x’ and x are related by the Lorentz transformation. More concretely, 
a physical quantity is a scalar if it has the same numerical value at corre- 
sponding points in space-time in any two frames of reference related by a 
Lorentz transformation. For this reason, a scalar is often said to be invariant 
to the Lorentz transformation. Usually, Eq. (15-12) is written ¢’ = ¢@ and 
explicit indication that ¢’ and ¢ are most directly functions of the primed and 
unprimed coordinates, respectively, is suppressed. 

The next most complicated type of physical quantity has four components 
that become entangled with one another when the frame of reference is 
subjected to a Lorentz transformation. The four-component vector x = 
(x1, X2,X3,X,4) is the prototype of these quantities; they are called four- 
vectors and their components transform under the Lorentz transformation 
just as the components of x transform. That is, the four-component quantity 
A = (A,, Az, Ay, Ay) is a four-vector if its components A’ = (Aj, A}, A4, A4) 
in the primed frame of reference are determined from those in the unprimed 
frame by 


A= oA ore = © (15-13) 


where here (hereafter) the above-mentioned summation convention is (will be) 
employed. The first three components of a four-vector are often called the 
spatial components; the fourth component is the temporal component. 
Occasionally we shall use the symbol A for the three-dimensional vector 
formed from the spatial components of the four-vector A. 

Among other quantities, the four-dimensional gradient of a scalar d, 
whose four components are 0¢/0x,, is a four-vector. To prove this contention, 
we note first that differentiation of Eq. (15-12) with respect to x, gives 
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ag’ db _ 0b Ox, (15-14) 


Ox) Sid moos 
From Eqs. (15-10) and (15-11), however, we find that 


Pee yes, SS 


a oe (15-15) 
One, 
and Eq. (15-14) becomes 
= ip 15-16 
f) Se AY Ax ( ) 


which states that the components of the (four-dimensional) gradient in two 
different frames of reference are related by Eq. (15-13) and hence that this 
gradient is in fact a four-vector. Q.E.D. Since ¢ = ¢’, we can write Eq. 
(15-16) as a relationship among differential operators 
] C] 

fe Os (15-17) 
and think of the operator whose four components are @/dx,, aS a four-vector. 
We shall frequently use the notation 0’, for d/dx’, and 0, for d/dx,, so that 
Eq. (15-17) may also be written in the more compact form do), = £,, 0,. 

A third useful type of physical quantity that is identified by the way it 
behaves under a Lorentz transformation is a 16-component entity called a 
second-rank tensor. It is usual to arrange these 16 components into a 4 x 4 
matrix whose elements are, say, F,,, in the unprimed frame of reference and 
F',, in the primed frame of reference. A prototype second-rank tensor is a 
quantity whose 16 components are the 16 possible products of a component 
of a four-vector A with a component of another four-vector B so that 
F,, = A,B,, but there are many second-rank tensors not so easily factored. 
Whatever its origin, a 16-component quantity F is a second-rank tensor by 
definition if 


vo 


Fe geen (15-18) 


Oa Ve 


where ‘wo sums (on @ and t) are implied. Equivalently, this transformation 
rule can be written as a matrix product by noting that 


yD AC) = (I 
————— F’ —a &FLT 


The pattern illustrated in Eq. (15-18) can be extended to third- and higher- 
rank tensors, but we shall have no need for these more complicated entities. 

We shall conclude this summary of the mathematical machinery of special 
relativity by identifying several important scalars (i-e., Lorentz invariants). 
Many invariants can be constructed directly from known vectors and tensors. 
For example, let A and B be four-vectors and consider the quantity 4,B, 
(implicit sum on yz). We find that 


(15-19) 


15-1 A Review of Special Relativity 435 


Ai By = (Spc ML&,.B,) 
== A( 2"), RnB, 
=a A (oS) BR 
ALB (15-20) 
since £~'L is the identity matrix. Equation (15-20), however, states that the 
quantity 4,B, (which is a four-dimensional “dot product”) not only has the 
same value in two different frames but is computed in each frame by applying 
the same prescription to the components of the vector in that frame. This dot 
product is both invariant in valve (i.e., is a scalar) and invariant in form when 
the constituent vectors are subjected to the same Lorentz transformation. By 
similar arguments, we can demonstrate that the trace F,,, of a second-rank 
tensor, the four-divergence 
= 0 (Ag 
0,4, = V-A + ar (Se) (15-21) 
of a vector A, and the four-dimensional “Laplacian” (which is called the 
d’ Alembertian)> 


Gi=).0, =v = mae (15-22) 


are all Lorentz invariants (P15-10). 
Finally, if we assume familiarity with the theorem that multidimensional 
volume elements transform under a change of variables from u,, u,,..., U, 

(OP toa ee, ye 
G0, dua AU, Ly (Zee 220 “2 


Us Wein 0 9 0 9 Uke 


du, du, +--+ du, (15-23) 


where the Jacobian J(---) is the determinant of a matrix whose ij element is 
dv,/du;, We can demonstrate that the four-dimensional volume element 


@ Mere cr, Xe (15-24) 


is invariant to the Lorentz transformation. From Eq. (15-23), we have that 


i i i i 
Hn y (Ztn Xn x4) 


Xt X25 X35 X4 


d*x (15-25) 


The Jacobian appearing here, however, is the determinant of a matrix whose 
Lv element 0x',/0x, is £,,. [See Eq. (15-9).] Thus, the Jacobian in Eq. (15-25) 
is the determinant of the matrix £&. Since £ is orthogonal, however, its 
determinant can only be +1 (PA-10). Equation (15-25) therefore reduces to 


5We use the notation (]* for the d’Alembertian because of its similarity to V2; the 
symbol [_] (without the exponent) is also used for this operator. 

6L. Brand, Advanced Calculus (John Wiley & Sons, Inc., New York, 1955), Section 169; 
W. Kaplan, Advanced Calculus (Addison-Wesley Publishing Company, Inc., Reading, 
Mass., 1952), Section 5-14. 
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dx', dx', dx’; dx’, = dx, dxzdx3 dx, (15-26) 
and we have established the Lorentz invariance of the (four-dimensional) 
volume element. 


PROBLEMS 
P15-4. Show that the Lorentz transformation reduces to the Galilean 


transformation in the nonrelativistic limit v/¢e << 1. 
P15-5. Suppose a scalar function u(r, f) satisfies the wave equation 


2 
(m—bf ua 
in the unprimed frame of reference in Eq. (15-2). Show by direct manipulation 
with the equation that this function also satisfies the wave equation in the 
primed frame of reference and hence conclude that the scalar wave equation 
is invariant to the Lorentz transformation. Compare this problem with P15-3. 

P15-6. (a) Show that two events occurring at the same point (Ax’ = 0) in 
the primed frame of reference but separated by a temporal interval At’ are 
separated in the unprimed frame of reference by a temporal interval At = 
y At’. Note that At > At’; this phenomenon is referred to as the relativistic 
time dilation. (b) Show that two events occurring at the same time (At’ = 0) 
in the primed frame of reference but separated by a spatial interval Ax’ are 
separated in the unprimed frame by a temporal interval At = yf Ax’/c. Thus, 
simultaneous events in the primed frame are simultaneous in the unprimed 
frame only if Ax’ = 0. (c) A rod of length L’ lies along the x’ axis and is at 
rest in the primed frame. An observer in the unprimed frame measures the 
length of this rod by measuring the time Af required for the rod to move past 
him, calculating the length as L = v Ar. Show that L = L’/y. Note that 
L < L’; this phenomenon is referred to as the Lorentz-Fitzgerald contraction. 
Hint: Consider the two events defined by those two instants when the one or 
the other end of the rod is opposite the unprimed observer. 

P15-7. The position of a moving object is given by R(t) and R'(z’) in the 
unprimed and primed frames of reference, respectively. Let the velocity of the 
object be V(t) = dR/dt and V’(t') = dR’/dt’ in the two frames. (a) Show 
from the Lorentz transformation in Eq. (15-2) that 


Keo 
. Y, 
"|=To Vale) ? 
ia . 


(b) Now consider a light beam propagating in the x-y plane at speed c in a 
direction making an angle @ with the x axis in Fig. 15-2. Find the speed and 
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the direction 9’ of propagation of this beam in the primed frame of reference. 
The phenomenon of aberration of starlight is predicted by the difference 
between @ and @’. Optional: Use a computer to determine @’ as a function of 
B for selected values of @ and plot graphs of these relationships. 

P15-8. In the Fizeau experiment (1859), light passes through a moving 
liquid that has index of refraction n (Fig. P15-8). Using an interferometer, 


Path of _ 
light beam 


Liquid Liquid 
in out 
Stationary 
observer 
Figure P15-8 


one can measure the velocity of the light relative to a stationary observer. For 
realizable (i.e., nonrelativistic) speeds v of the liquid, Fizeau found experi- 
mentally that 

speed of light relative to laboratory = = + (1 — =) 
Predict this result from the Lorentz transformation. Hints: (1) What is the 
speed of light relative to the liquid? (2) See P15-7. 

P15-9. Prove the following theorem: If A,B, is a scalar for arbitrary 
four-vectors B, then A is also a four-vector. 

P15-10. Verify that the four-divergence and the d’Alembertian are cor- 
rectly given by the right-hand sides of Eqs. (15-21) and (15-22) and present 
complete arguments showing that these quantities are invariant to the 
Lorentz transformation. 

P15-11. Let two events be separated by the infinitesimal intervals dx, in 
the unprimed frame and dx’, in the primed frame. (a) Recognizing that the 
coordinates of each event are related in the two frames by the Lorentz 
transformation, show that dx!, = £,, dx,. (b) Show that the so-called proper 
time interval drt defined by 


438 Relativistic Formulation of Maxwell’s Equations 


OO NE = 

is a Lorentz invariant. (c) Argue that the quantity whose four components 
are u, = dx,/dt is a four-vector and show that these components are (T'V,, 
PV, ict), where T= (1 = V2/c2) 47) oa gi a ena 
V, = dz/dt. The four-vector u is called the world velocity. (d) Show that 
UC 

P15-12. In relativistic mechanics, the momentum p and fofal energy FE of 
a particle of rest mass m moving with velocity V are defined by p = [mV and 
&£—Vme*, where TF = |i — 2je*] 72) Punters imeapececonds tianie non 
reference, the momentum p’ and energy E’ are given by p’ — I’’mV’ and 
E’ = T'mc?, where I’ = [1 — (V’)?/c?]-'. Let the primed and unprimed 
frames be related by Eq. (15-2). (a) Show that I’ = yF(1 — V,v/c?). Hint: 
See P15-7. (b) Show that the four-component quantity (p,, p,, P,, iE/c) is a 
four-vector; i.e., show that 


re =r(a,— 58) Pz = Pp: 


Py = Py E' = yE — vp,) 


(c) Recognizing that p,p, is a scalar, show that p2c? — E? is a Lorentz 
invariant and that it has the value —m?c?. 


15-2 
Maxwell’s Equations in Covariant Form: 
The Electromagnetic Field Tensor 


As we developed them in Chapter 6, Maxwell’s equations for the 
electromagnetic field in the absence of matter are 


V-B=0 ois = 8 (15-27), (15-28) 
V-E=? Vx B=p,J + 12 5-29) (15-30) 
Eq co or 


Further, the fields can be derived from the potentials using the equations. 
0A 


By [So i eas (15-31), (15-32) 
and, in a Lorentz gauge defined by the requirement that 
LG 


the potentials satisfy the equations 


(7A = —n,J5 Cev= Te (15-34), (15-35) 
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Finally, the current and charge densities are related by the equation of 
continuity 

elt ae U2 (15-36) 

ot 

The object of this section now is to identify suitable four-vectors and tensors 
and to reexpress the above equations in terms of these quantities, thereby 
making the behavior of each equation under a Lorentz transformation 
directly determinable from the (known) behavior of four-vectors and tensors. 
As we identify each four-vector or tensor, we must be certain that it has the 
requisite transformation properties. (Mere possession of the proper number 
of components offers no assurances that those components behave correctly 
under a Lorentz transformation.) 

We introduce first a four-vector that combines the current density and the 
charge density. Experimentally, observers in different frames of reference 
measure the same total charge in a uniquely defined region of space, even 
though each measures a different charge density in the region and assigns a 
different volume to the region. More mathematically, this empirical observa- 
tion states that the charge dg measured in an infinitesimal volume in the 
unprimed frame of reference and the charge dq’ measured in the same region 
of space in the primed frame of reference are equal, dg = dq’, or that 


Dae dx, =) ax Oca, (15-37) 


Equivalently, the quantity p dx, dx, dx, is a Lorentz invariant. Thus, the 
four-component entity 


ic(p dx, dx, dx;) dx, = icp(dx, dx, dx; dre, ee (15-38) 
X4 


which is the product of a scalar and a four-vector, is itself a four-vector. We 
established in the last section, however, that the four-dimensional volume 
element in parentheses on the right in Eq. (15-38) is a scalar. Consequently, 
the quantity whose components are 


J, = icp = p= (15-39) 
4 


must be a four-vector. Now, if dx, in Eq. (15-39) is interpreted as the infini- 
tesimal separation between two successive space-time “positions” of one of 
the particles in the charge and current distribution,’ dx,/dt for uw = 1, 2, and 
3 yields the components of the (drift) velocity of the particle and dx,4/dt = ic. 
We have therefore that 


J = (D2, PYy, PUx icp) 
SES icp) = (J; icp) (15-40) 
7Strictly, we should consider different types of particles separately, obtaining an evalua- 


tion of J, for each type and then summing the separate results. We elect, however, to 
simplify the discussion by assuming that only a single type of particle is present. 


440 Relativistic Formulation of Maxwell's Equations 


[See Eqs. (2-10) and (2-18).] In short, experimental evidence on the invariance 
of electric charge leads to the conclusion that the quantity J constructed out 
of the ordinary current and charge densities via Eq. (15-40) is a four-vector; 
we shall call it the four-current. Finally, in terms of the four-current, the equa- 
tion of continuity assumes the form 
_ icp) _ v.54 Ws 9 
VS reery WES 
= >0,/, =0 (15-41) 

In this form, the equation of continuity clearly transforms to the same equa- 
tion d,J, = 0 under a Lorentz transformation and hence ts properly invariant 
under a change in the frame of reference. : 

We next introduce a four-vector that combines the potentials A and V. 
Essentially, we note that Eq. (15-35) for V can be written in the form 


Orv = —n0( 


| — (i) Ee (15-42) 


= fie) — 4 een) 
ae)? Hoc" p Hol 


Thus, if we introduce a four-component quantity 
AS (A. Ae i=) = (a. iz) (15-43) 


we can combine Eqs. (15-34) and (15-42) into the single four-component 
equation 

(174, = —Hod, (15-44) 
Accepting the (experimentally supported) correctness of Maxwell’s equations 
in all frames of reference, we finally conclude from Eq. (15-44) that A must 
be a four-vector, because []? is a Lorentz invariant and(_]? 4, can therefore 
be equal to J, in a// frames of reference only if A and J—the latter a known 
four-vector—have the same transformation properties. We shall call A the 
four-potential; its four-divergence 


0 Ag V-AEE a aye ae 


(15-45) 


is exactly the quantity appearing in the Lorentz condition, Eq. (15-33). Thus, 
the Lorentz condition may be written in the form 


Oak, (15-46) 
and the invariance of this equation under a Lorentz transformation assures 
that Lorentz gauge potentials in one frame of reference will transform into 


Lorentz gauge potentials in any other frame of reference. 
A third important quantity, which looks something like a four-dimensional 
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curl, is defined by 

F,, = 0,A, — 0,A, (15-47) 
and is manifestly a second-rank tensor (being constructed of the sums of 
products of two quantities known to transform as vectors). Clearly, the tensor 
F is antisymmetric (F,, = —F,,) and in particular its diagonal elements, 
F,,, Fy, etc., are zero. Of potentially 16 elements, only six (say F,2, Fi3, Fia 
F,;, F,4, and F,,) can have arbitrary values. We shall now show that these 
6 elements are related to the 6 components of the electromagnetic field. 
If neither index in Eq. (15-47) is a 4, we find that F, isa component of the 
magnetic induction field, for example, 


Fy, = —Fy = 0,4, — 024, = 94 —SAz = Bw, (15-48) 
Peome=2 1) esimuilinly i A — i, and 2 — — Fe, Iion 


the other hand, one of the indices in Eq. (15-47) is a 4, we find that F,, is 
related to a component of the electric field, for example, 


Fiy,= Spee) ee ee 


OV , dA, i 
— -49 
=Gte ae gre (15-49) 
[Eq. (15-32)]; similarly, F,, = —F,. = —if,/e and Fj, = —F,; = —iE,/c. 
In total, we find that the components of the electric and magnetic induction 
fields are related to those of the electromagnetic field tensor F as indicated in 
the matrix 


eo ee 
c 
si 8 
F= (15-50) 
B, —B, 0 ee 
ce 
iE, 1B, iE, 9 
c G c 


Furthermore, because we accept the correctness of Maxwell's equations in all 
frames of reference, the correspondence between field components and ele- 
ments of F indicated in Eq. (15-50) applies equally in all frames of reference. 

It remains to express the field equations in terms of the electromagnetic 
field tensor. Note that 


Oe — 0 eae Oot ores a1 + O4F 41 


a OB, , OB, a 1 O(iE,/c) 
ee ay) oz 1 tem cot 
= —(V X Bes ae = fod x 
— O,F x = — Hod (15-51) 
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which suggests that the equation 

OF allo (15-52) 
combines Eqs. (15-29) and (15-30) into a single equation whose behavior 
under the Lorentz transformation is obvious from the notation; both sides of 
the equation are four-vectors. The correctness of Eq. (15-52) for all v is 


demonstrated in P15-14. Note also that 


V-B = 2p 4 Fo + OF = 8,F,y + OFs: + 4sFin=0 (15-53) 


which suggests that the four equations 
Cees Okan at ee HY (15-54) 
where (1, v, 0) assumes the values (1, 2, 3), C1, 2, i (1, 3, 4), and (2, 3, 4), 
might combine the two homogeneous Maxwell equations, Eqs. (15-27) and 
(15-28); the correctness of this suggestion is demonstrated in P15-17. Note 
also that Eq. (15-54) is correct when two or more indices are the same, but 
that in those cases it is identically correct and provides no further con- 

straints on the field tensor. 
In summary, we have shown that we can introduce two four-vectors and 
a tensor, namely 
I= (ico) Me (a. it) 
. (15-55) 
f= 0 Ae OAS 

and that the equations of electromagnetism can be written in terms of these 
quantities as in Table 15-1. Although the physical content of these equations 


TABLE 15-1 Some Equations of Electromagnetism in Relativistic 
Notation 


Maxwell’s Equations 


V-E= 2. 
vVxB 1 CE SBT = 1 
x B= pod + eo ae 


V-B=0 


Vv x BBE Oalee + OsFog +B =O 


Ot 
Equation of Continuity 
VS +92 =0=> d,J,=0 


Lorentz Condition 
1 OV 


V-A + 5 5-=0=>0,4,=0 
Equation for the (Lorentz Gauge) Potentials 
(2A = —4oI 


O2Vv = 2 = 4n = — body 
0 
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is no different from that of Eqs. (15-27)-(15-36), their form is now such that 
their correctness in all frames of reference is apparent from the way in which 
vectors and tensors transform. Further, by examining these transformation 
properties, we have gained considerable insight into the relationship between 
the electric and magnetic induction fields. 


PROBLEMS 


P15-13. Confirm the correctness of all entries in Eq. (15-50) by working 
out each element of F,,, from Eq. (15-47). : 

P15-14. Verify that 0,F,,, = —,.J, reduces to the three components of 
Eq. (15-30) and to Eq. (15-29) for v = 1, 2, 3, and 4, respectively. 

P15-15. Derive the equation 0,F,,, = —oJ, by formal differentiation of 
Eq. (15-47) defining F,,,. Hint: See Eqs. (15-44) and (15-46). 

P15-16. Derive the equation of continuity 0,J, = 0 directly from Eq. 
(15-52). Hint: F is an antisymmetric tensor. 

P15-17. Verify that Eq. (15-54) correctly reduces to Eq. (15-27) and to 
the three components of Eq. (15-28) when (yz, v, @) assume the values given 
limite text. 

P15-18. (a) Show that E* — c?B? is a Lorentz invariant. Hint: F,,,F.,, is 
an invariant. Why? (b) Show that an electromagnetic field that is purely 
magnetic in one frame of reference cannot be transformed into a purely elec- 
tric field by changing to a different frame of reference. 


15-3 
Transformation of the Electromagnetic Field 


Now that we have established that the components of the electro- 
magnetic field combine to form a second-rank tensor F as in Eq. (15-50), 
determination of the way in which the electromagnetic field transforms under 
a Lorentz transformation from an unprimed to a primed frame of reference 
involves merely evaluating the matrix product &FL7 as in Eq. (15-19). In 
particular, for £ given by Eq. (15-8) and F by Eq. (15-50), we find that 


F’ = QFar 
0 »(s,—-4e,) -»(8,4£e) —t2 
7 —y @ -£5,) 0 iB, —-L(E, — BcB,) 
7 (8, ze a a) a 0 Jj ste Pat 
ip, W(e,— pep) (E,+ ped) 0 
(15-56) 


& 
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Imagining primes on all entries in Eq. (15-50) and comparing the resulting 
matrix with Eq. (15-56), we conclude that the field in the primed frame of 
reference is determined from the field in the unprimed frame of reference by 


EB, = £, x = B, 
(3 a y(E, in BcB,) B, == (2, = fx) (15-57) 


EL =y(E.+ BcB) B=? (2. = Es) 


More conveniently for some purposes (and more generally), we introduce 
vector components parallel (||) and perpendicular (__) to the relative velocity 
y (compare PO-5) and find that Eq. (15-57) is equivalent to the expressions 


Ei), = E; B, = By 


I (15-58) 
= WEL+¥xB) BL =7(B,—GyxE) 


(See P15-20.) Several applications of these transformations are explored in 
the problems. 


PROBLEMS 


P15-19, Evaluate the matrix product £FL" and verify Eq. (15-56). 

P15-20. Show that Eq. (15-58) reduces to Eq. (15-57) when vy = vi. 

P15-21. Show that if the electric and magnetic induction fields are per- 
pendicular for one observer, they are perpendicular for a// observers. Hint: 
By manipulating with Eq. (15-58) show first that E-B is a Lorentz invariant. 

P15-22. Suppose constant fields E and B exist in a particular frame of 
reference. Argue that a second frame of reference in which B’ = 0 can be 
found only if E > cB and Eis perpendicular to B, and find a possible velocity 
of this second frame relative to the first. Is the second frame unique? Hint: 
Use the invariance of E? — c?B? (P15-18), the invariance of E-B (P15-21), 
and Eq. (15-58). 

P15-23. A point charge g moves with a uniform speed v in the positive x 
direction. (a) Use the transformation rules for the electromagnetic field to 
show that the fields established by this charge are given by 


y Ce (x — ot)i + yj + 2k 


4n€y (x — vf)? + (1 — BOG? +2)" 


B=VXxE 


Compare these results with those obtained in P14-15. Hint: Write down first 
the fields produced in a frame of reference in which the charge is at rest and 
then transform the fields to the original frame of reference. (b) Show that the 
expression for B reduces to the Biot-Savart law, B= (44,qv X r)/(4zr?) in the 
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nonrelativistic limit. Here, r is the position of the observation point relative 
to the position of the particle. 

P15-24. (a) Assuming the four-vector character of the four-potential A, 
show that, under the Lorentz transformation in Eq. (15-6), the potentials 
(A, V) become (A’, V’), where 


A=7(4,-3V) 9 A=, 
Ay =A, v= 1 vA,) 


(b) Use these results to find the potentials A and V established by the moving 
charge in P15-23, Compare your results with those given in P14-I1. Hint: 
First write down the potentials A’ and V’ in a frame of reference in which the 
charge is at rest. 

P15-25, Assuming the four-vector character of the four-current J, show 
that, under the Lorentz transformation in Eq. (15-6), the current density and 
charge density (J, p) become (J’, p’), where 


aaah p =r (p— 44.) 


15-4 
The Stress-Energy-Momentum Tensor 


In Chapter 6, we concluded our discussion of the electromagnetic 
field by finding expressions for energy and momentum in the fields. Relativ- 
istically, the energy and momentum in an electromagnetic field turn out to be 
elements of a (four-dimensional) second-rank tensor that also contains the 
elements of the (three-dimensional) stress tensor explored in P6-37. We 
identify this new tensor by noting first that the components of the force den- 
sity, pE + J x B, are the spatial components of the four-vector whose com- 
ponents arew ,/,. For example, 


(pE a5 J x B).. = pe, 5 JB, = wD, 
— (icF 4) (24) Sey qe eae 
=F J, (15-59) 


The fourth component of this vector is related to the power input per unit 
volume to the particles composing the charge and current distribution that 
isthess@Urce Of (Me deelds.1.c-. 


[Pravcell == [By odll + Brads + Fig = SES (15-60) 


v 


[See Eq. (3-39).] 
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We next show that the quantities F,,J, can be written as the (four-) 
divergence of a (symmetric) second-rank tensor, hey inal 


ore) hee (15-61) 
with T,, = T,,. A direct substitution from Eq. (15-52) for J, yields that 
i 
Fd, = ——F 0 av 
uv is cas 


=> foF J, — BO lie 
— 0, E ye ee Olan ag (15-62) 


(Remember that F is antisymmetric.) Now, since it involves merely a renaming 
of summation indices, we find that 

CBee — (Chee le. (15-63) 
whence 

COP Fa = VO ae an) yee On teaae 

VOpB oar Oytouline 
HO ow) ine 
= —40,(F Fox) (15-64) 


where the next to last form follows after using Eq. (15-54) and in the final 
form the summation indices v and a have been changed to o and Tt. Finally, 
we substitute Eq. (15-64) into Eq. (15-62) to find that 


Hide e = | Srey oo ae On hele (15-65) 
where 6,. = | if uw = a and zero otherwise. Thus, by comparison with Eq. 
(15-61), we conclude that ; 


I 


1 
EE S| Bahn t ap 


ee | (15-66) 


which by its construction is demonstrably a tensor of the second rank (P15-26) 
and is also symmetric. Its elements can be worked out from knowledge of 
F (P15-27); one finds that 


Ti T 12 Ty; a tCoy 

T 2; T 22 T 23 N85), 
i T31 T32 T33 =16G, (15-67) 

i i i , 
ee Ds 5 Sy zien os Unum 
where 

TEE Et BiB — 56, (£2 + 3") (15-68) 

0 


for i, 7 < 3 are the elements of the (three-dimensional) stress tensor explored 
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in P6-37, 
s-texe (15-69) 
Ho 
is the Poynting vector [Eq. (6-55)], 
G=€E BS ae (15-70) 


is the momentum density (Eq. (6-61)), and 
l i 
Hem = > €)E? + ope (15-71) 


is the electromagnetic energy density [Eq. (6-52)]. The tensor T,,, is called the 
electromagnetic stress-energy-momentum tensor, and it combines these several 
attributes of the electromagnetic field into a single 16-component entity whose 
components become entangled with one another under a Lorentz transforma- 
tion of the frame of reference. 

The conservation laws of energy and momentum, which we have already 
treated in Sections 6-4 and 6-5, are contained within Eq. (15-61). For example, 
when pz = 4, Eq. (15-61) becomes 


Jara = Gia 
=> —EJ == Uillnn 4° Wallan Se Olly ae O4T 44 


a es eer (15-72) 


which is Eq. (6-50)—an expression we have already interpreted as an equation 
of energy balance. In like fashion (P15-29), Eq. (15-61) for w = 1, 2, and 3 
yields statements equivalent to Eq. (6-59), which we have interpreted as an 
equation of momentum balance. 


PROBLEMS 


P15-26. Assuming that F,,, is a second-rank tensor, show that T,, as 
defined by Eq. (15-66) is a second-rank tensor. Hint: Show first that 6,,. is a 
second-rank tensor. 

P15-27. Demonstrate that the elements of 7,,, given in Eq. (15-67) follow 
from F as given in Eq. (15-50). Hints: (1) Show that F,,F,, = 2(B? — E?/c’). 
(2) Show that F,,F,, is the wo element of the matrix product F?. 

P15-28. Show that the trace T,,, of the stress-energy-momentum tensor 1s 
zero. 

P15-29. Show that Eq. (15-61) with 4 = 1, 2, and 3 is equivalent to Eq. 
(6-59). 


448 Relativistic Formulation of Maxwell's Equations 


15-5 
A New Viewpoint: The Law of Biot-Savart 
Revisited 


Until Chapter 15, we considered electric and magnetic phenomena 
as observed in a single frame of reference, and we started the study of each 
topic by quoting the results of a few pertinent experiments. In Chapter 15, we 
have discovered that the division of a particular electromagnetic field into 
separate electric and magnetic induction fields is not intrinsic to the fields 
themselves but depends as well on the frame of reference within which that 
division is accomplished. Purely electric fields in one frame of reference, for 
example, will give rise to both magnetic and electric effects when viewed from 
some other frame of reference. This observation suggests that Coulomb’s law 
and the theory of relativity should be sufficient to permit prediction of at 
least some magnetic phenomena without introducing the experimental 
evidence used in our previous development. In this section, we shall illustrate 
the accuracy of this suggestion by showing how one might infer the law of 
Biot-Savart from application of special relativity to Coulomb’s law.? 

As a preliminary to the main argument, we must develop the rule for 
transforming forces from one frame of reference to another. The starting 
point is contained in the results of P15-11 and P15-12, where it was shown (1) 
that the momentum p and energy E defined for a particle of (rest) mass m and 
velocity V by 


Kay IES) 
Pw V1 Wer) 


combine to form a four-vector 
= (o.. te fe +) (15-74) 


(2) that P and V in the unprimed frame of reference in Fig. 15-2 are related to 
I’ and V’ in the primed frame of reference by 


= TmvV EW (15-73) 


i iy (1 Po ‘s) (15-75) 


2 


or, equivalently (exchanging primes and “unprimes” and replacing v with —v), 
by 


ip eoaie (1 ae =) (15-76) 


ct 
and (3) that dr defined by 


8We shall present only a very limited development from the point of view of special 
relativity. More detailed treatments may be found in E. M. Purcell, Electricity and Magnet- 
ism (McGraw-Hill Book Company, New York, 1965), Chapter 5; in P. Lorrain and D. R. 
Corson, Electromagnetic Fields and Waves (W. H. Freeman and Company, San Francisco 
1970), Chapter 6; and in numerous other sources. ‘ 
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ce? dy” = e* dt? — dx? — dy? — dz = ¢? dy? (1 = *) 
c 
1 


=> dt = dt (15-77) 


is a scalar. Finally, we note that the relativistic force remains by definition the 
time derivative of momentum, 


__ dp ay 
be Fie F’ = ail (15-78) 


and that the quantity dp,,/dt—a vector divided by a scalar—is a four-vector. 
Thus, we find that 


op. Zi, dp, 
B= Ose (15-79) 
or, by virtue of Eqs. (15-77) and (15-76), that 
Du _ pye-1\, DW 
T dt aa r (£ dav at 
a = Ge) ay 
~ #1 + Vi0/c?) Se 


Since £~' is the transpose of the matrix in Eq. (15-8) [see Eq. (15-11)], we find 
from Eq. (15-80) that 


(15-80) 


F’, — iB dp’,/dt’ 
i z 
*— CL - Vi vfe?) URS) 
F; ia 
F, = F, = ——,——_~Ss« (15-82), (15-83 
7 Ve) TE Vaan) 19°82) (9°89) 
Equation (15-81), however, has a more useful form obtained by noting that 
dps oe pace thay ENTE = 
aie (2 Gi Ue eRe) 


since dE’/dt’ is the rate at which the force F’ does work on the particle. 

Substituting Eq. (15-84) into Eq. (15-81), we find finally that 

F’, + (v/c?)F’-V’ N02 eae (15-85) 
(1 + V{v/c?) ce? + Viv 

A derivation of the inverse transformation is the subject of P15-30. 

We shall now derive the law of Biot-Savart by considering the force 
between two charges g, and q, at rest at the origin and at (x’, y’, 2’) in the 
primed frame of reference (Fig. 15-3). Using Coulomb’s law in the primed 
frame, we find that the force on g, as measured in that frame is given by 


i = = FL, + 


pry 9192 Ey} ; 
(Fa Fp P= Fe tO (15-86) 


Written in terms of the unprimed coordinates (assuming the measurement is 
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a 


Fig. 15-3. Two point charges observed from two frames of refer- 
ence. The charges are at rest in the primed frame. 


made at time zero for simplicity), this force is also given by 


ae = HE fyx, ¥, 2} (15-87) 
where 
Ro 7) ea (15-88) 


Equations (15-82), (15-83), and (15-85) with V’ = 0 then give the expression 


Vola n) = Lace {x45} 


4m€)R? ye Ae 
— 41927 ay i : 
=o F = ht |r— 305+ zk) | (15-89) 


where we have used again the invariance of the charges g, and g,. Now, since 
the velocity of both charges in the unprimed frame is v = vi, we find that 


vX (vx r)=(W-nv — vr 


= yx} — v4 = —v(yj + zk) (15-90) 
and Eq. (15-89) can be written in the form 
= qiyt qiy X Ot ase 
EP | ae gps (oe cise) 


Thus, solely on the basis of a relativistic transformation of Coulomb’s law, we 
are led to introduce two fields 


age — Ny X 1) 2 : 
4n€ R? be 4ne,c?R3 (15-92), (15-93) 


established in the unprimed frame by the moving charge q,. Further, we 
determine the force on the moving charge q, in this frame from the expression 


F = q,(E+ v x B) (15-94) 


Starting from Coulomb’s law, the invariance of charge, and special relativity, 
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we have thus proved that magnetic induction fields must exist. More specifi- 
cally, writing 4, for 1/eyc? and assuming v/e <1 so that y — 1, we find from 
Eq. (15-93) that the B-field established by a single charge moving nonrelativ- 
istically through the origin with velocity v is given by 
— HodiV XT 

B= fa i = (15-95) 
Wlietie ey 7x? ac y* + z*. More generally, if a source charge q’ is moving 
through the point r’ rather than through the origin, the resulting B-field at 
point r is obtained from Eq. (15-95) by interpreting r as the vector from the 
source point to the observation point; we find that 


Bir) = G24 a = ) (15-96) 
Finally, we determine the B-field produced by a general current distribution 
by using Eq. (15-96) and the principle of superposition. We divide the general 
distribution of interest into volume elements, with the element dv’ centered 
at r’. Within dv’, there may be particles of several different types, those of 
type a carrying charge q, and having density n(r’) and (drift) velocity v(r’). 
Summing Eq. (15-96) over all particles yields 


Bor) = #2 i J me Sag Y) ay! (15-97) 


where, as in Eq. (2-18), 
For’) = Y gn Wr) (15-98) 


is the current density describing the distribution. Equation (15-97) is the law 
of Biot-Savart, and we have achieved the objective of this paragraph by 
deriving this law from Coulomb’s law, special relativity, the invariance of 
charge, and the principle of superposition. 

This demonstration that the law of Biot-Savart can in a sense be viewed 
as an aspect of Coulomb’s law provides a deep insight into the relationship 
between electric and magnetic induction fields. These fields are not only tied 
together within a given frame of reference by their simultaneous occurrence 
in some of Maxwell’s equations; they are also connected across frames of 
reference by the requirements of the theory of special relativity. Some mag- 
netic induction fields can even be thought of as arising from a relativistic 
transformation of a purely electric field, and one might argue that such mag- 
netic induction fields exist only because the observer has (unwisely) picked 
the “wrong” frame of reference. Not every magnetic induction field, however, 
can be transformed to a purely electric field (see P15-18), so we cannot elimi- 
nate magnetic induction fields altogether by thinking of them solely as 
relativistic consequences of electric fields. Nonetheless, starting with Cou- 
lomb’s law and the theory of special relativity, it is possible to demonstrate 
the existence of the magnetic induction field and to obtain the Lorentz force 
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without drawing on the results of any experiments specifically involving 
magnetic forces. It is also possible to deduce the transformation equations for 
the fields (P15-32) and to deduce Maxwell’s equations from the beginnings 
discussed in this section. (See footnote 8.) Thus, beginning with a pair of fields 
originally conceived to be independent, we have been led first to Maxwell’s 
equations in a single frame of reference and then—partly by apparent con- 
tradictions between the predictions of Maxwell’s equations and the behavior 
of the physical world—to the theory of special relativity. Finally, from the 
vantage point provided by special relativity, we have in this section looked 
back on our starting points and discovered very significant but originally 
unsuspected connections between electric and magnetic induction fields. 


PROBLEMS 


P15-30. Derive a transformation rule giving the primed components of a 
force in terms of the waprimed components of the force and the unprimed 
components of the velocity of the particle; i.e., derive the inverse of Eqs. 
(15-82), (15-83), and (15-85). 

P15-31. Suppose the charge q, in Fig. 15-3 is moving with some velocity 
V’ in the primed reference frame. Show that the force on this charge in the 
unprimed frame is given by g,.E + q,V Xx B with E and B given by Eqs. 
(15-92) and (15-93). Hints: (1) Since q, is still at rest in the primed frame, the 
force on q, in that frame remains solely an electrostatic force. (2) See P15-7. 

P15-32. Given the transformation rules for force and for velocity (P15-7) 
and knowing that F’ = q(E’ + V’ x B’) while F = q(E + V ~x B), find the 
transformation rules for the fields. 

P15-33. (a) Show from Eqs. (15-92) and (15-93) that the fields of a moving 
point charge are given by 

2g ee eee 
4n€, r?>(1 — PB? sin? a3”? 
Ba _ fA BU — f?) sina 
4n€gc r? (1 — f? sin? a)? 
where r? = x? + y? + z?, a is the angle between r and the (positive) x axis 
(= the direction of v), and fi is a unit vector in the direction of i x ?. (b) 
Sketch graphs of | E| and | B| as functions of @ for fixed r and various values 


of p. 


Supplementary Problems 


P15-34. Add to Fig. 15-2 a double-primed frame of reference moving with 
speed v, relative to the primed frame along the common positive x — x’ — x” 
direction. Find the single transformation relating double-primed coordinates 
directly to unprimed coordinates and show that the velocity of the double- 
primed origin relative to the unprimed origin is given by (v, + v)/(1 + Ee. 
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Hints: (1) x, = &,,(01/c)£,,(v/c)x,. Why? (2) Note that Li (¥,/C)L&,,(v/c) is 
the zo element of a matrix product. 

P15-35. Let A be the three-dimensional vector whose components are the 
spatial components of the four-vector A. (a) Show that the Lorentz transfor- 
mation of the four-vector can be expressed in the form 

A’-B = p(A-B + if?A,) 
B x (A’ x B) =B x (A x B) 
Ay = 7(Ay — iA-B) 
where B is a vector of magnitude # = v/c in the direction of the velocity of 
the primed frame relative to the unprimed frame. (b) Find a 4 x 4 matrix 
expressing the Lorentz transformation between two frames of reference whose 
axes are parallel but whose relative motion is described by B = Bui -|- Bi. 
(c) Show that your result reduces to Eq. (15-8) when Bf, = 0 and f, = Ne 
(d) Verify that your result is a (complex) orthogonal matrix. 

P15-36. Show that the gauge transformation [Eqs. (6-66) and (6-68)] 
between two equivalent sets of potentials (A,, V;) and (A, V2) in a single 
frame of reference can be written in terms of the four-potential in the form 
Az, = A,, + 0,A, where A is an arbitrary function of the spatial and tem- 
poral coordinates. 

P15-37. The homogeneous Maxwell equations, Eq. (15-54), can be written 
more compactly if we introduce the notion of a dual tensor. Let the quantity 
€xpys be defined to be 1 when (a, B, y, 6) is an even permutation of (1, 2, 3, 4), 
—1 when (@, f, y, 6) is an odd permutation of (1, 2, 3, 4), and 0 when (a, £, 
y, 0) has any other combination of allowed values. (a) Show that €,,,5 is a 
fourth-rank tensor under the Lorentz transformation in Eq. (15-8). (b) The 
tensor F defined by Fyy = 4€,9,..f 4 is called the tensor dual to F. Use the 
results of part (a) to argue that F,, is a second-rank tensor under the Lorentz 
transformation in Eq. (15-8), find the matrix similar to Eq. (15-50) expressing 
the relationship between F and the components of the electromagnetic field, 
and show that Eq. (15-54) has the alternative expression 0,F',, = 0. (c) Show 
that E-B is a Lorentz invariant. Hint: F.,,F.,, is a scalar. Why? Note: In part 
tacitly, the conclusions of this problem are confined to behavior under the 
so-called proper Lorentz transformations, which do not involve reflections 
of the coordinates. If the improper transformations, which involve reflection 
of one or of three coordinates, are allowed, then it 1s necessary to distinguish 
two kinds of tensors, the first of which transforms, for example, as in Eq. 
(15-18) under both types of transformation and the second of which trans- 
forms as in Eq. (15-18) only under the proper transformations. Members of 
the second group are called pseudotensors. Strictly, the tensor €,,,5 18 a fourth- 
rank pseudotensor and consequently F is a second-rank pseudotensor and 
F.,,,F 4 is a pseudoscalar. 

P15-38. (a) Transform the electrostatic field of a long uniformly charged 
line (P4-6) to a frame of reference moving with speed v parallel to the wire. 
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Suggestion: Let the wire lie along the x axis in Fig. 15-2 and be at rest in the 
unprimed frame. (b) Compare the resulting fields with those produced by an 
infinitely long current [see Eq. (5-11)] and discuss the difference between a 
current and a moving charged rod. 

P15-39. Consider a region of space devoid of charges and currents. (a) 
Show that Eq. (15-44) for the potentials is satisfied by the four-component 


plane wave Ae.) = 0,e-2 (1) 
where @,, is a component of a constant four-vector, provided) x7 c* —9a) (0) 
Argue that a plane wave in one frame of reference must transform to a plane 
wave in another frame of reference. Thus, 

Ale’, 1) = aig" = Bayer 2) 
(c) Show that Eq. (2) cannot be true for arbitrary r and ¢ unless K-r — wf = 
K’-r’ — @’t’ and, hence, show that x, = (K,, K,, Kz, i@/c) is a four-vector. 
(See P15-9.) (d) Write 

(AOR) SP eee (3) 

and find the matrix F°%,. (e) Suppose a wave with frequency @ is propagating 
in the unprimed frame of Fig. 15-2 in a direction making an angle @ with the 
x axis. Use the transformation rules for a four-vector to show that 

> af SE sine ; ae COs 

tan o = o=o TP 

where, in the primed frame, w’ is the frequency of the wave and a’ is the angle 
between the direction of propagation and the x’ axis. The first of these expres- 
sions predicts the phenomenon of aberration, as explored also in P15-7; the 
second predicts the relativistic Doppler effect. (f) The /ongitudinal Doppler 
effect is analogous to the classical Doppler effect and occurs when the relative 
motion and the direction of propagation are the same (@ = 0). This effect is 
responsible for the red shift in the spectrum of light from distant galaxies. 
Astronomers define the percent red shift of a galaxy fixed in the unprimed 
frame and observed in the primed frame in terms of the wavelength 4 by 
100(4’ — A)/A. Show that the percent red shift is given by 


r= nol B-! 


Sketch a graph of P versus B over the range —1 < f# < 1, and, in particular, 
calculate the velocity of a galaxy for which P = 50%. (g) The transverse Dop- 
pler effect occurs when a = 90° and has no classical analog. Sketch a graph 
of 2'/A versus f for the transverse effect. Note that the longitudinal effect is 
first order in 8 while the transverse effect is second order in B. 

P15-40. Let p = (p, iE/c) be the momentum four-vector of a particle 
(P15-12). (a) Show that the expression 


Gnejmee? dt de 
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reduces to Eq. (14-94) in the limit of v/e < 1. Thus, this invariant expression 
is a natural relativistic generalization of Eq. (14-94) for the total power 
radiated by an accelerated particle. (b) Show that this expression can be writ- 
ten in the alternative form given in Eq. (14-95). 

P15-41. A particle starts from rest at the origin and moves relativistically 
in a uniform electric field E = Fi. Solve the equation of motion 


d mv dx 
at (7 = ae) ee Cra 


to find the position of the particle as a function of time. Sketch graphs of x 
and of v versus t and compare these graphs with the corresponding nonrelativ- 
istic results. 

P15-42. A charged particle moves relativistically in a constant magnetic 
induction field B = Bk. There is no electric field. The relativistic equation of 
motion therefore is dp/dt = qv X B, where p = mv/,/1 — (v/c)? is the 
relativistic momentum of the particle (P15-12). (a) Show that the energy E 
of this particle, given by E* = p?c? + m?c*, is constant and hence that y = 
[1 — (w/c)?]-1”? is constant. (b) Show that, even relativistically, a charged 
particle in a uniform magnetic induction field moves in a helical path. (c) Show 
that the frequency of circulation about the helical path is given by @ = 
qB/my. Show also that, when the velocity is perpendicular to the B-field and 
the path is a circle, the radius of that circle is given by R = mvy/qB. (d) 
Sketch graphs of @ and of R versus v/c and compare these graphs with the 
corresponding nonrelativistic results. 
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Appendices 


A 


Linear Equations, 
Determinants, 
and Matrices 


This appendix contains a summary of some properties of determin- 
ants and matrices. More detailed discussions may be found in the references 
at the end of the appendix. 


A-1 
Simultaneous Linear Equations and 
Determinants 


Consider the general system of two linear equations 


Qy1X1 + Ay2X_ = By (A-1) 


Ax1X1 + Az2X2 = bz 


: : Q11 12 1 xy 
with coefficients and unknowns . SYS- 


Q21 422 2 X2 
tematic elimination first of x, and then of x, yields the solution 


b 
) inhomogeneities ( 


b1 a2. — 2012 se b,4,,; — bya21 (A-2) 


Xy = 2 == 
411422 — 421412 41422 — 421442 


If we now introduce what is called a second-order (or 2 X 2) determinant, 
defined for an array with elements q,, by 
Git i2 


= Gi ao mae eae (A-3) 
G21 422 


459 
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we can write Eq. (A-2) in the form 


by, 12 ay | 
a a bz 
= by 422 | | pe eae (A-4) 
Qi, 412 Qi, 412 
Gy, 422 G21 422 


Each member of the solution to two simultaneous linear equations can 
therefore be immediately obtained as the ratio of two determinants. The 
denominator is the determinant of the coefficients; the numerator is obtained 
from the denominator by replacing one column with the column of inhomo- 
geneities—the first column for the first variable and the second column for 
the second variable. 

Although the algebra is more tedious for the general system of three linear 
equations, 


1X1 + Gy2X2 + A,X, = d, 
Gy1X1 + Gq2X2 + A23X3 = dy (A-5) 
31X1 + G32X_ + 53X3 = dD; 


systematic elimination of any two unknowns nevertheless leads to a solution 
for the remaining unknown that can be expressed as a ratio of two third-order 
(or 3 x 3) determinants, provided that the 3 x 3 determinant of an array with 
elements q;; is defined by 


Git Fir2 13 4 4 F 4 F F 

G21 G22 G23) = 411 ee 2e | 1 . =, a Gia . es (A-6) 
G32 933 G31 433 G31 32 

931 932 4933 


Here each 2 x 2 determinant is obtained from the original 3 = 3 array by 
deleting the row and column containing its premultiplier. (Warning: The 
minus sign before the second term is easily forgotten.) With this definition, 
the solution to Eq. (A-5) can be immediately obtained by the same rule as was 
described for the system of two equations. For example, the solution for x, is 


a1, by a3 

4x, by 3 
X= 1431 83 33 (A-7) 
Qi Qi2 

421 A223 

431 432 33 
the denominator being the determinant of the coefficients and the numerator 
being obtained from the denominator by replacing the second column with 
the column of inhomogeneities. The rules for reducing the solution of a set 
of simultaneous linear equations to ratios of determinants are known as 
Cramer’s rules. Equations (A-4) and (A-7) are examples of these rules, but 


Nth order (or N X N) determinants can be defined so that these rules apply 
to systems of equations of any size. 
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Determinants of all orders share many interesting properties that can be 
exploited to facilitate their evaluation. Among these properties are the fol- 
lowing: 


(1) The value of a determinant is unaltered by the exchange of rows for col- 
umns. 

(2) The value of a determinant is changed in sign if any two rows (or columns) 
are exchanged. 

(3) The value of a determinant is zero if every element in any row (or column) 
is zero. 

(4) The value of a determinant is unaltered if every element in one row (or 
column) is multiplied by a constant and the result is added element by 
element to another row (or column). 

(5) The value of a determinant is multiplied by the constant c if every element 
in a single row (or column) is replaced by c times that element. 

(6) A determinant D of order N may be reduced to a sum of determinants of 
order N — 1 by an expansion similar to Eq. (A-6) in which the premul- 
tipliers are the elements of any row (or column). Let ¢;; be the element in 
the ith row and jth column of the determinant of order N and let M,,;—cal- 
led the minor of g,;;—be the determinant of order N — 1 obtained by 
deleting the th row and jth column from the original N x N array. Then, 
the Laplace development of D states that 


N 

D= > (—1)'*/q¢,;M,; (expansion on the ith row) (A-8) 
j=1 
N 

= > (—1)'*’¢,;M;; (expansion on the jth column) (A-9) 
i=1 


Equation (A-6), of course, is the special case of Eq. (A-8) obtained with 
hoes 2 atoal 7 == Ik. 


A system of linear equations is said to be homogeneous if all inhomogenei- 
tesare zero =P, — 9), — 0 inthe 3) x 3 case of Eq. (A-5)|- If a systems 
homogeneous, the numerator in the solution given by Cramer’s rules for 
every unknown contains a column of zeros. By property (3) above, all of the 
unknowns in the most general homogeneous system will then be zero and the 
solution is said to be rrivial. For some special systems, however, it may hap- 
pen that the denominator of the solutions given by Cramer’s rules also van- 
ishes. In such cases, these solutions are indeterminate and nontrivial solutions 
can in fact be found. Since the critical denominator is the determinant of the 
coefficients, we have made plausible the theorem that nontrivial solutions of 
a homogeneous system of n linear (algebraic) equations in n unknowns exist if 
and only if the determinant of the coefficients vanishes. When this condition is 
satisfied, at least one of the equations in the system can be obtained as a 
linear combination of the other equations. Any such equation contains super- 
fluous information and can be discarded. 
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PROBLEMS 

PA-1. (a) What would you say about a pair of equations for which the 
denominator in Eq. (A-4) is zero but the numerators are different from zero? 
(b) What would you say if the numerators and the denominator in Eq. (A-4) 
were all zero? (c) Invent an example of each type of system. 

PA-2. Using property (2) in Section A-1, show that the value of a deter- 
minant is zero if each element of some row (or column) is equal to the cor- 
responding element of some other row (or column). 

PA-3. Use Cramer’s rules to solve the equations 


3X, xp = Xe — 6 


= 355) + 28s, =n X3 = 10 


Ss —— X42 + X3 = —2 
Use a different method (expansion on row I, expansion on column 2, adding 


rows, etc.) to evaluate each of the four determinants arising. 
PA-4. Show that the system 


OBS i Boe) + X43 — 0 
Xy aE xX an X3 = 0 
9x, — x, —3x, =0 


possesses nontrivial solutions and find three different sets of numbers (x,, x2, 
x3) not including (0, 0, 0) satisfying these equations. 

PA-5. Write a general computer program that uses Cramer’s rules to 
solve Eq. (A-5). In brief, your program might accept specific values for a,, 
and 5, as input from the user, and then calculate and print out the values of 
X41, X, and x,. Test your program with the system in problem PA-3 and on 
other systems of your choosing. Optional: Modify your program so that it 
tests the determinant of the coefficients and prints a suitable message if this 
determinant is zero. Important note: Cramer’s rules become computationally 
very inefficient as the size of the system increases. Further, computer evalua- 
tion of large determinants directly from primary definitions such as Eq. (A-6) 
may be subject to disastrous roundoff errors. Better methods for solving 
linear equations involve systematic elimination and are described in books on 
numerical analysis, e.g., S.D. Conte, Elementary Numerical Analysis (Mc- 
Graw-Hill Book Company, New York, 1965). 


A-2 
Matrix Algebra 


Let Q symbolize a rectangular array of (possibly complex) numbers 
having m rows and n columns, and let ¢,,, where | <i<mandIl<j<n, 
be the entry in the rth row and jth column. Such an array is normally pre- 
sented in the form 
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Git Fi2 13 Fin 
Gan Gp 8 °° Wing 902 Oye 
Git OD qij Din 
Vint Gmn2 as Qmnj cane Amn 


and is called a matrix. The individual numbers q;; are called the elements (or 
in some cases the components) of the matrix, and the number of rows and 
columns m and » are called its dimensions. 

Since we are in effect inventing matrices, we may assign to them whatever 
algebraic properties we wish. Without attempting to motivate our particular 
choice here, we shall adopt the following properties: 


(1) Equality. Two matrices Q and R having the same dimensions are defined 
to be equal if and only if every element of Q is equal to the corresponding 
element of R; i.e., Q = Rif and only if ¢g;; = r,; for all i and j. Equality is 
not defined for matrices having different dimensions. 


(2) Addition. A matrix S is defined to be the sum of two other matrices Q 
and R having the same dimensions if and only if every element of S is the sum 
of the corresponding elements of Q and R; i.e... S= Q + R if and only if 
Siz = Qi + ri, for alli and j. It then follows from the corresponding proper- 
ties of ordinary addition that matrix addition is commutative, Q + R= 
R-+ Q, and associative, (OQ + R)+ T= O+(R+T). The sum of two 
matrices having different dimensions is not defined. 


(3) Multiplication of a matrix by a scalar. A matrix R is defined to be the 
product of a scalar s and another matrix Q if and only if every element of R 
is equal to s times the corresponding element of Q, i.e., R = sQ if and only 
if r;; = sq;; for all i and j; the product Qs is defined to be equal to sQ. It 
then follows from the properties of ordinary multiplication that multiplica- 
tion of a matrix by a scalar is distributive, (s + OQ = s@Q + #@ and s(Q + 
R) = sQ-+ sR. The difference between two matrices having the same dimen- 
sions may now be defined by OQ — R= Q + (—R). 


(4) Multiplication of a matrix by a matrix. Let m, and n, be the number of 
rows and columns in the matrix QO and let m, and n, be the number of rows 
and columns in the matrix R. Ifn, = m, (number of columns in Q = number 
of rows in R), the matrix S whose elements are given by 


$9 = Di Gute 1SiSm,1 Sin, (A-10) 
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is defined to be the matrix product QR of the matrices Q and R; ene Oe 
if Eq. (A-10) holds. Less formally, Eq. (A-10) simply states that the element 
appearing in the ith row and jth column of S is obtained by multiplying each 
element in the ith row of QO by the corresponding element in the jth column 
of R (first by first, second by second, etc.) and adding these products. Even 
more specifically, we have the product 


= De ee 


9 a 1 Sa 
: , a ems =( eo el 3 4) io) 
a a Fy al 


in which, for example, the 2, 3 element (shown in boldface) is obtained by 
multiplying corresponding elements of the boldface row and column and 
adding the products, 13 = (—2)(0) + (1)() + (6)(2). Provided rows and 
columns match appropriately so that the necessary products are defined, it 
then follows from this definition that matrix multiplication is distributive, 
O(R + T) = OR + OT, and associative, (QR)T = Q(RT). Even when both 
products QR and RQ are defined (i.e., when n, = m, and n, = m,), matrix 
multiplication is nof in general commutative, OR # RQ. The product of two 
matrices is not defined if the number of columns in the first factor differs from 
the number of rows in the second factor. 


Several additional terms are used in discussing matrices. Let Q again be 
a matrix with m rows and 1 columns. Particularly important special forms for 
QO include the square matrix (nt =n), the column matrix or colunmn vector 
(n = 1), and the row matrix or row vector (m = 1). The complex conjugate Q* 
is that matrix whose elements are the complex conjugates of the elements of 
Q, the transpose Q™ is that matrix whose columns are the rows of Q, and the 
adjoint Qt is the transpose of the complex conjugate, Ot = (Q*)", which is 
equal to the complex conjugate of the transpose (Q7)*. A square matrix is 
said to be symmetric if QT = Q, antisynimetric (or skew symmetric) if OT = 
—Q, Hermitian if Ot = Q, and antiHermitian (or skew Hermitian) if Of = 
—Q. A diagonal matrix is a square matrix in which only the diagonal ele- 
ments—those elements g,, for which i = j—are different from zero, and a 
unit matrix, often symbolized by /, isa diagonal matrix all of whose diagonal 
elements are unity. It is readily verified that 70 = OJ = Q for any square 
matrix Q. Finally, the inverse Q~' of a square matrix Q is that matrix having 
the property Q°-'0 = QQ"! = J, and a matrix is said to be orthogonal if 
O = 0 and una O-§— Oi. 


A-2 Matrix Algebra 465 


PROBLEMS 


PA-6. Verify all the elements in the right-hand side of Eq. (A-11). 
PA-7. Let 


Cele 3 | =| l 
7 |e ee — | 2 i eS 2), y=|{-l1 
Gol @ sl l a 2 


and evaluate x7y, vx’, Bx, and A(A + B). 

PA-8. The trace tr(Q) of a square matrix Q is defined to be the sum of the 
diagonal elements of Q. Let A and B be square matrices of the same dimen- 
sion and show that tr(AB) = tr(BA), even if AB ~ BA. 

PA-9. Show that the inverse of a diagonal matrix D is itself a diagonal 
matrix whose diagonal elements are the reciprocals of the diagonal elements 
of D. 

PA-10. Given that det(QR) = [det(Q)] [det(R)], where Qand Raren < n 
matrices and det(.--) denotes the determinant, show that (a) det(sQ) = 
Sade ardet(O jet) (ce) det(O) — Ndet(Q), and (dydet(O) — 
+1 if QO is orthogonal. 

PA-11. (a) Show that Eq. (A-1) can be written in the form Ax = b, where 


a a 58 b 
af? 2) eee 
G2, 22 Xo b, 
ee ie 


(x, y,Z) 
° CF, a2) 


, 
x 


Figure PA-12 
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(b) Multiplication of this form by 4~! from the left gives the solution x = 
A~'p. Infer the 2 x 2 matrix A~! from Eq. (A-2). (c) Can you infer a general 
rule for finding the inverse of a larger (square) matrix ? 

PA-12. Let a primed Cartesian coordinate system be obtained from an 
unprimed system by rigid rotation through an angle ¢ about the z axis (Fig. 
PA-12). Show that the coordinates of a (fixed) point in space in these two 
systems are related by 


oe cosé@ sind 0\ /x 
y {=|-—singd cosd O}| y 
a 0 0 I ee 


and verify that the matrix expressing this rigid rotation is orthogonal. 
PA-13. (a) Convince yourself that the result of multiplying an n-com- 
ponent column vector x by an” X< matrix Q is another n-component col- 
umn vector y, Ox = y. (b) For many matrices Q there exist characteristic 
vectors, called eigenvectors of Q. For the th eigenvector x,, Ox, is merely a 
(particular) multiple 4, of x;, i.e., Ox; = A;x;; 1, is called an eigenvalue of Q. 
Show that an eigenvector can be found only if 4,is one of the values of 1 sat- 
isfying det(Q — AI) = 0, where det(- - -) denotes a determinant. (c) Find the 
three eigenvalues and the corresponding eigenvectors of the matrix A in PA-7. 
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B 


Binomial 
and Taylor Expansions 


Very often in physics we encounter a complicated function of some 
variable, say x, but are really interested only in the behavior of this function 
for small values of x or perhaps for values of x deviating by some small 
amount from a specific value a. In such cases, an expansion of the function 
in powers of x or of x — a coupled with neglect of all but the earliest few 
terms in this expansion may simplify the complicated function without sac- 
rificing any of its essential characteristics. This appendix contains a brief 
statement of two techniques for obtaining such expansions. More detailed 
discussions may be found in the references at the end of the appendix. 

The binomial theorem states that the binomial (1 + x)" has the expansion 


(poh = 1 spre He 
i AG UG S “(2 — m+ 1) om ne (B-1) 
Fale oo 


where m!, read m factorial, stands for the product of all positive integers up 
to and pe m. Thus, we have that 


=(lb prs ley 4 Sea 
=l—f+f?+Of?) (B-2) 


F 
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ayy ay (—2)e9 + H(-3)(-Som +009 
=14+fyt4 By + Oy (B-3) 
and so on. Here, the notation O(f*), for example, indicates that the omitted 
terms contain powers of f with exponents no smaller than 3. In these exam- 
ples, infinite series have resulted and the convergence of the binomial series 
should therefore be examined. If 7 is a positive integer, the expansion in Eq. 
(B-1) ends with the term x” (why ?), and the series certainly converges for all 
x. More generally, when this expansion does not terminate, it converges 
absolutely if |x| < 1, diverges if |x| > 1, and may either converge or diverge 
when x = +1 depending on the value of . In the present context, the variable 
x is restricted by the condition |x| << | and the series in Eq. (B-1) can usually 
be truncated after the first few terms without significant loss of accuracy. 
The number of terms one must retain to provide a given accuracy must be 
determined individually for each case that arises. 
The Taylor expansion of a function f(x) of a single variable x about the 
point a is given by 


a =. 
FOO 24 at die | 
a fA) CG) a) aaa) (B-4) 
(with the understanding that 0! = 1); the Taylor expansion of a function 


f(x, y) of two variables x and y about the point (a, b) begins with the terms 


PCs / (a,b) +f fa, 0) — a) ya, Oe) 

1 24,44, 0) — a)? 7a, bea) — 8) 

+ $f,la, Dy = b)? + (B-5) 
In these equations, f’(a) and f’’(a) stand for the first and second derivatives 
of f(x) evaluated at x = a, f,(a,b) stands for Of(x, y)/dx evaluated at 
(x, ») = (a, 5), etc. When |x — a| and |y — d| are sufficiently small, these 
series can often be truncated after a very few terms without significant loss of 
accuracy. As with the binomial series, however, the number of terms to be 
retained in a given Taylor expansion must be separately determined for each 
case that arises. 


PROBLEMS 


PB-1. Generalize Eq. (B-1) to obtain an expansion for (a + 6)”. 

PB-2. Use mathematical induction to prove the binomial theorem for n 
a positive integer. That is, (1) show that Eq. (B-1) is true for m = 1 and (2) 
assume that Eq. (B-1) is correct for 7 = N and prove that it is correct for 
a ioe 

PB-3. Use the binomial theorem to obtain the first three nonvanishing 
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terms in the expansion of the quantity 


mc? (——. — 1) 
x ECs 

in powers of (v/c)?. This quantity, in which c is the speed of light, is the relativ- 
istic expression for the kinetic energy of a particle of rest mass m moving with 
speed v. 

PB-4. Within what range must f be confined if the approximation (1 -+ 
je =) 8 es to have an error no larger than 17? 

PB-5. The coefficients P(t) in the expansion 


ree 

i SOE ® 4 OP: 
are called the Legendre polynomials. Identify x in Eq. (B-1) with (—2ut + u?) 
and expand the quantity on the left to find the first four Legendre polyno- 
mials. 

PB-6. Obtain the first three nonvanishing terms in the Taylor expansion 
about the origin (a = 0) of sin x, e*, and (1 + x)?. The last result is, of course, 
the binomial expansion. When done rigorously, this approach proves the 
binomial theorem even if qg is not a positive integer. 
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C 


Vector Identities 
and Relationships 


In this appendix, A, B, C, D, Q, and R represent vector fields, ® 
and Y represent scalar fields, r represents the position vector, and 6@, is a 


Cartesian unit vector. 


A X (B x C) = (A-C)B — (A-B)C 
(A x B) x C = (A-C)B — (B-C)A 
A:(B x C) = (A X B)-C 
A-C A-D 
(A x B)-(C x D) =| | 
VY + &) = VY + VO 
V(Y@) = OVY + ¥ VO 
Vx(Q+R)=VxQ+VXxR 
V x (®Q)=V® x Q4+0VxQ 
Vxr—v 
V-(Q+R)=V-Q+V-R 
V-(®Q) = V®-Q+ ®V-Q 
V-(Q x R)=R-(V x Q)— Q-(¥ X R) 
Vr 
V-() — 0) Peal) 
V(Q-R) = (Q-V)R + (R-V)Q + Q x (VX RV) +R x (V X Q) 
V x (Q x R) = QV-R) — R(V-Q) + (R-V)Q — (Q:V)R 
V x (V®) = 0 
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(C-1) 
(C-2) 
(C-3) 


(C-4) 


(C-5) 
(C-6) 
(C-7) 
(C8) 
(C-9) 
(C-10) 
(C-11) 
(C-12) 
(C-13) 
(C-14) 
(C-15) 
(C-16) 
(C-17) 
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VV x Q)=0 (C-18) 
Vx (V X Q) = WV-Q) — V7Q (C-19) 
$ @ de = | dS x Vo (C-20)* 
p ® dS = [i Vo dv (C-21)t 
p O- dt — J Vx Q-dS (Stokes’ heowat) (C-22)* 
p Q-dS = i V-Q dv (divergence theorem) (C-23)t 


$Q ee = | (v-Q) dS — > é, { [(@-V)QI-as 
(Cartesian coordinates only) (C-24)* 


pds x Q= {Vx Qa (C-25)t 

$ Q(R-dS) = | [Q(V-R) + (R-V)Q] dv (C-26)t 

p (® VY — ¥ V®)-dS = \ (® V?Y — ¥ V’0) dv (Green’s theorem) 
(Gun 


*In all integral relationships involving a line integral about a closed path, dS by con- 
vention has the direction determined by the thumb of the right hand when the fingers 
point in the direction of d€ and the palm faces the area enclosed by the path. 

tIn all integral relationships involving a surface integral over a closed surface, dS by 
convention has the direction of the outward normal. 


D 


Complex Numbers 
and Fourier Analysis 


A complex number z—not to be confused with the z coordinate of a 
point in three-dimensional space—is an ordered pair of real numbers (x, )’), 
x being called the rea/ part of z, denoted Re z, and y being called the imaginary 
Dattote denoted Im z, ie. 


2 = («, y) <> Rez — 4, linen ay (D-1) 
In this appendix, we shall summarize the algebraic properties that define 
complex numbers more fully and then very briefly develop those few applica- 


tions that we need in the main part of this book. More detailed discussions 
may be found in the references at the end of the appendix. 


D-1 
The Algebra of Complex Numbers 


We adopt the point of view that we are in effect inventing complex 
numbers. Thus, we may assign to them whatever algebraic properties we 
wish. Without attempting here to motivate our particular choice, we shall 
assign the following properties: 


(1) £quality. Two complex numbers 2, = (x,, y,) and z, = (X,, y,) are 


defined to be equal if and only if the real and imaginary parts are separately 
equal: 1.é., 2; = 2, it and only if xan ond yy — 
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(2) Addition. A complex number z is defined to be the sum of two other 
complex numbers z, and z, if and only if the real and imaginary parts of 
z are separately the sums of the real and imaginary parts of z, and z,; ie., 
Z=2,+ 2, ifandonlyifx = x, + x, andy = y, + jy. It then follows from 
the corresponding properties of real numbers that addition of complex 
numbers is commutative, z, + z, = z, -+ z,, and associative, z, -+ (5 => 2B) 
= (2, + z,) + 2;. By this definition, the complex number (0,0) has the 
property that (0,0)-+z, =z, and is therefore the identity element for 
addition. Finally, if we define —z by requiring that z + (—z) = (0,0), we 
find that —z = (—x, —y) and the definition z, — z, = z, + (—z,) for the 
difference between two complex numbers is unambiguous. 


(3) Multiplication. A complex number z is defined to be the product of two 
other complex numbers z, and z,, z = z;2,, if and only ifx = (x%,x, — y,y2) 
and y = y1X, + X,)y2. It then follows (PD-1) that multiplication of complex 
MUIMDers lanCOmimUbalives 2,25 — 252,) Associative 2,(2,2,)—(2,2,)2,- and 
distributive with respect to addition, z,(z, + 2;) = 2,2, +2;Z;. By this 
definition, the complex number (1, 0) has the property that (1, 0)-z = z-(1, 0) 
= z and is therefore the identity element for multiplication. Finally, if we 
define the reciprocal z, = 1/z = (x,, y,) of the complex number z by requiring 
that zz, = (x, y)-(x,, y,) = (1, 0), we find by applying the definition of mul- 
tiplication that xx, — yy, = l and xy, + yx, = 0 or, on solution for x, and 
Pata ey) and yi (x ey) Ene the denmition 24/2, 
= z,-(1/z,) for the quotient of two complex numbers is now unambiguous. 


It follows from the definitions of the previous paragraphs that complex 
numbers of the form (x, 0) with zero imaginary part have the same algebraic 
properties as the real numbers x. We are therefore justified in putting (x, 0) 
into correspondence with x and indeed in denoting (x, 0) more simply by x. 
The complex numbers thus include the real numbers, but they also include 
more general numbers. For example, the above rule for multiplication gives 
Cl (1 0) a property possessed by memreal number. The 
number (0, 1) is usually denoted by i and is called the imaginary unit; it has 
the curious property that 2 = —1. Further, by the above rules, we can write 


z = (x, y) = (x, 0)(1, 0) + ©, I, 0) 

=x+iy (D-2) 
and the complex number can be viewed as a (complex) sum of two parts, the 
second containing the imaginary unit i as a factor. Further, all of the above 
rules for algebraic manipulation of complex numbers can be summarized 
in the statement that complex numbers written in the form of Eq. (D-2) can 
be treated as ordinary binomials except that i? can be replaced by —1 and 
equality between two such binomials implies separate equality of the real and 
imaginary parts. Thus, for example, 
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Cot iy,) 4 (x2 iy.) = (Cvieain Feyict= ten ae V2) (D-3) 
Ce Car yp 0 Vivo) ae) De) 
ne ve Noe Vo <r and y,=Y)2 (D-5) 


Division of two numbers written in the form of Eq. (D-2) is facilitated by 
introducing the complex conjugate z* of z, obtained by making the replace- 
ment i —— —, 1.e., 


Ge ee es a (D-6) 
and then noting that 

228 eee (D-7) 

is a real number. Thus, the sequence of operations 
eis alle Zt Pe Occ iy, (x2 — iy2) D-8 
Ee Mea oe ( ) 
ses + Vis 1 Ee D-9 
ty tote ae 


reduces the quotient z,/z, to the form a -+ ib with a and 6 real and thus 
verifies that the quotient of two complex numbers is itself a complex number. 
Finally, in terms of z and z*, we can now derive the relationships 


fs eye ae + z*), 7 — line aie — z*) (D-10) 


for the real and imaginary parts (PD-7).! 

A graphical meaning for the complex number z = x + iy emerges if we 
represent z as the point (x, y) in the complex z plane defined by a horizontal 
real axis, along which x is plotted, and a vertical imaginary axis, along which 
y is plotted (Fig. D-1). Equivalently, we can think of z as a vector in this 


ey 


(Imaginary 
axis) 


(Real axis) 


Fig. D-1. A graphical representation of the complex number z. 


‘Note incidentally that the imaginary part of z is the coefficient of i; it does not include 
the i. 
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plane, this vector having horizontal and vertical components x and y, having 
length |z|, usually called the magnitude or the absolute value of z, and making 
an angle @, usually called the argument or phase of z, with the positive real 
axis. Analytically, 


Ze a |? 22" (D-11) 
and 


6 = arg(z) = tan-! = (D-12) 


A complex number can thus be written either in the Cartesian form of Eq. 
(D-2) or in the polar form, 

z = |z|(cos @ + isin @) (D-13) 
where the complex number cos @ +- isin 9, represents a vector of unit mag- 
nitude at an angie @ to the real axis. In this geometric representation, addition 
of complex numbers is equivalent to vector addition in the complex plane. 

To express Eq. (D-13) ina still more compact form, we digress briefly to 
discuss how functions of z, now regarded as a complex variable, might be 
defined. Since multiplication is well defined, the integer power z’ is defined, 
and polynomial functions of z, such as 


f() = C7 + 2025 — 3iz22? +64 ai (D-14) 


are meaningful. Without raising here the question of convergence, we also 
know at least intuitively what is meant by an infinite power series, and it is 
natural to define such functions as sin z, cos z, and e” by replacing the real 
variable in the usual power series (PB-6) by the complex variable z, e.g., 


= y5 (D-15) 


n=0 


With this definition, let us now examine e’?; we find that 


Ties mee }: o-S+ = ee 


The series emerging in square brackets, however, are the series for cos @ and 
sin 9, respectively. Thus, we arrive at the Euler formula, 


oe = cose 7 sino (D-17) 


which in particular makes the real and imaginary parts of e” explicit when 0 
is real. The polar form of the complex number z [Eq. (D-13)] can therefore 


also be written as 
z=|z\e (D-18) 


which is the compact expression sought in this paragraph. 
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PROBLEMS 

PD-1. Working directly with the definition in item (3) above, show that 
aad that 24(252)) 42425) 2, 

PD-2. Let z, = 3 + 4i and z, = 1 — i. (a) Reduce z,z, and z,/z, to the 
form a + bi. (b) Write z, in polar form. 

PD-3. Show that z = 1 + / satisfies z2? — 2z + 2=—0. 

PD-4. Show that (z, + z,)* = 2¢ + z¥ and (z,z,)* = zfz7. 

PD-5. Show that ifz,z, = 0, either z, or z, must be zero. (Both, of course, 
may be zero.) 

PD-6. Prove the triangle inequality, |z, + z.|<|z,| + |z.|. Under what 
conditions does the equality hold? 

PD-7. Prove Eq. (D-10). 

PD-8. Geometrically, how is z* positioned in Fig. D-1? 

PD-9. Show that arg(z,z.) = arg(z,) + arg(z,) and |z,2z,| =|z,]{|2Z,]. 

PD-10. Since e'? = (e*)", Eq. (D-17) implies that 


cos n@ + isin nO = (cos @ + isin 6)" 


for any n. Let n = 3 and extract expressions for cos 3@ and sin 3@ in terms of 
cos 6 and sin @. 

PD-11. By its definition in Eq. (D-15), the exponential function of a com- 
plex argument has all the algebraic properties of the exponential function of 
a real argument. In particular, e7'e7? = e7'*7*, (a) Show that e? = e*(cos y + 
i sin y). (b) Find the real and imaginary parts of sinh z, which is defined by 


l(e? — e7?), 
2 
PD-12. (a) Given the Euler formula, Eq. (D-17), show that 
a. e9 + e-i6 ; a ei? — e-i8 
C= SO 
(b) Given the definitions 
ee ae ae : _ See 
COS ee SU = SS 
show that 
cosh (i) = cos 8 sinh (9) = 7 sin @ 
cos (iz) = cosh z Si (12Z)—=Asiiihieg 
and that 


cos (x + iy) = cos x cosh y — sin x sinh y 
sin (x + iy) = sin x cosh y + i cos x sinh y 


thereby displaying the real and imaginary parts of cos (x + iy) and sin (x + 
iy) when x and y are real. 
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D-2 
Fourier Series 


Let f(x) be a periodic function with period 2L. Since cos (nzx/L) and 
sin (”7x/L) are also periodic with period 2L for any integer n, it is reasonable 
to expect that f(x) can be expanded in a trigonometric series. We choose to 
separate the term for 7 = 0 and to write a trial series, called a Fourier series, 
in the form 


Lo = + = nee cos >= + b, sin | (D-19) 


To determine the constant coefficients in this series, we first note the identities 


ik 
AIX Max 
| 5 ee aie oe = 9 


(D-20) 


26, 

NITX —— _ INTEX 

| sin = sin = i cos —— cos — dO 
=16 


where 6,,,— | ifn =m and o,,, = 0 if n #A m. These identities apply when 
n > 0, m > Oand can be verified by direct integration (PD-13). Now, assume 
that term-by-term multiplication and integration of the series in Eq. (D-19) 
is possible, multiply every term, for example, by sin (nzx/L) and integrate the 
result term by term over the interval —L < x < L. Because of the identities 
in Eq. (D-20), only one term—that involving b,,—of the entire series survives, 
and that term gives 


L 
=7| f(x) sin = dx, MN eee (D-21) 
-L 


By similar arguments, we find that 


le 
Om = - f(*) cos ees ea O ale ee, (D-22) 
it jen L 


Although a, must be treated separately from the rest of the a’s, Eq. (D-22) 
nonetheless applies to all of the a’s [which explains why the factor of 4 was 
explicitly inserted with a, in Eq. (D-19)]. At least formally, the series in Eq. 
(D-19) with coefficients given by Eqs. (D-21) and (D-22) ought to converge 
to f(x). Such is in fact the case, as is stated by the following theorem, whose 
detailed proof we leave to the references: In —L < x < L, let f(x) be defined 
and bounded. Further let f(x) have no more than a finite number of maxima 
and minima and only a finite number of discontinuities. Finally let f(x) be 
defined outside the interval —L <x < L by the requirement of periodicity, 
f(x + 2L) = f(x). Then the Fourier series, Eq. (D-19), with coefficients given 
by Eqs. (D-21) and (D-22) converges at every x to {f(x + ©) + f( — ©)], 

where € is positive and arbitrarily small, and in particular converges to f(x) at 
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points where f(x) is continuous. Essentially every periodic function of interest 
in physical problems satisfies these conditions. 

Equation (D-19) can be written in a complex form if the trigonometric 
functions in it are reexpressed using the results in PD-12. After combining 
terms, we find that 


Ho) = S a ys: — ib, ei (nnx/L) at a, zs ib, eal (D-23) 


Thus, if we introduce a new set of coefficients defined by 
Co = day 
ES — lh 7 > 0 (D-24) 
CS ee) ee 

Eq. (D-23) can be expressed more compactly as 


FO= Yi c,elvrl (D-25) 
Further, we find by combining Eqs. (D-21) and (D-22) with Eq. (D-24) that 


L 
Cm = oe i F(x jer ae (D-26) 
ash, 


for all m, positive, negative, and zero. Although our development does not 
show it, this exponential form of the Fourier series represents f(x) correctly 
even if f(x) happens to be a complex function of x. 


PROBLEMS 


PD-13. Verify the identities in Eq. (D-20). Hint: Express the sines and 
cosines in exponential form using the results in PD-12. 

PD-14. Find the coefficients in the Fourier series Eq. (D-19) for the 
function f(x) defined by f(x) = x in —a <x <x. Sketch a graph of the 
function to which the series converges in —5z < x < 5x. To what value does 
the series converge at x = 77? 

PD-15. Suppose that f(x) is an even function of x in the interval —L < 
x < L. Show that 4, = 0 for all 7 and hence that 


© NIEX , 2s oe pe ae 
ea) = +4, cos =; a= | £13) 005 FE ax (1) 
Comment: If f(x) is an odd function of x in the interval —L < x < L, then 


a, = Uitor all x and 


L L 


More usefully if a series representing f(x) only in the half-interval 0 << x < L 
is needed, f(x) can be extended into the interval —L < x <0 0 as to be 


a ; : 5 L C 
f(x) = a Dy ci ese b, = = | f(x) sin M2 ax (2) 
¢ 0 
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either even or odd. Thus, when only the /a/f-interval is of interest, any func- 
tion can be expanded either in a Fourier cosine series by Eq. (1) or in a 
Fourier sine series by Eq. (2). 


D-3 
Fourier Transforms 


To represent functions that are not periodic, we might imagine letting 
the interval —L <x < L of Section D-2 expand to encompass all x; i.e., 
we let L —> co. To obtain expressions valid in that limit, we combine Eqs. 
_ (D-25) and (D-26) into the single expression 


a it 
js) = Se x | en) ax’ | ei (nx/L) (D-27) 
n=—00 = 


where x’ has been used for the integration variable to avoid confusion with 
x. We now introduce the notation, x, = an/L, and Ak = k,,, — K, = 2/L. 
Then, Eq. (D-27) becomes 


By iL, 

eS = 2s x | U(e eae ax’ en Ak (D-28) 
re -L 

If we think of the quantity in square brackets temporarily simply as some 

function of x, say g(x), evaluated at x,, We can interpret the sum on # in Eq. 

(D-28) as an approximation to the integral of g(x). Thus, as L approaches 

infinity and Ax simultaneously approaches zero, Eq. (D-28) becomes 


f(x) = = iL Le ne ean, ax’ Jem dk (D-29) 


which is one form of the Fourier integral theorem. It can be split into two 
pieces by viewing the integral in square brackets as an integral transform /(x), 
called the Fourier transform, of f(x), 


Fle) =f fet dx’ (D-30) 
The rest of Eq. (D-29) is then viewed as an inversion formula, 
foy= | Fone $i (D-31) 


In effect, Eq. (D-30) defines a transform of some function and Eq. (D-31) 
permits recovery of the original function if its transform is known. We can 
also view Eq. (D-31) to express f(x) as a superposition of elementary func- 
tions e**; in that view, f(«) determines how much of each elementary func- 
tion is present. Note finally that in separating Eq. (D-29) into two pieces, 
different authors may elect to distribute the factor of 27 differently between 
Eqs. (D-30) and (D-31); the symmetry between the transform and its inver- 


480 Complex Numbers and Fourier Analysis 


sion is, for example, enhanced if the factor 1/,/ 2x multiplies each equation. 


We nonetheless elect the forms given above. 
Two more points: (1) Fourier transforms and inverses in two or more 


dimensions also occur. By direct analogy with Eqs. (D-30) and (D-31), we 
infer, for example, in three dimensions that 


ACh=S J { | f(r’ et” ax’ dy’ dz’ (D-32) 


f= || oe =A (D-33) 


where K = KA + KyJ +k and wr=x,x+x%,y+x,z. (2) Parseval’s 
theorem, which relates the function and its transform by 


[ lreora= 2] oor ae (D-34) 


is proved in PD-16. 


and then that 


PROBLEMS 


PD-16. Prove Parseval’s theorem, Eq. (D-34). Hint: Write { | f(x) |? dx 
as | f(x)f(x)* dx, substitute the complex conjugate of Eq. (D-31) for f(x)*, 
interchange orders of integration, and interpret the resulting inner integral 
by Eq. (D-30). 

PD-17. Let f(x) = 1, —a<x<a, and f(x) =0 outside this range. 
(a) Find the Fourier transform /(x) of this function and sketch a graph of 


f (x) versus x. (b) Use Parseval’s theorem to show that io [(sin? xa)/x?] dk 
7d 
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Reference Tables 


E-1 
Selected Physical Constants 
Elementary charge 1602, > 10517 © 
Electron rest mass O09 10s 
Proton rest mass 1672 30-2" ee 
Neutron rest mass 1.675 x 10-2? kg 
Bohr radius 5.292 32 10 i 
Planck’s constant, h 6.626 x 10-34 J-sec 
= 27 1.054 x 10734 J-sec 
Gravitational constant 6670) e105 aN m2 /keo2 
Avogadro’s number C0255 103 
Boltzmann’s constant, k 1,380) x 10-235 as 
Speed of light, c 28S ein see 
Permittivity of free space, €, 8.854 x 10°12 C2/N+m? 
1/4z€, 8.998 x 10° N-m?2/C? 


Permeability of free space, 12, 4n x 10°77 N/A? 
(e257 Sl0r NI AZ 


481 


482 


E-2 


Abbreviations of Unit Names 


GeV 
H 
Hz 


E-3 


Dot Products between Unit Vectors 


E-4 


ampere 
angstrom (107 !° m) 
abampere 
abcoulomb 
coulomb 

degrees centigrade 
centimeter 

dyne 

electron volt 

farad 

gram 

gauss 

10° eV 

henry 

hertz 


bose é, 
é, 1 
é, 0 
é, 0 


Reference Tables 


joule 
degrees Kelvin 
kilogram 
meter 

10° eV 
millimeter 
newton 
second 
statampere 
statcoulomb 
tesla 

volt 

watt 

weber 

ohm 


Cross Products between Unit Vectors 


| S@ os 


v 


Answers to 
selected Problems 


Chapter 0 
P0-2. A-(B X C) is the volume of the parallelopiped bounded by A, B, 


amal (C. 


P0-6. See Tables E-3 and E-4. 
P0-8. A = 4(3é, + 2€, — 6€;); A-B = —3; A xX B = 28, — 98, — 28,; 


107.6°. 
P0-11. 
PO-12. 


P0-13. 


PO0-15. 
PO-18. 


P0-21. 


P0-27. 


rT, —1T; 
SNC) 2 Ss ae Se ee ae 
Sa J 


[(e—¥P FO VE G2? 
es eee Ue YI eK 
O60 = eax FO yy Fe He 
spheres centered at ro. 
ANOS 1G) eee)! 
a a 
WO = Tap ae 


Ue) = Ur) — J f(e')ar 


Chapter 1 
P1-6. (c) 1.60210 x 10°19 C = 4.80298 x 10-1 statC = 1.60210 x 


10=22 abe 


483 
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P1-7. k, (modified Gaussian) = — 


P1-9. 1.24 x 1036 
PI-102 (ce) 55.69°- (a) 2.95 x 10-7 © 
P1-11. Maximum fraction of electrons transferred = 7 x 1071 


r _ gE 
aes? = 2ameg sin @ 
Chapter 2 
P2-1. (a) =~ 10!4 years; (b) = 10 light years 
Le, 202, ee ee 
eas Pere” regen? FE 


P2-5. 6.25 x 10!7 electrons/sec 
P2-6. (a) wQ/2n 


GN 
P28. J() = fr 
P2-9. I(r) = jes 
P2-10. J-S 


P2-11. (a) 4aa2b; (b) 0 
P2-19. Q(t) = {naa*t(1 — e-%%) 


P2-23. Cookian units: V-J + J Ky Op _ 
€ Vik or 
modified Gaussian units: V-J + = oP a5 10) 


= gs * 
P2-24. J = sey Vw — wVy*) 


P2-25. (a) A/m; (©) 5 | 74s = — fide xA 


Chapter 3 
qEa _ oly 
P33. y = 18 LA (6 >) 
P3-6. v, = E/B 


P3-10. (c) static equilibrium at 6 = 0 (stable) and @ = x (unstable). 
P3-12. p = 3gayk 

P3-13. static equilibrium at @ = 0 (stable) and 6 = z (unstable). 

P3-14. m= 10R*@ 

P3-15. With @) = qB,/m and w = qdB,/2mv,,, 


Vv F 
x(t) = 29 sin wot; y) = —22(1 — cos eof); 20) = Vol 
Wo Mo 


Uv : Vv 
Xq = sin 2y; yy = ——=2(1 — cos 2y) 
0 


Mo 
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P3-21. (b) ne — sin g(cos oti — sin wtj) ++ cos Ok 
0 


Chapter 4 


P4-1. 1720 N/C directed away from the vacant point along the diagonal 
through that point. 


Be3 Pe in a6 
ae It) eae. 2 cos af + sin 8) 


C Bes laj 
P4-7, E(O, 0, 5) = i [pF par 


P4-8. (a) 
2n a 1, 
E(0, y, 2) — 2a@ =' cos $i + (y = 0 sin gj + zk 
(0, y, z) ane, | , dg Me dv’ [v2 + py? £ 2? — 2ya’ sin o' 3? 
PA (pee ee eo Ob. 
11. E ewes aie oz meee 


P4-20. Zq?/me,imv? 
P4-21. 22V = 1.587 V 
P4-22. 6 x 105 volts 


P4-24. Vir, 8) = 7% # 


EG 0) — ae pie cos eG — IP | 2 cas @ sin 60} 


P4-25. (a) 
ia i rn’ dr' do’ 
ae [Kee = cosh)? = Sw sin db 


where g is the charge density on the disc. 


(ey OW) = m/e + 2? —]z)) 


Va) = 


a dz’ 
P4-26. (a) V(a, z) = a Weary? 
nae! zt+a 
(b) ee a)! ae 


p4-27. E= 2 (1 + are“? 
TE of’ 
Oi a point charge of ) 
Cen strength Q at origin 
P4-28. V(z) = Voz/d; E= —(V./d)k 
a(z = 0) = —o(z = d) = —Vi€o/d 


P4-29. Spheres centered on the charge. 
P4-31. 6.7 V/m 
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P4-36. W = —,/2 q?/4n€ a 
P4-39. (a) W = Q?/82e€,a; (b) a = Q?/8e9mc? = 1.41 x 10715 m 
2ga2 0 0 
P4-41. (0,,))=| 0 2¢a? 0 
0 0 —4qa? 
To find V(r, 9) and E(r, 9), replace g by —q in the expressions given as the 
answers to P4-24. 


P4-42. (a) Q = 2nady; p = 40a) 


4Qa? 0 0 
(n= | 0 eee 
0 0 =n 


(b) V(r, 6) = Qg aE ge ; sin @ sin } 


ee r ee 
| ae a l—3c0s? 0) ie 
P4-44. (a) O = 22 (b i p(r, 0)r? sin 6 dr dO 
ov 0 
(Ol — 27 lh [ ptr, @)r3 cos 6 sin 6 dr d@ 
ovo 


© Op =% PE p(r, 0)r4(3 cos? 8 — 1) sin @ dr dO 


(d) Vir, 0) = ez COSt HC s ; {56 cos? @ — | ae 


ie i 7 4n€ or? or 87E oF 
(e) Q = —4d,Pp = 0; 033, = = 12¢ag 


P4-47, (a) &(r, r= a Paar 


(Ce Tee) — ——s “Artes roy =i) — at 


RE€gl |r —rol? 
P4-48, Re| 1+ on trong 
P4-49. (a) E(r) = = = if, r<a 
= mont eg 
2 
OA) = als a sal eae 
i a a 


(d) wm = ./07/4n€,a3m = 4.5 x 10!* sec! 


| V\2 
P4-54, Force = +-€9d (*-) 
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Chapter 5 


l 


Il’ all aie 
b 


P5-3. attractive force of magnitude oo = == ) when Jand J’ are 


both positive. 
B 53/2 1 l 
P5-4. (b) cn ~"s| Tae Z T\2 =| 
ia Gate ie eae (a ti) 


P5-5. current = ¢,v/2za; magnetic dipole moment = 4¢,va; B-field at 
center = u9,0/4na? = 1.2 X 10° G at nucleus of hydrogen atom. 


P5-7. @,, = én 2 IMmLO pace Ik f= U) 


P5-10. Bir) = yal Bg »<a 


of G Oa ee B 
ray 


b<n 
lh ee ie (pez) 
a—z-t-,/n? + (a — z)? 
P5-16. (b) A = ie, 


ps-17. A = — Ho en 
Qn 


P5-13. A(t) = 


PS-18, 2 ah, a 2 oe ee ee 


Dr 
0 0 Qj 

P5-22. (b) Q’ ={ 0 0 —Qi] where Q = 3na7Jb 
ay a ee 


(c) A= oS Ho cos 6 sin 06 


B= Ae cos? 9 — 1)f -+ 2 cos @ sin 06] 
7 
P5-26. (b) °° = m-r/4ar? 


(c) Vm = —I6/2n 
_ m be 
(d) ue ; ce 2na* (a? -|- ra 
Tepe) ee ee UL 


2n(a® + 67)? 


Chapter 6 


P6-3. v = mgR/w?B2, where g = acceleration of gravity. 

P6-4. E22! = L@BR? 

P6-5. (a) €& = w@BA sin at, where ¢ — 0 when the axis of the loop co- 
incides with the field. 
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P6-6. (a) clockwise viewed from z = oo. 
(b) counterclockwise viewed from 7 = co. 
(c) no induced emf. 


P6-7. (a) € = a ee tn — b where the positive direction for flux is into 
1 


2 . : rene le Cosy 
= =| CE ce (=e cos oer E2]3/2 
P6-12. M = ae tn 


the page. 


ae n 
P6-26. S = pare 
Q (+ ee *) Or P 
Q Or m 
4n€ or Ane or 


where QO = 4243 po. 
P6-30. (c) E= —(V,/d)k 
(d) o(z = 0) = —€,V,/d; o(z = d) = €V,/d 
P6-31. Let « = (V, — V,)/¢n (b/a); then 


a= Voy (pe eae 
a Vv 


G2 = a) = —€,0/4, 6) —- 0) "e040 


(By _. ab, — Vi) ale Ns 
P6-32. Let a eh and B = aaa ; then 


po” 
Gl =a) = 60/077 0G — OB) ee ee 
eeu, (D) Py aah oe 7 BiB = (F 60k co a B) bu 
2 2[o 5 
— Lim yn 
Chapter 7 


P7-4, Vyisible ~ 6 x HORS: Hz; Vimicrowave = 2 x ke Hz. 

7-5. 6 <= isin (ky — wt) — k cos (ky — af)] =i XE 
P7-6. B = 7G —= cr)j 

P7-8. ca =— Kae 

P7-9. (a) amplitude = 1000 V/m 


pressure = 4 x 107° N/m? (4 X 107!! atmospheres) 
(b) = 3.6 x 102! photons/sec-m? 
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Shs <p — Ga 
PIA ances — = te, GOS? 0 


_ | (total energy density 
O08 3 Ga the fields sen 


P7-12. tan « = E,,/E,.9, where « is measured clockwise from the positive 
X axis. 


P7-14. With @ measured counterclockwise from the positive x axis, one 
axis of the ellipse is at an angle satisfying 


QE Ey) COS DM 
CE oo) oa Eos 
and the other axis is at 90° to the first axis. 


P7-17. (a) A = 22/N; (b) secondary maximum =~ .045 as high as pri- 
mary maximum. 


P7-22, 4a) Ave) 6 | , E,(0, dei" dt 


4E? sin? KcT 


Pee Zen singel - 
eta comm) al 72 
: |A(w/e)?. (yy 2/ACa/A)P 
P7-23. (a) aise (b) TIE 


P7-24. (a) &= E,oje"*-™ ; — ex keiex-en) 
(b) Ss = E kell cos @+y sin @)—at) 
B= KE .0(3 sin @ — j COs Dees cos @+y sin @) —cot] 
@ 
(Cece ene ik)ei x29 


A 
‘° 


w — ME ij — ih)etms-on 
(62) 


eqn UE, i) qr = at) ae Or = at) where q and Q are arbitrary 
functions of the indicated arguments. 

p7-29. A — xl sin (xz — ot + 6); V=0 

P7-31. a, where <Uzy> is the energy density in the incident wave. 


P7-32. (b) hee a (c) rotates angle of polarization toward the x axis by 


sin & 
amount @. 7 
GE noi Mf lot 2 pe eee 
P1362 300) — Ge en = Gove , where w5 i 
Chapter 8 
P8-5. Aw = 2Vo[! ma (es 


nn sinh (nza/b) 
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P8-8. V(r, 6) = —Eyr(I a 2) cos 6; a() = 2€ Ey cos ¢ 


4V,  (w\4"*2 sin (41 + 2)6 
P8-9. V2, d) = —* Yo (=) 2m +1 


whereO0< 6< 4a 
Rae 0) = 
Sik ox) = Bu ape (a 
Wee, 
P8-12. o(r) = eae as a Q = 8€.Voa 
P8-15. p = 4ne,E,a°k; OQ = 3n€,£,a?; 5 = $a 


Ee 2, (1 + 2) cos 08 — E,( — <) sing @ 


P8-16. Set b, = Q/4me, in Eqs. (8-46) and (8-47). 
PO = 3a* 
P8-17. V(r, 0) = frst — £,P,(c0s 6) + 32, P.(cos 8) 


= ea) 3 =») 


P8-19. Re z" = 2" cos ng; Im z” = 2" sin nd 
P8-20. 4€, on x axis; —4eé, On y axis. 

: he 
P8-23. o(, z) = 7a ere 
Spe eee 

BS ane€,(2d)2 

P8-25. Charges are required at (a, 6,0), (—a, 6,0), (a, —6,0) and 
(—a, —8), 0). 
: = q d2 — a 
ee CO) 4na[a* + d* — 2ad cos §}?’? 
P8-30. The charge having the smaller magnitude lies inside the sphere. 
4,| = Be i and 

q 

its center is located on the line joining the two charges and a distance 6 = 
ce 
q 


Let igi i¢is Uhen the radius of the sphere is ¢ — s/| 
i 


a from the charge q’. 


P8360 q\ Ve ay) = VG = dc eeven ee a) 
+ Vx, 9d) + CPE) 4, Oca) 


P8-37. V(x, y, 2) = oe ~ 57 SUNA On Z gp PUAN i NEY 


1 gat fin sinh ore a b 
where m and n assume only odd values and «,,, = Le as a 
roduct 
P8-38. atc, = J,(a2){A cos ng + Bsin ng}{C e~%? -+ D e*} 


where n = 0,1, 2,... and @ is positive and real. 
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P8-39. (eres = 4m + sar} Pa (cos ALC cos md + D sin mg} 


P8-41. V(x, y) = 2 i. eee OOGS Keno venie 
0 


Chapter 9 

P9-1. (time)~! 

P9-2. 4.8 m 

POS, eo — 5c — 2.5 < 10- © sec for Al 

P9-6. (a) 1274 < 107 m/sec: (b) 1.17 < 10° m/sec; (c) = 7 X 10-73 sec: 
(d) 8.2 A; (e) w = —1.23 X 10-3 mks units, E for drift velocity ~ 1.4 x 
le Vee 2 formiiermal velocity = 9.5 < 107 ¥/m 

P9-7. AV=V, — V, = —wvB 

P9-8. b = q/u; approach to terminal velocity is characterized by a time 
constant 77/0 6.8 x ll0s' sec 


Chapter 10 
P10-3. (a) gd/4neor?; (Cc) a = 10°49 mks units; 
(ie Oe SOE ce ae! 
P10-4. ~ 6 x 10!! V/m 
P10-62 1-2 x 10 * Gjim? 
P10-9. o, = ba on all surfaces; p, = —3b 
P10-10. (a) o,(z = £4L) = +P, o,(cylindrical side) = 0, p, = 0 


(b) v00,0,2)=F8) /14 (2-2) z a 
(1h ea (etn) +]z+ zal 
(c) V(0, 0, z) — ae —- 


(d) dipole moment = zPLR? 
P10-11. (a) ¢,(0) = Pcos @, p, = 0; (b) dipole moment = $xa?Pk 
P10-13. F4 = gq'/4ner* 


P10-16, C = Ae RRR dis 
P10-17. (2) E= a Ee a pee)’ =<.E 
ee (zx = 1)¢ 
(b) Gptare = D = €0E3 Caictectric = Xe € = i) Ot 
OGe €)A/d 
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med = es 2 
P10-18. (a) D = 74,?; E=—D; 
(b) p, = 0; oa) = —744: ob) = At 
= -.D 
(0a a wes ES es 
(d) E(b") — E>) = Tay 
0 
= ab 
CG A sarees 


P10-205 = 1.3 x 10°'°m 
P10-21. (b) a, = 2.10 x 10°-4° mks units; (c) K, = 1.48 


P10-24. D = E + 4aP, all +. 4nP, E+ 4nP, and E+ P in cgs-esu, 


cgs-emu, Gaussian units, and Heaviside-Lorentz units, respectively. 


Chapter 11 


Pll-1. B,< 4x 10°G 

Pil-2, Bo = 5 x 107G 

PIl-3, (ce) M, = 0.922 = 057? WV own = 4 0 seca as cumines 2 
radius of 01928 < 10579 m: Bo <= Se 0 

P11-5. current = M/n 

P11-6. (a) J,, = 0, j, = M sin 66; (b) m = 422M 

P11-13. ¢,,(2 = +4L) = +M; no other equivalent poles. V” (0, 0, z) 
is obtained by setting €¢, = | and replacing P by M in the answer to P10-10(b). 

P11-14. p,, = 0; 0, = Mcos 0; m = 42R3M 

P11-23. (a) H = NIk, B= pw NIK, M = x,,NIkK; () j, = x,NIO 

Piles, (ey) 16 es a (oy Clee 

P11-26. (b) .17, 1.10, 1.30 T, respectively. 

P11-33. H = c?B — 4xM, B — 4xM, B — 42M, and B — M incgs-esu, 
egs-emu, Gaussian units, and Heaviside-Lorentz units, respectively. 


Chapter 12 


ee a 
Fe) =F eae 
PI2-6, (b)tspeed = |) / pe: = KOK, 
Pid 10 fore — « — a a 
P12-18. oi cong; — fp, cot an 


NI 
P12-19. fae — ay = ae Leap 


Hees — DB ysterial = — HE Deu 


; pulls slab in. 


a Te ld casters 
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P12-20. E,, = 3€9Ep (cos 6? — sin 66) 


€ + 2€, 
2(€ — €)) a = 
E —f{1 4 0 Ge ey @ 
ont ( Se oy a7) Eo cos 6f (1 er +) Eo sin 60 


3€ 
— (0): eee oXe 
Po 5d, = 5 Sys 


dipole moment = 4z¢,a3£— £2 E, 
eae 


2€ 
D 
P12-21. Y, eee 2 
in(?, ) ieee jE or cos ¢ 
Vous 6) = —(1 — 8-5 S) Ey2 cos $ 


a — 2 oa [ae 
ese == (1 } K, la a3) Eo cos f& — (1 = Fe SE sin dd 


K,+ 12 Rae 12 
3K 
Pies) 4 Bee 
12-24. By = 45 
Bu, = B+ £5 [3(m-f)t — __ 4na(K,, — 1) 
ane (m-f) m] where m TKD) 
P12-25. H,, = —4M; Bor = “oH; Bi, = ¥40M 
a3 
Hou. = 3313(M-f)t — M] 
P12-26. V’” = constant + 3|5 (4)7, (cos 8) 
: ie 
—+<(4 £)'P, (cos 8) + 72(4 "Ps (€0s 6) — - | 
B12. 29,0 er 
1 z 9 = = d: — 1 E2 o = 2€, 
P12-30 d, d, 344 Ei a ee B aes 


Chapter 13 


Rises? O70! sce. (by sles 10"? see 
(c) K, = 1.0000727 from (a) = 1.000291 from (b) 


E131 eae 0.5 x 10° seen; (b) 0.77 .m 
P13-20. a 


Lo§@ 
P13-21. ¢g =0;j= 2,/£ Re(S,.e7) i 
P13-26. In the coordinate system of Fig. 13-8, o = 0 and 


_ py iS COs 6, Re (eneu sin aon yi 
ou 


i 
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PI3-27 etn = 277/ A, When 
a [16n2; 4(n2 — 1) sin? x’d] 
ls ham x a SNe sire pe 
: 148 
P13-29. (a) R, - (Ss -2 ae (b) ® a oe 


PI3-31, ao — —oo = Ae, sit (" ae) cos (K,Z — ot) 


-__ __ AMA 
So ris b 


sin («,2 — ot)i 


jo = | sin (“) cos («,z — wt)k + = cos ("2") sin (x,Z — con) | 


99 = 9@ = 9; jg = —(—1)"jo; lo = —io 
P13-33, Gl F(r, ft nye | aS ae wt) 


acre, t) = 


P13-34. Let x, = tis x, = na/b. Then 


ae m MAX\ A] 4 
—ik, sin a )i Ae —= co os (“2*) & Jew ot) 
MLo a a 


eS Oe) os COS Kx SiN Kyyl — kK, sin Kx cos K,yjlei-e 


O7F(r, t) = 
— ee + x2) cos x,x cos K,yk]el=-29 
where x, and q satisfy (@/c)? = «2 + He ee 
P13-35. &(r, 1) = AJ ,(K,2r) hel?-o9 
He(r, 2) = —A_ [ine J(2)@ + Hep J oc, D) Ele 
IM [Lo 
where kK? + Ki, = (w/c)* and J,(x,a) = 0. 
P13-37. 9€(r, 2) = I, (r)e~* where 


KE Io [RIS 
sin ae xX COS K,y COS K,Z 
IM {Lo 


kL — Kee . 
ICy(%, Y, Z) = == "2 cos xx sin K,y COS K,Z 


IW [Lo 


Ho (x, J; Z 


KE, = K,E . 
JC3 AX, Vy, Z) == 22 2 cos kX Cos Kyy Sin K,2 
IM[Lo : 
Vv, I .v, A— BA? 


oe + Bia?’ ¢ A+ Bi? 


P13-46. x — (Eq J+ 4 re le He ($£0 Ji +3 = 


1 1/2 


slits Sin KX COS K,Vl + ik,K, COS K,X sin Ky] 


Chapter 14 
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P13-47. 6 = Teall a a ae i 1/2 
¢ Some = aga tj bg =| 
: ee tat (Cr) an 
P13-50. 815 = Fa aye 
ee 2 os 0, sing, A) 
sin @, + @, cos (0, — 6,) 
P13-55. @,, = eq) oe pe Wiehe ceisiine Hunmoot of J.) — 0. 
BE3=56.0ee (1 a | dy, , Kz den.) 
eo oF Ox Olly Oy 
__! (1 ey = Oe BR 
* Oils oo ME, Ox ae 
I ea! 
SC! (0-80) (eo Fos) 
Oo a” ME, OV Ox 


FIBE (6l) le == ean” — amas (6) = (il = & 


Chapter 14 
EQ, 7 ee 
P14-3. ( ‘ — __ HoPo@k COs (Kr — at) 
Ba, t) 4n iP 


P14-7. Let m, = za?25,k. Then 


Cr — 


oi) — 


P14-10. 


P14-15. 


P14-17. 


P14-18. 


P14-19. 
P14-20. 


P14-21. 


Wenge 
4zr 


sonal 


(1 —z)@ x m,) 
B,(r) = 


K Rete 


“[@ x my) x f) + al 
4ur -_ ig) (imo x f) 


(1 


4ne,a(1 = = cos 0) 


(b) V= 


(I — ixr)[3(P-m,)? — mo] 


(b) |E@, $, 2,4 = 0)| = ae 


= as where tT = 
a 
Gaia sin? @ 
16n*€ 9° ( = - cos é) 
(c) P/(dE/dt) = 4 x 107'* 


(b) ~ 5000 MeV 
dw gv, sin? @ 


(b) & 
dP(t') _ 
dQ 


q* B? 


eo | 


n2/T? 


ye. 3/2 
- — sin? a 
i 


OI enc: 


2 


2 @? — 
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p14-22, dV _ Hig ((@ — @o)T] 4 sin? [(@ + oot) 
"do 3n€.c?L [(@— a@)TP [(@ + @)TF 
P14-23. (c) = 1.3 X 10-11 sec 
P14-24. (a) 6.3 x 10-24 sec 
i i(«x-r—at} 

P1426. (c) V(r, 1) = es | Pe OF ray ty die, die, dew 
P14-27. Let r5 = q?/4n€ mc?. Then 

(a) <dP(t’)/dQ> = te, Eicri{l — sin? 6 cos? (6 — w)} 

(b) do/dQ = ri{l — sin? @ cos?  — yw)} 

(c) (dG dQ) on potarizen = aro = cos? 0) 

(d) Grnomson = 8273/3 


Chapter 15 
v\ g  @ 02 oO? 0a 
Piss, [(1~ 2), Ta | Cranmer ee 
a (gee a EB? silos) 
P15-7. speed = c; tan @ cos — B 
P15-22. y = c?E x B/E? 
P15-24 me OE 1 : 
soles qa ea (SOG Se ane vi/c? 
15-305, = p= UO CE) a oo ye 
5 P. De c? — Viv ne (ea ~ (72 
1-1-7) 
yy,0 + BB) 0 0 iyy (B =f B,) 
P15-34. £ = : bee : 
0 o 7 0 
—iyy,(B + iy OU yridi + BB) 
WEES (Gate, © gue, 
p1s-35, ¢— 1 /%— DEB, B+ yB} 0 inprg, 
pe 0 0 1 0 
SE: Hy, Osage 
0) Se, eee ope 
Cc e@ ” vi 
Ly Gc Saree 
P15-37. F=| c? RE ee 
SEF Ome 
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DIG), 1a? = 2 ae 
” ORE, ve se Ze 
B — # Modyr z'j eal 
7 ea 
Pi5-39) Gye — (k,6, —*,0,,) 


P15-41. > = me {,/ (2 i - | 
0) aE Ie ae 1 


Appendix A 


PA-1. (a) equations inconsistent, e.g., 2x + 3y = 5 and 4x + 6y = 8. 
(bsequations redundant, ee., 2x -- 37 — 5 and 44 -— 6) — 10. 


ACS ect 2, 
PA-4. x, = 4a, X, = 4%, X; = 4a for « arbitrary 
PA-7. x’y = 7 (Bx)? = (—6, 10, —2) 
=| 2 S O92) 2 
x ees) 44 By | S02 0 
2 4 10 O22 


PA-LI. a= | ce a) 
4119422 —~ 4219412\—a,, ay 
BAcls et xe al, 2, |) 
A, = 9, == a) 
eee 1h 72,1) 


where «, f#, and y are arbitrary 


Appendix B 


i Se > v4 vs 
PB-4. | f| < 0.1 


PB-5. See Table 8-1. 


PB-6. sin x = x — ae + = 


elt x+atte 


(+x =1tqx + De + -. 
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Appendix D 


PD-2. z,z, = 7 + i; 2./z; = —y,(l + 7); z, =./2e""" 
PD-10. cos 39 = 4 cos? 6 — 3 cos @ 

sin 39 = 3 sin@ — 4 sin? 
PD-11. sinh z = sinh x cos y + icosh x sin y 


ng oo (—1)"*} - 
PD-14. x =2 >> ——— sin nx 
n=l 


PD-17. 7 (x) =2 wee 


« 
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ABAMPERE, 41, 43, 46, P1-4(47) 
Abbreviations of units, 482 
Abcoulomb, 43, 46, P1-4(47) 
Aberration, 428, P15-7(436), P15-39(454) 
Abraham-Lorentz equation, 423 
Absorption (see Attenuation in conductors) 
Action at a distance versus field, 74 
Addition of velocity, P15-1(430), 
(436), P15-34(452) 

Adjoint of matrix, 464 
Algebra of: 

complex numbers, 472-475 

matrices, 462-464 

scalars, 6 

vectors, 6-13 
Ampere, 44, 46, P1-3(47), P1-4(47), P1-5(47) 
Ampere’s circuital law (see Circuital law) 
Amperian current (see Current, bound) 
Amplitude: 

of monochromatic field, 348 

of plane wave, 189, 198, 356 
Analytic function, 228 


P15-7 


Angles of incidence, reflection, refraction, and 
transmission, 368 

Angular distribution of energy (see Radiation 
fields) 

Angular frequency, 189 

Angular momentum and magnetic moment, 
P3-21(89), P11-3(296) 

Anisotropy, 256, P9-8(258), 265, P10-25(288), 
318, P12-8(331) 

Antihermitian matrix, 464 

Antisymmetric matrix, 464 

Associated Legendre equation, P8-39(247) 

Associative law, 6, 463, 464, 473 

Attenuation in conductors, 358-359 


BAR MAGNET, 129, P11-31(323) (see also 
Magnetized rod) 

Bessel functions, 221-222, P8-11(226), P8-38 
(246), P13-35(386) 

Betatron, P6-10(165) 

Binomial theorem, 467-468 

Biot-Savart, law of, 130-134, 449-452 


The user of this index should be aware of the following features: 

Not only textual discussions but also some of the problems are indexed. Problems are 
identified by the problem number and page, e.g., the notation P10-12(278) refers to problem 
P10-12 on page 278. The user seeking problems on a given topic should also scan the prob- 
lems at the end of any section to which a textual reference is given; not all of those problems 


are indexed. 


A brief index to frequently used information may be found on page 510. 
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Bohr magneton, P11-3(296) 
Bound current (see Current) 
Bound electric charge (see Charge) ; 
Bound magnetic charge (see Magnetic mono- 
poles) 
Boundary conditions: 
at discontinuities, P10-18(284), 335-341, 
353-355 
at perfect conductors, 355 
on electrostatic potentials, 340 
on Laplace’s equation, 214—215 
Bremsstrahlung, P14-18(420), P14-19(421), 
P14-21(421) 
Brewster’s angle, 374, P13-28(378) 
Busch method for measuring e/m, P3-15(88) 


CAPACITANCE: 
definition and units of, 114 
in presence of dielectric, 281, 283, P10-16 
(284), P10-17(284), P10-18(284) 
Capacitor: 
cylindrical, P4-34(117), P6-31(181) 
and displacement current, P6-16(172) 
energy stored in, P4-37(120) 
force on dielectric slab in, P12-10(332) 
force on plates of, P4-54(126) 
parallel plate, P4-16(108), 
P4-33(117), P6-30(181), 
P10-16(284), P10-17(284) 
spherical, P4-35(117), P6-32(181), P10-18 
(284) 
Cartesian coordinates, 10-12 
Cauchy equation, P13-42(394) 
Cauchy-Riemann conditions, 228 
Cavity resonator(s), 383-386 
cuboid: 
fields in, 383-385, P13-37(387), P13-54 
(397) 
resonant frequencies of, 385, P13-38(387) 
cylindrical: 
fields in, P13-55(397) 
resonant frequencies of, P13-55(397) 
cgs units (see Units) 
Charge(s): 
from charge density, 53-54 
bound electric, 270-271, 279, 327 
bound magnetic (see Magnetic monopoles) 
definition and units of, 34-35, 37-38, 42— 
46 
interaction of point, 35-38 
Lorentz invariance of, 439 
point (see Point charge) 
Charge and current distribution(s) (see spe- 
cific distribution of interest) 
description of, 50-61 
electric field of, 93-101 
electrostatic potential of, 111-113 
energy stored in, 117-120, P4-40(120), P4- 
46(124), 150-151, 166-168 
force and torque on, 83-86, P13-17(89) 
magnetic induction field of, 132-136 
magnetic vector potential of, 145-146 
power input to, 86-87, 166, 176, 330-331 
Charge density: 
from boundary conditions, 337, 339-340, 
354-355 


P4-28(116), 
281, 283, 
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Charge density (contd.): 
on conductors, 107, P4-19(114), P6-30 
(181), P6-31(181), P6-32(181), 214, 
225, P8-8(226), P8-12(226), P8-20 
(232), P8-23(235), P8-27(236), P8- 
33(241), P12-5(329), 355, P13-21 
(375), P13-26(375), P13-31(386) 
definition and units of, 52-53 
from particle density field, 54 
on polarized dielectrics, 270-271 
Charged disc: 
Electric field of, P4-8(102), P4-25(115) 
Electrostatic potential of, P4-25(115), P8- 
12(226) 
Charged line(s): 
electric field of, P4-6(101), 104-106, P4- 
18(114), P8-21 (232) 
electrostatic potential of, P4-18(114), P4- 
26(115), P4-45(124), P8-21(232) 
equipotentials of, P8-31(236) 
Lorentz transformation of field of, P15-38 
(453) 
Charged ring: 
charge density on, P2-3(54) 
electric field of, P4-7(102) 
electrostatic potential of, P4-42(123), P4- 
55(126), P8-17(227) 
rotating, P2-6(56) 
Charged rod: 
electric field of, P4-11(108) 
Charged sheet: 
electric field of, 100-101, P4-12(108), P4- 
SilC125)) 
electrostatic potential of, P4-50(125), P4- 
S25) 
Charged sphere: 
charge density on, P2-3(54) 
electric field of, P4-9(102), P4-49(125), 
P6-29(181) 
electrostatic potential of, P4-21(115), P4- 
22(115), P4-49(125), P6-29(181) 
energy stored in, P4-39(120) 
rotating, P2-9(57), P3-14(88) 
Child’s law, P6-39(184), 245 
Circuital law: 
Ampere’s, 140-144, 157, 310-311 
generalized, 171, 173, 174, 327, 328 
Circular frequency, 190 
Clausius-Mossotti relation, 265, 285-286, 315- 
317 
Coaxial cable, P5-10(145) 
Coercive force, 321 
Coherence, P7-34(210) 
Collision time, 255 
Column vector, 464 
Commutative law, 6, 7, 463, 473 
Complex conjugate, 464, 474, PD-8(476) 
Complex fields: 
for monochromatic sources, 348, 404-407 
for plane waves, 198, 207, 356-357, 361 
Complex numbers, 472-475 
Complex variable(s): 
functions of a, 228, 475 
and Laplace’s equation, 228-232 
Components of vectors, 8-13, 433 
Conductance, 253 


Index 


Conducting cylinder(s): 
coaxial (see Capacitor, cylindrical) 
in constant E-field, P8-8 (226) 
image of line charge in, 235 
Conducting disc: 
electrostatic potential of, P8-12(226) 
Conducting plate(s) : 
electric field of, P4-16(108), P4-28(116), 
P6-30(181) 
electrostatic potential of, P4-28(116), Pé6- 
30(181), P8-26(236) 
force on point charge near, P8-23(235) 
images in, 233-234, P8-23(235) 
semi-infinite, P8-22(232) 
Conducting sphere(s) : 
concentric (see Capacitor, spherical) 
in constant E-field, 224-225, P8-15(227), 
P8-16(227), P8-29(236) 
force on point charge near, P8-27(236) 
images in, 234-235, P8-27(236), P8-28(236) 
Conducting wedge, P8-9(226), P8-25 (235) 
Conduction, 249-259 
anisotropic, 256, P9-8(258) 
Drude theory of, P9-8 (258), 349-350 
Conductivity: 
anisotropic, 256, P9-8(258) 
complex, 349-351, P13-5(353), P13-57(398) 
definition and units of, 251 
frequency-dependent, 349-351 
of plasma, P13-57(398) 
static, 251 
Conductor, 106, 249-251, 355, 366 
approach to equilibrium in, P9-5 (257) 
boundary conditions at, 214, 355 
cavity in, P4-15(108), P8-28(236) 
charge density on (see Charge density) 
current density on (see Surface currents) 
energy loss in, 253-254, P13-5(353), 358- 
359, P13-53(397) 
as equipotential region, 113-114 
properties of E-field near, 106-107, 113- 
114 
wave propagation in, 356-361 
Conformal mapping, 231-232, P8-40(247) 
Conservation of charge, 69-70 
Conservation of energy, 21, 110-111 (see also 
Energy theorem) 
Conservative force field, 19-23 
Constants, physical, 481 
Constitutive relation, 251, 280, 312, 328, 349 
Continuity (see Equation of continuity) 
Conversion of units, 45-47 
Coordinate system(s): 
common, 10-13 
general orthogonal, P0-32(31), P2-22(72) 
operators in various (see operator de- 
sired ) 
rotation of, PO-29(29), PA-12(465) 
Coulomb, 44, 46, P1-4(47) 
Coulomb gauge, 147 
Coulomb’s law: 
in dielectrics, P10-13(284), P12-4(329) 
for magnetic poles, P11-31(323) 
in vacuum, 36-37, 91-93, 104, 131, P6-24 
(175), 448-452 
Cramer's rules, 460 
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Cross product, 7, 9, P0O-6(10), 482 (see also 
Triple vector product) 
Cross section, P14-27(424) 
Curie temperature, P11-25(317), 318, P11-29 
(323) 
Curl, 23, PO-22(24), 25-27, PO-32(31), 440~ 
441 
of curl, 72 
of gradient, 72 
vector field with zero, 72 
Current(s): 
bound, 298-304, 310, 327 
as charge in motion, 41-42 
from current density, P2-7(57), 59 
definition and units of, 38, 41, 42-46 
energy stored in, 166-168 
force on, in wire, 84—85, 130-132 
interaction of two, 40-41, 130-132 
steady, 70 
surface (see Surface currents) 
across a surface, 55, 58-59 
Current density: 
boundary conditions on, 339-340 
currents from, P2-7(57), 59 
definition and units of volume, 56-57 
from particle density and velocity fields, 
60-61 
surface (see Surface currents) 
Current distributions (see Charge and cur- 
rent distributions) 
Current loop (see Magnetic dipole) 
self-inductance of, P6-11(168) 
Currentscope, 38-39 
Cut-off frequency, 380 
Cyclotron, P3-4(79) 
Cyclotron radiation, 
(422) 
Cylinder (see Conducting cylinder; Dielec- 
tric cylinder ) 
Cylindrical coordinates, 11-12 


P14-20(421), P14-22 


D’ALEMBERTIAN, 435 
Debye equation, 286 
Debye shielding length, 246 
Degeneracy, 385-386 
Delta function, 54 
Depolarization factor, P12-29(345) 
Determinants, 459-461 
Diagonal matrix, 464 
Diamagnetism, 291-295, 312 
Dielectric(s), 251, 260 (see also Insulator) 
anisotropic, 265, 280, P10-25(288), P12-8 
(331) 
and capacitance, 281, 283, P10-16(284), 
P10-17(284), P10-18(284) 
linear, 281 
and method of images, P12-30(345) 
wave propagation in, 356-361 
Dielectric constant: 
complex, P13-2(352) 
frequency-dependent, 350, P13-2(352) 
index of refraction and, 360 
static, 281-282, 286 
Dielectric cube: 
bound charges on polarized, P10-9(271) 
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Dielectric cylinder: 
bound charges on polarized, P10-10(271) 
electrostatic potential of polarized, P10-10 
(271) 
in uniform E-field, P12-21(344) 
Dielectric polarization: 
definition and units of, 260, 267-268 
spontaneous, P10-22(287) 
Dielectric slab (film) : 
force on, in capacitor, P12-10(332) 
reflection and transmission at, P13-27(375), 
P13-52(396) 
Dielectric sphere: 
bound charges on polarized, P10-11(272) 
in uniform E-field, 342-344, P12-22(344) 
Dielectric susceptibility, 281 
Differential operators (see specific operator 
desired) 
Dipole (see Electric dipole; Magnetic dipole) 
Dipole approximation, P14-21 (421) 
Dipole—dipole interaction, P4-52(125), P5-27 
(153) 
Dipole moment (see Electric dipole moment; 
Magnetic dipole moment) 
Dirac delta function, 54 
Directional derivative, 24 
Disc dynamo, P6-4(164) 
Dispersion, 387-393 
Dispersion relation, 357 
Displacement current, 170-171, P6-16(172), 
327 
Displacement elements, differential, 19 
Displacement field: 
boundary conditions on, P10-18(284), 336— 
337, 339-340 
definition and units of, 279-280, P10-24 
(288), 328 
Distributive law, 6, 7, 463, 473 
Divergence, 64-65, P2-22(72), 435 
of curl, 72 
of gradient (see Laplacian) 
vector field with zero, 72 
Divergence theorem, 63-66, 471 
Domain, magnetic, 317-318 
Doppler effect, relativistic, P15-39(454) 
Dot product, 7, 9, P0-6(10), 434-435, 482, 
(see also Triple scalar product) 
Drift velocity, 51-52, 250, 254-255 
Drude theory of conduction, P9-8(258), 349~— 
350 


EIGENVALUE AND EIGENVECTOR, 
PA-13(466) 
Electric dipole: 
electric field of, 95-97 
electrostatic potential of, 111, 224 
equipotentials of, 96, P4-30(116) 
fields of oscillating, 405-406, P14-3(407) 
force on, P3-10(87), P3-17(89), P4-3(101) 
orientation of, in E-field, P3-10(87), 264, 
P10-2(266) 
potential energy of, P4-17(114), P4-40 
(120), P4-52(125) 
radiation from oscillating, 404-407, P14-3 
(407) 
torque on, 85, P3-10(87) 
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Electric dipole (contd.) : 
vector potential of oscillating, 405 
Electric dipole moment: 
definition and units of, 85, 122 
and E-field of dipole, 95-96 
induced, P3-12(87), 264, P10-3(266) 
invariance of, to coordinate translation, 
P3-18(89) 
permanent, 263-264, P10-2(266) 
of polarized dielectric, 268 
and potential of dipole, 111, 122 
Electric energy density (see Energy density) 
Electric field(s) (see also Capacitor; Cavity 
resonator; Charge and current dis- 
tribution; Charged disc; Charged line; 
Charged ring; Charged rod; Charged 


sheet; Charged sphere; Conducting 
plate; Conducting sphere; Dielectric 
cylinder; Dielectric sphere; Electric 


dipole; Electric quadrupole; Hydro- 
gen atom; Magnetic dipole; Mono- 
chromatic source; Plane wave; Point 
charge; Polarized dielectric; Quad- 
rupole lens; Wave guide): 

boundary conditions on, P10-18(284), 335, 
337-340, 353-355 

in cavity in dielectric, P12-23(345) 

near conductor, 106-107, 113-114, P4-19 
(114) 

definition and units of, 75-76, 111 

electrostatic potential of uniform, P4-17 
(114), 224 

energy stored in, 117-120, 176-177, 330- 
331 

figures showing, 94-96, 98-99, 231 

from potential(s), 111, 179, 399, 404, 438 

relativistic transformation of, 443-444, 
P15-31(452) 

from sources, 91-101 

tracing, P4-56(127) 

Electric flux, 103-104 

Electric force, 75, 84-85, 92 (see also Force) 

Electric monopole (see Point charge) 

Electric multipoles, 97, 100 (see also Electric 
dipole; Electric monopole; Electric 
quadrupole) 

Electric polarizability, 263-265, P10-2(266), 
P10-3(266), 286 

Electric quadrupole: 

electric field of, P4-24(115), P4-41(123) 

electrostatic potential of, P4-24(115), P4- 
41(123), 224 

formation of, 97, 100 

in uniform E-field, P10-5 (267) 

Electric quadrupole moment, 122 (see also 
Hydrogen atom) 

Electric susceptibility (see Dielectric suscep- 


tibility) 
Electromagnetic field(s) (see also Cavity 
resonator; Charge and current dis- 


tribution; Electric dipole; Magnetic 
dipole; Monochromatic source; Plane 
wave; Point charge; Wave guide): 

definition and units of, 75-78 

energy stored in, 176-177, 330-331 

energy transported by, 176-177, 330-331 
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Electromagnetic field(s) (contd.) : 
gauge invariance of, 179-180, 334 
momentum in, 178-179 
superposition of, P6-19(175), 

P12-1(329), 387-393 

Electromagnetic field tensor, 441, 443-444 

Electromagnetic induction, 157-164 

Electromagnetic spectrum, 192 

Electromagnetic units (see Units) 

Electromagnetic wave (see Plane 

Spherical wave) 

Electromotive force, 157-159, 326 

Electroscope, 34 

Electrostatic potential (see also Capacitor; 

Charge and current distribution; 
Charged disc; Charged line; Charged 
ring; Charged sheet; Charged sphere; 
Conducting cylinder; Conducting disc; 
Conducting plate; Conducting sphere; 
Conducting wedge; Dielectric cylin- 
der; Dielectric sphere; Electric dipole; 
Electric quadrupole; Laplace’s equa- 
tion; Point charge; Polarized dielec- 
tric; Quadrupole lens; Scalar poten- 
tial; Semi-infinite plate): 

boundary conditions on, 214, 340 

and conductors, 113-114 

definition and units of, 110-111 

from field, 110 

multipole expansion of, 120-123 

in rectangular region, 219-220, P8-5(226), 
237-241 

from sources, 111-112 (see also Poisson's 
equation) 

superposition of, 215 

of uniform field, P4-17(114), 224 
Electrostatic units (see Units) 
emf (see Electromotive force) 
Energy (see also Potential energy): 
conservation of (see Conservation of en- 
ergy; Energy theorem) 

distribution of, in (see Plane wave; Radia- 
tion fields) 

radiated from (see Radiation from) 

relativistic, P15-12(438), 448, PB-3(468) 

stored in (see Capacitor; Charge and cur- 
rent distribution; Charged sphere; 
Currents; Electric field; Electromag- 
netic field; Inductor; Magnetic induc- 
tion field; Plane wave; Toroid) 

transported by (see Electromagnetic field, 
Plane wave, Wave guide) 

Energy density, 119, 151, 176, 193, P7-8(195), 

P7-26(208), 331, 352, 358, 361, 446- 
447 

Energy loss (see Conductor; Ferromagne- 

tism; Radiation from; Wave guide) 

Energy theorem, 176-177, 330-331, 447 

Equation of continuity, 69-70, P2-23(73), 

P2-25(73),156, P6-23(175), 329-330, 
439-440, 442 
Equation of motion, 78, 423 
Equipotential contours, 113 (see also Charged 
line; Electric dipole; Level contours; 
Point charge; Quadrupole lens) 
and conductors, 113-114 


195-207, 


wave; 
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Equipotential contours (contd.): 
perpendicularity of, to field, P0-24(24), 
113 
of various sources (figures), 96, 98-99, 
241 
Ether, 426-429 
Euler formula, 475, PD-12 (476) 
Euler’s method, 80-82 
Event in space-time, 431 
Exact differential, 22-23 


FAR ZONE, 406 

Farad, 114 

Faraday disc dynamo, P6-4(164) 

Faraday’s law: 

(general), 157, 
326, 328 
(restricted), 109-110, 156, 279-280 

Ferroelectrics, P10-22(287) 

Ferromagnetism, P11-25(317), 317-322, P12- 
9(332), P12-27(345) 

Field(s), 13 (see also specific field of inter- 
est) 

versus action at a distance, 74 

complex, 198, 348, 356-357, 361 

differentiation of, 14 

integration of, 14-15 

representation of, 13-17 

Field lines: 

definition of, 15 

electric (figures), 95-96, 98-99 

magnetic (figures), 133, 135-136 

perpendicularity of, to equipotentials, P0- 
24(24), 113 

and surface integral, 65 

tracing, P4-56(127), P5-31(154) 

Field point, 94 

Field tensor (see Electromagnetic field ten- 
sor) 

Field tray, 244, P9-4(257) 

Fizeau experiment, P15-8 (437) 

Flux, 62 (see also Electric flux; Magnetic 
flux) 

Flux law (see Magnetic flux law) 

Force (see also Capacitor; Charge and cur- 
rent distribution; Conducting plate; 
Conducting sphere; Current; Dielec- 
tric slab; Electric Dipole; Electric 
force; Lorentz force; Magnetic di- 
pole; Magnetic force; Point charge: 
Radiation pressure) : 

transformation of, in relativity, 449, P15- 
30(452) 
work done by, 18-19 

Force density, 84, 178, 332 

Force field, 17-23, P0-27(28) 

Four-current, 439-440, P15-25(445) 

Four-momentum, P15-12(438), 448, P15-40 
(454) 

Four-potential, 440, 442, P15-24(445), P15- 
39(454) 

Four-vectors, 433 (see also Four-current; 
Four-momentum; Four-potential; 
Wave number-frequency four-vector) 

Fourier series and transforms, 477-480 

Frame of reference, 78, 427, 430-431 


162-164, 173-174, 293, 
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Free charge, 106, 279 

Free current, 310-311 

Frequency, 189-190 

Frequency distribution (see Plane wave; Ra- 
diation fields) 

Fresnel’s equations, 372 


GALILEAN TRANSFORMATION: 
applied to wave equation, P15-3 (430) 
equations for, 427 
inadequacy of, 427-430 
of velocity and acceleration, P15-1(430) 
Gauge, 147 (see also Coulomb gauge; Lorentz 
gauge ) 
Gauge transformation, 147, P5-16(150), 179- 
180, 334, P15-36(453) 
Gauss, 76 


Gauss’s law, 102-108, 139-140, 156, 173, 
279-280, 328 
Gaussian units (see Maxwell's equations; 


Units) 
Generator, P6-5(164) 
Gradient, 22, 24-25, PO-32(31), 433-434 
of divergence, 71 
Green’s theorem, P8-43(248), 471 
Group velocity, 358, 382, 388, P13-41(394) 


HALL PROBE, P9-7(258), 319 
Heaviside-Lorentz units (see Units) 
Helicity, 197 
Helmholtz coil, 135, P5-4(137) 
Henry, 167 
Hermitian matrix, 464 
Hertz, 190 
Hertz potential, P12-12(335) 
Hydrogen atom: 
charge density in, P2-4(54) 
electric field in, P4-48(124) 
electric multipole moments of excited state 
of, P4-44(123) 
induced electric dipole moment of, P3-12 
(87) 
magnetic induction field at nucleus of, P5- 
5(138) 
plum pudding model of, P4-49(125) 
radiative collapse of, P14-23(422) 
Hyperbolic functions, 220, PD-11(476), PD- 
12(476) 
Hysteresis, 321, P12-27(345) 


IDENTITIES, VECTOR, 470-471 
Identity matrix (see Unit matrix) 
Image(s): 
in dielectrics, P12-30(345) 
of line charge in conducting cylinder, 235 
method of, 232-235 
of point charge: 
in conducting plate, 233-234, P8-23(235) 
in conducting sphere, 234-235 
Index of refraction: 
complex, 358-359, P13-13(362), 369 
dielectric constant and, 360 
ordinary, P12-6(329), 358-361, 369 
of plasma, P13-57(398) 
Inductance, 167 (see also Mutual inductance; 
Self-inductance) 
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Inductance (contd.): 
in presence of magnetic matter, 314 

Induction (see Electromagnetic induction) 

Induction zone, 406 

Inductor, energy stored in, P5-20(151), 168, 
P6-15 (169) 

Insulator, 251-252, 260 (see also Dielectric) 

Interference, 198-203 

Intermediate zone, 406 

Invariance (see Electric dipole moment; 
Electromagnetic field; Gauge transfor- 
mation; Lorentz invariance; Sym- 
metry arguments) 

Inverse matrix, 464, PA-11(465) 


JACOBIAN, 435 

Jones calculus, P7-32(209) 
Joule heat, 254 

Jumping ring, P6-8(165) 


KRONECKER DELTA, P0-28(29), 121 


LANDE g-FACTOR, P11-29(322) 
Langevin function, P10-2(266), P11-1(295) 
Laplace development, 461 
Laplace’s equation, 113, 
213-244, 342 
boundary conditions for, 214-215 
and complex variables, 228-232 
extrema in solutions to, P8-4(218) 
numerical method for, 236-241, P8-34(244) 
in one dimension, 218 
solution of, by analogy, 244 
in three dimensions, P8-37(246), P8-38 
(246), P8-39(247) 
in two dimensions, 218-232 
and uniqueness theorem, 215-216 
Laplacian, 71-72, P2-22(72) 
Larmor frequency, 294 
Larmor’s formula, 418 
Law (see particular law desired) 
Law of reflection, 369 
Legendre polynomials, 222-224, P8-13(227), 
P8-39(247), PB-5(469) 
Lenz's law, 162, 163 
Level contours, 15 (see also Equipotential 
contours) 
Liénard-Wiechert potentials, 408-411 
Liénard’s formula, 418, P15-40(454) 
Line integrals, 19, P0O-30(30) 
Linear dielectric, 281, 328 
Linear equations (algebraic), 459-461 
Linear material, 251, 281, 312, 328 
Lorentz, condition, 180, 334, 400, 438, 440, 
442 
Lorentz-Fitzgerald contraction, P15-6(436) 
Lorentz force, 77, 156, 328, 449-451, P15-31 
(452) 
Lorentz gauge, 180, P6-28(181), P7-29(209), 
399 
Lorentz invariance of: 
charge, 439 
d’Alembertian, 435 
equation of continuity, 440 
four dimensional dot product, 434-435 


PSUS), ell, 
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Lorentz invariance of (contd.): 
four dimensional volume element, 435 
four-divergence, 435 
Lorentz condition, 440 
Maxwell’s equations, 429, 440, 442-443 
trace of tensor, 435 
wave equation, P7-28(209), P15-5(436) 
Lorentz transformation, 429, 431-436 
applied to wave equation, P7-28(209), 
P15-5 (436) 
of electromagnetic field, 443-444, P15-32 
(452) 
of four-current, P15-25(445) 
of four-gradient, 433-434 
of four-momentum, P15-12(438) 
of four-potential, P15-24(445) 
of four-vector, 433, P15-35(453) 
inverse, 432 
as rigid rotation, 432-433, P15-35(453) 
of scalar, 433 
of second rank tensor, 434 
of space-time intervals, P15-6(436), P15- 
11(437) 
of velocity, P15-7(436), P15-34(452) 
Loss (see Energy loss) 


MACROSCOPIC DESCRIPTION: 
of charge distributions, 50-61 
of conduction, 249-254 
versus microscopic description, 50-52, 249-- 
250, 261-263, 286, 289 
Macroscopic field, 262, 276, 316 
Magnetic charge (see Magnetic monopoles) 
Magnetic dipole: 
fields of oscillating, P14-7(408) 
force on, 85-86, P3-13(88), P3-22(89), 
P5-27(153) 
Magnetic induction field of, 135, PS5-4 
(137), P5-6(138), 148, P5-31(154) 
magnetic scalar potential of, P5-26(153), 
P12-26(345) 
magnetic vector potential of, 147-148, P5- 
14(150), 151-152 
orientation of, in B-field, P3-13(88), 290— 
291, P11-1(295), P11-29(322) 
potential energy of, P3-20(89) 
precession of, in constant B-field, P3-21 
(89) 
radiation from oscillating, P14-7(408) 
torque on, 85-86, P3-13(88) 
vector potential of oscillating, P14-7(408) 
Magnetic dipole moment: 
and angular momentum, P3-21(89), P11-3 
(296) 
and B-field of dipole, P5-6(138), 148 
definition and units of, 86, 152 
induced, 291-295 
of magnetized matter, 297 
of orbiting particle, P5-5(138) 
permanent, 290-291 
of rotating sphere, P3-14(88) 
and vector potential of dipole, 148, 152 
Magnetic domain, 317-318 
Magnetic energy density (see Energy density) 
Magnetic field (see Magnetic field intensity; 
Magnetic induction field) 
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Magnetic field intensity (see also Cavity reso- 
nators; Plane wave; Toroid; Wave 
guide): 

boundary conditions on, 338-340, 353-355 
definition and units of, 311, P11-33(324), 
328 

Magnetic flux, 138, 161-163, 167 

Magnetic flux law, 138-140, 157, 173, 310- 
311, 328 

Magnetic force, 75-77 (see also Force) 

Magnetic induction field(s) (see also Charge 
and current distribution; Coaxial ca- 
ble; Electric dipole; Helmholtz coil; 
Magnetic dipole; Magnetic quadru- 
pole; Magnetized matter; Magnetized 
sphere; Monochromatic source; Plane 
wave; Point charge; Solenoid; Straight 
rod; Straight wire; Toroid): 

boundary conditions on, 337, 339-340 

definition and units of, 76-77 

energy stored in, 150-151, 166-168, 176— 
177, 330-331 

figures of, 133, 135-136 

gauge invariance of, 147 

magnetic vector potential of uniform, P5- 
16(150) 

relativistic transformation of, 443-444, P15- 
31(452) 

from sources, 132-133 

tracing, P5-31(154) 

from vector potential, 146, 179, 399, 404, 
438 

Magnetic monopole, 129, 140, 152, 171, P6- 
35(183), P11-31(323), 327 

bound, 306 

non-existence of, 129, 139-140, 171 

Magnetic multipole (see Magnetic dipole; 

Magnetic monopoles; Magnetic quad- 

rupole) 

Magnetic polarizability, 290-295, 316 

Magnetic pressure, P5-29(154) 

Magnetic quadrupole, 136, P5-22(152) 

JMagnetic quadrupole moment, 152 

Magnetic scalar potential, P5-26(153), 305- 
306, P11-22(315), 334, 342 (see also 
Magnetic dipole; Magnetized matter; 
Straight wire) 

multipole expansion of, P11-30(323) 

Magnetic sphere in uniform B-field, P12-24 
(345) 

Magnetic susceptibility, 312-313, 316 

Magnetic vector potential, 145-149 (see also 
Charge and current distribution; Elec- 
tric dipole; Magnetic dipole; Magnetic 
quadrupole; Magnetized matter; Plane 
wave; Point charge; Solenoid; Straight 
wire; Vector potential) 

multipole expansion of, 151-152 
of uniform field, P5-16(150) 

Magnetization: 

definition and units of, 296-297 
spontaneous, P11-25(317) 

Magnetization current (see Current, bound) 

Magnetization curve, 319 

Magnetized matter: 

bound charges on, 306 
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Magnetized matter (contd.): 
bound currents on, 298-304 
cavity in, P11-11(305), P11-17(307) 
dipole moment of, 297 
magnetic induction field of, 304, 305-306, 
307-309 
magnetic scalar potential of, 305-306 
magnetic vector potential of, 297-298 
Magnetized rod: 
bound currents on, P11-5(304) 
bound poles on, P11-31(323) 
compared to solenoid, P11-5(304) 
Magnetized sphere: 
bound currents on, P11-6(304) 
dipole moment of, P11-6(304) 
magnetic induction field of, P12-25(345) 
Magnitude of vector, 5—6, 7, 9 
Matrix algebra, 462-464 
Maxwell’s equations: 
for complex amplitudes, 348, 351 
covariant form of, 438-443 
invariance of, to Lorentz transformation, 
429, 440, 442-443 
in matter (mks units), 325, 326-328 
symmetries of, 171, P6-20(175), P12-2(329) 
in vacuum (Gaussian units), 186 
in vacuum (mks units), 172-175, 187, 399, 
438 
Mechanical view, 426 
mho, 253 
Michelson-Morley experiment, 428 
Microscopic description: 
of charge distributions, 50-52 
of conduction, 249-250, 254-257 
versus macroscopic description, 50-52, 249— 
250, 261-263, 286, 289 
Microscopic field, 262, 264, 276, 285-286, 
315-316 
mks units (see Maxwell’s equations; Units) 
Mobility, 255, 349 
Modes, 378 (see also Transverse electric 
mode; Transverse magnetic mode) 
Molecular field, 276, 285-286, 308-309, 315- 
316 
Momentum: 
in electromagnetic field, 178-179, 332-333 
(see also Plane wave; Radiation pres- 
sure) 
relativistic, P15S-12(438), 448 
Momentum density, 179, 193-194, 332-333, 
447 
Momentum theorem, 178-179, 332—333, P15- 
29 (447) 
Monochromatic fields (see also Plane waves): 
boundary conditions on, 353-355 
in cavity resonators, 383-386 
in matter, 348-349, 356-361 
in vacuum, 188-192, 207-208, 403-407 
in wave guides, 378-383 
Monochromatic source(s) : 
fields of, 404 
radiation from, 403-407 
retarded potentials of, 404 
Monochromatic wave, 192 
Monopole (see Electric monopole; Magnetic 
monopole; Point charge) 
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Motion in various fields (see Trajectory in) 

Motional emf, 159-162, 326 

Multiple reflection, interference from, P7-20 
(204) 

Multiple slit interference, 202-203 

Multipole (see Electric dipole; Electric mono- 
pole; Electric multipole; Electric 
quadrupole; Magnetic dipole; Mag- 
netic monopole; Magnetic multipole; 
Magnetic quadrupole) 

Multipole expansions, 120-123, 151-152, P11- 
30(323) 

Mutual inductance, 167, P6-12(168), P6-13 
(168), P6-15(169) 


NATURAL UNITS, 45 

Near zone, 406 

Neumann functions, 221-222 

Newton’s second law, 19, 78 

Normal derivative, 214 

Numerical method(s) for: 
determining charge densities, P8-33(241) 
field tracing, P4-56(127), P5-31(154) 
Laplace’s equation, 236-241, P8-34(244) 
line integrals, PO-30(30) 
ordinary differential equations, 79-82 
Poisson’s equation, P8-36(246) 
wave equation, P7-35(211) 
wave propagation in dispersive medium, 

390-393, P13-43(394) 


OERSTED, 311 

Ohm, 253 

Ohm’s law, 253, 255-257, 354 

Ohmic conductor, 251 

Operators (see specific operator of interest) 
Orthogonal matrix, 464, PA-10(465) 
Oscilloscope, P3-3(78) 


PARALLEL PLATES (see Capacitor) 
Paramagnetism, 291, 312 
Parseval’s theorem, 419, 480 
Particle density field, 51, 54, 60-61 
Particle in various fields (see Trajectory in) 
Particle velocity field (see Velocity field) 
Path difference, 203 
Path independence, 20 
Penetration length, 358-361, P13-11(362) 
Period, 190 
Permeability: 
of ferromagnets, 319-320 
of free space, 44, 45, 481 
frequency-dependent, 349 
relative, 312, 316 
static, 312 
Permittivity: 
complex, P13-2(352) 
of free space, 44, 45, 481 
frequency-dependent, 349-350, P13-2(352) 
relative, 281, 286 
static, 281 
tensor, P10-25(288), P12-8(331) 
Phase, 189, 196-203, 475 
Phase shift on (see Reflection; Transmission ) 
Phase velocity, 358-361, 387-388 
Physical constants, 481 
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Plane of incidence, 368 
Plane wave(s): 
complex representation of, 198, 207-208, 
356 
definition of, 191 
in dielectric, 360-361 
energy stored in, P7-8(195), 358, 361 
energy transported by, 193, P7-8(195), 
207, 357, 361 
field tensor for, P15-39(454) 
fields in, 189, 207, 357, 361 
four-potential for, P15-39(454) 
frequency distribution of energy in, 205- 
206, P7-23(207) 
in imperfect conductor, 356-361 
interference of, 198-203 
magnetic vector potential for, P7-29(209) 
momentum transported by, 193-194 (see 
also Radiation pressure) 
polarization of, 195-198, 369-371 
polarization of, by reflection, 374 
Poynting vector in, 193, P7-8(195), 207, 
357), Sell 
reflection and transmission of (see Reflec- 
tion; Transmission) 
in relativistic notation, P15-39(454) 
scattering of, by electron, P7-36(212), P14- 
27(424) 
specification of arbitrary, 208, 357 
superposition of, 187, 195-203, P7-20(204), 
204-206, P7-33(210), 387-393 
in vacuum, 188-192, 207-208 
Plasma, 245-246, P13-57(398) 
Plum pudding model, P4-49(125) 
Point charge(s): 
near conducting plate, 233-234, P8-23(235) 
near conducting sphere, 234-235, P8-27 
(236) 
in conducting wedge, P8-25(235) 
definition of, 36 
electric field of, 93-95 
electrostatic potential of, 111, 224, 245- 
246 
equipotentials of, 96, 98-99, P4-29(116), 
P8-30(236) 
force on, 36-38, 75-78, 92-93 
interaction of, 35-38, 92-93 
between parallel plates, P8-26(236) 
potential energy of, 110-111, P4-53(126) 
radiation from (see Radiation from) 
retarded fields of moving, 415, P14-14 
(415), P14-15(416), P15-23(444), 
450, P15-33(452) 
retarded potentials of moving, 411, P14-11 
(412) 
torque on, 77 
Poisson’s equation, 113, 181, 245-246, P10- 
14(284), 342 
numerical method for, P8-36(246) 
Polarizability (see Electric polarizability, 
Magnetic polarizability) 
Polarization: 
dielectric (see Dielectric polarization) 
of plane waves (see Plane waves) 
of radiation fields, P14-3(407) 
by reflection, 374, P13-29(378) 
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Polarization (contd.): 

relative to plane of incidence, 369-370 
Polarization charge, (see Charge, bound elec- 

tric) 

Polarization current, 327 
Polarization potential, P12-12(335) 
Polarized cube (see Dielectric cube) 
Polarized cylinder (see Dielectric cylinder) 
Polarized dielectric: 

bound charges on, 270 

cavity in, P12-23(345) 

dipole moment of, 268 

electric field of, 271, 272-278 

electrostatic potential of, 268-271 
Polarized sphere (see Dielectric sphere) 
Position vector, 14 
Potential (see Electrostatic potential; Polar- 


ization potential; Scalar potential; 
Vector potential) 
Potential energy, 20-22, 110-111, 150-151 


(see also Electric dipole; Energy, stored 
in; Magnetic dipole; Point charge) 

Potential theory, 213-246 

Power, 86-87, 166, 176, 330-331 

Power loss (see Energy loss) 

Poynting vector, 177, 179, 331, 333, 447 (see 
also Plane waves; Radiation fields) 

from complex fields, 199, P7-26(208), 352 

Precession of magnetic dipole, P3-21(89) 

Predictor—corrector method, 81-82 

Pressure (see Magnetic pressure; Radiation 
pressure) 

Principal maxima, 202, P7-17(204) 

Principle of relativity, 429 

Principle of superposition, 92, P6-19(175), 
P12-1(329) (see also Superposition) 

Product of matrices (see Matrix algebra) 

Product of vectors (see Vectors) 

Propagation vector, 189, 356 

Proper time interval, P15-11(437), 448-449 


Q (QUALITY FACTOR), 
P13-47(395) 

Quadrupole (see Electric quadrupole; Mag- 
netic quadrupole; Multipole expan- 
sion) 

Quadrupole lens, 230, P8-20(232) 


P13-46(395), 


RADIATION FIELDS (see Electric dipole; 
Magnetic dipole; © Monochromatic 
source; Point charge): 

angular distribution of energy in, 407, P14- 
4(407), 417-418, P14-18(420) 

frequency distribution of energy in, 419- 
420, P14-21(421), P14-22(422) 

polarization of, P14-3(407), P14-7(408) 

Poynting vector in, 406-407, 416-417 

Radiation from: 

accelerated point charge, 416-420, P14-18 
(420), P14-21(421) 

monochromatic sources, 403-407 

oscillating electric dipole, 404-407, P14-3 
(407) 

oscillating magnetic dipole, P14-7(408) 

point charge in: 

circular accelerator, P14-20(421) 
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Radiation from (contd.): 


circular motion, P14-17(420), P14-22 
(422) 

linear accelerator, P14-18(420), P14- 
19(421) 


Radiation pressure, 194, P7-8(195), P7-10 
(195), P7-11(195), P7-31(209) 
Radiation reaction, 422-423 
Radiation zone, 406 
Radius of electron, P4-39(120) 
Rationalized mks units (see Maxwell’s equa- 
tions; Units) 
Red shift, P15-39 (454) 
Reflection: 
interference from multiple, P7-20(204) 
law of, 369 
at oblique incidence, 367-377 
phase shift on, 366-367, 373 
at plane interfaces, 363-377 
polarization by, 374 
total internal, 369, P13-28(378), P13-51 
(396) 
Reflection coefficient: 
definition of, 364 
at normal incidence, 366-367 
at oblique incidence, 372-373, 376-377 
for dielectric film, P13-27(375), P13-52 


(396) 

Refraction, index of (see Index of refrac- 
tion) 

Relativistic energy and momentum, P15-12 
(438), 448 

Relativity: 


principle of, 429 
special, 430-436 

Relaxation time, P9-5(257) 

Remanence, 321 

Resistance, 253, P14-6(408) 

Resistivity, 251-252, P13-53(397) 

Resistor, 253 

Resonance (see Cavity resonators) 

Retardation, 400-403 

Retarded fields of (see Electric dipole; Mag- 
Netic dipole; Monochromatic source; 
Point charge) 

Retarded potentials, 402 (see also Electric 
dipole; Magnetic dipole; Monochro- 
matic source; Point charge) 

and Lorentz condition, P14-1(403) 
Retarded time, 402, 408-411 
Right hand rule: 

in cross product, 7 

for field of straight wire, 134 

for relating surface elements to path ele- 

ments, 26, 63 

for solenoid, P5-11(145) 

in Stokes’ theorem, 63 

Rotation of coordinates (see Coordinate sys- 
tems) 

Row vector, 464 

Rowland ring, 312, 314, 320 


SATURATION, 319-321, P1 1-29(322) 
Scalar, 5-6, 433 
Scalar field (see Field) 
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Scalar potential, 179, 334, 342, 399 (see also 
Electrostatic potential; Magnetic 
scalar potential) 

compared with vector potential, 149 
retarded (see Retarded potentials) 
wave equation for, 180, 334, 399, 438 

Scalar product (see Dot product; 
scalar product) 

Scattering by electron, P7-36(212), P14-27 
(424) 

Search coil, P6-5(164) 

Secondary maxima, 202, P7-17(204) 

Self-inductance (see also Current loop; To- 
roid): 

definition and units of, 167 
in presence of magnetic matter, 314 

Semi-infinite plate, P8-22(232) 

Semiconductor, 251-252 

Separation of variables, 218-226 

Shielding, P8-3(217), 245-246 

Skin depth, 358-361, P13-11(362) 

Snell’s law, 369 

Solenoid: 

compared with magnetized rod, P11-5(304) 

magnetic induction field of, P5-11(145), 
P5-25(153), P11-23(315) 

magnetic vector potential of, P5-18(150) 

Solid angle, 66-68 

Source distribution, 74, 96 

Space contraction, P15-6(436) 

Spatial components of four-vectors, 433 

Special relativity, 430-436 

Spectral decomposition, 204-206 

Spectral distribution (see Plane wave; Radia- 
tion field) 

Spectral function, 205, 389 

Speed of light, 43, 45, 76, 190-191, 428, P15- 
8(437), 481 

Sphere (see Charged sphere; Conducting 
sphere; Dielectric sphere) 

Spherical coordinates, 11-13 

Spherical wave, P7-27(208) 

Spin, 290 

Square matrix, 464 

Standing waves, 380-381, 385 

Statampere, 43, 46, P1-4(47) 

Statcoulomb, 38, 43, 46, P1-4(47) 

Static zone, 406 

Steradian, 68 

Stern-Gerlach experiment, P3-22(89) 

Stokes’ theorem, 62-63, 471 

Straight rod, current-carrying: 

magnetic induction field of, 142-144 

Straight wire, current-carrying: 

magnetic induction field of, 133-134 

magnetic scalar potential of, PS-26(153) 

magnetic vector potential of, PS-13(149), 
P5-17(150) 

Stress-energy-momentum tensor, 445-447 

Stress tensor, P6-37(183), P12-28(345), 446 

Superposition (see also Electric force; Elec- 
tromagnetic fields; Electrostatic po- 
tential; Plane waves): 

principle of, 92, P6-19(175), P12-1(329) 
Surface charge(s), 337, 339-340 
bound, 270 


Triple 
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Surface charge(s) (contd.): 
from boundary conditions, 
(375), P13-31(386) 
Surface currents, P2-25(73), P5-32(155) 
bound, 298-301 
from boundary conditions, 338-340, 353, 
B55) 
on conductors, P13-21(375), P13-26(375), 
P13-31(386) 
and continuity, P2-25(73) 
impossibility of, on imperfect conductors, 
354 
Surface integrals, 59, 61-68 
Susceptibility (see Dielectric susceptibility; 
Magnetic susceptibility) 
Systems of units, (see Units) 
Symmetric matrix, 464 
Symmetry arguments, 104-105, 142-144, 171 
Symmetry of Maxwell’s equations, 171, P6- 
20(175) 


355, P13-26 


TAYLOR EXPANSION, 468 

Temporal component of four vectors, 433 

Tensor Lorentz transformation of, 434 

Tesla, 76 

Test charge, 75 (see also Point charge) 

Thomson cross-section, P14-27(424) 

Time dilation, P15-6(436) 

Toroid: 

energy stored in, P5-20(151) 

magnetic field intensity in, P12-19(342) 

magnetic induction field in, P5-12(145), 
P12-19(342) 

self-inductance of, P6-15(169) 

Torque (see also Charge and current distribu- 
tion; Electric dipole; Magnetic di- 
pole; Point charge): 

definition of, 18 

Total internal reflection, 369, P13-28(378), 
P13-51(396) 

Trace, 435, PA-8(465) 

Trajectory in: 

constant B-field: 
non-relativistic, P3-4(79), P3-5(79), P3- 
7(82), P3-15(88) 
relativistic, P15-42(455) 
constant E-field: 
non-relativistic, P3-2(78), P3-3(78) 
relativistic, P15-41(455) 
crossed E- and B-fields, P3-6(79), P3-16 
(89) 
plane wave, P7-36(212) 
prescribed fields, 78-82, P3-8(82), P3-9 
(83) 

Transformation (see Force; Galilean trans- 
formation; Lorentz transformation) 

Transformer, P6-15(169) 

Transmission: 

at oblique incidence, 367-377 
phase shift on, 367, 373-374 
at plane interfaces, 363-377 
Transmission coefficient: 
definition of, 364 
for dielectric film, P13-27(375), P13-52 
(396) 
at normal incidence, 366-367 
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Transmission coefficient (contd.) : 

at oblique incidence, 372-373, 376-377 
Transpose of matrix, 464 
Transverse electric modes, 379, 382-383, 385 
Transverse magnetic modes, 383, 385 
Transverse wave, 195, 357 
Triangle inequality, PD-6(476) 
Triple scalar product, 8, PO-7(10) 
Triple vector product, 8, P0-3(8), P0-9(10), 

PO-28 (29) 


UNIQUENESS THEOREM, 215-216 
Unit matrix, 464 
Unit vectors, 6, 8-13, 482 
Unitary matrix, 464 
Units (see also concept or quantity whose 
units are desired): 
abbreviations of, 482 
conversion of, 45-47 
systems of, 42-47, P1-7(47) 


VECTOR(S): 
behavior of, under coordinate rotations, 
P0-29(29), PA-12(465) 
behavior of, under Lorentz transformation, 
433 
column and row, 464 
components of, 8-13, 433 
cross product of, 7, 9, P0-6(10), 482 
definition of, 5, 433 
dot product of, 7, 9, P0-6(10), 434-435, 
482 
longitudinal part of, P0-5(10) 
magnitude of, 5-6, 7, 9 
transverse part of, PO-5(10) 
triple products of (see Triple scalar prod- 
ucts; Triple vector product) 
unit, 6, 8-13 
Vector algebra, 6-13 
Vector field (see also Field): 
with zero curl, 72 
with zero divergence, 72 
Vector identities, 470-471 
Vector potential, 179, 333, 399 (see also 
Magnetic vector potential) 
compared with scalar potential, 149 
retarded (see Retarded potentials) 
wave equation for, 180, 334, 399, 438 
Vector product (see Cross product; Triple 
vector product) 
Velocity (see Addition of velocity; Group 
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Velocity field, 52, 60-61 

Velocity selector, P3-6(79) 
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WAVE EQUATION: 
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Galilean transformation applied to, P15-3 
(430) 
general solution of, P7-1(192), 400-403 
invariance of, to Lorentz transformation, 
P7-28(209), P15-5(436) 
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Wave equation (contd.): 
numerical method for, P7-35(211) 
for potentials, 180, 334, 399, 440, 442 
in three dimensions, P7-27(208) 
Wave guide(s), 378-383 
cylindrical: 
fields in, P13-35(386) 
energy loss in, P13-53(397) 
rectangular: 
charge and current on walls of, P13-31 
(386) 
energy transported by, 382 
fields in, 379-383, P13-32(386), P13-33 
(386), P13-34(386), P13-56(397) 
Wave number, 189 
Wave number—frequency four-vector, 15-39 
(454) 
Wave propagation: 
in dielectric, 360-361 
in dispersive medium, 388-393 
in imperfect conductor, 356-361 
in plasma, P13-57(398) 
in vacuum, 187~208 
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definition of, 190 
in dielectrics, 360-361 
in imperfect conductors, 358-361 
in vacuum, 190, 192 
in wave guides, 381-382 
Weber, 138 
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Wedge (see Conducting wedge) 
Weiss theory, P11-25(317) 
Work (see also Potential energy) 
to assemble charge distribution, 117-120 
to assemble current distribution, 150-151, 
166-168 
definition of, 18-19 
-kinetic energy theorem, 19 
World velocity, P15-11(437) 
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Maxwell’s Equations: 
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